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Power Series Based Hard Thresholding Algorithms
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Abstract—This paper presents a unified treatment to hard
thresholding based compressed sensing recovery algorithms. For
this, it modifies the cost function by a power series inAAH whereA
is the so-called sensing matrix. For appropriate choice of the power
series coefficients, the proposed treatment not only leads to various
existing hard thresholding based recovery algorithms, but, more
importantly, it enables one to develop new algorithms belonging
to this category. The paper also presents a convergence analysis of
the proposed method and derives convergence guarantees in terms
of the restricted isometry constant (RIC) of the sensing matrix.
It is seen that in case of some of the well known hard threshold-
ing based algorithms, the proposed convergence analysis results
in wider ranges of algorithm parameters and faster convergence
than suggested by existing analyses. Some new, power series based
hard thresholding algorithms are also proposed and their recovery
performance studied via simulation.

Index Terms—Compressed sensing, hard thresholding, power
series, restricted isometry constant (RICs).

I. INTRODUCTION

IN COMPRESSED sensing, the goal is to reconstruct a
K-sparse x ∈ CN from the (noisy) linear measurements

y = Ax+ e, where A ∈ Cm×N ,m < N, is the given sensing
matrix. Majority of the greedy/thresholding based methods con-
sider the following problem:

min
z∈CN

1

2
‖y −Az‖22, subject to ‖z‖0 ≤ K, (1)

where ‖z‖0 counts the nonzero entries in z. Iterative hard thresh-
olding (IHT) [1] and hard thresholding pursuit (HTP) [2] are two
popular thresholding based methods that aim to solve the above
problem. Both these methods employ gradient of the objective
function used in (1), namely, AH(y −Az) for performing the
update (where H in superscript denotes Hermitian transposi-
tion). In case of IHT, hard thresholding (HT) is performed on
the gradient descent based update, whereas, in case of HTP, an
additional least squares step is introduced following the hard
thresholding step in the IHT algorithm. Sufficient conditions on
the RICs to ensure convergence of the IHT and HTP methods
are provided in [2], [3], [4].
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In recent years, certain extensions of IHT and HTP have come
up which do not use the standard gradient based update. For
example, in [5], the authors propose methods which combine
hard thresholding with feedback and null space tuning (NST) ap-
proach, requiring the computation of A†(y −Ax) for carrying
out an update, where A† = AH(AAH)−1 denotes the pseudo
inverse of A (assuming A has full row rank). The NST+HT
algorithm and its variants have been shown to be more efficient
in error correction (denoising) than the standard IHT algorithm.
In [6], a pseudo inverse based hard thresholding (PHT) algorithm
is proposed which, as the name suggests, carries out an update
involving A†. In [7], the authors proposed two algorithms,
namely Newton step based iterative hard thresholding (NSIHT)
and Newton step based hard thresholding pursuit (NSHTP).
These algorithms use inverse of the perturbed Hessian of the
objective function in (1), namely, (AHA+ εI)−1, for carrying
out an update, where ε is a parameter. It was argued that NSHTP
algorithm stabilizes the oscillatory behaviour that is observed
in HTP algorithm. The update for NSIHT and NSHTP algo-
rithms require calculation of (AHA+ εI)−1AH(y −Az) for
carrying out the update using hard thresholding.

In this paper, we provide a unified treatment to the gradient
based recovery algorithms by means of a power series in AAH .
We show that not only the above stated gradient based algorithms
can be obtained as special cases of the proposed approach,
but more importantly, one can derive new linearly convergent
algorithms by properly tuning the power series coefficients. We
propose a generalized convergence analysis, which results in
more relaxed theoretical guarantees for certain existing methods.
The proposed approach considers the following problem:

min
u∈CN

‖Z(y −Au)‖22 subject to ‖u‖0 ≤ K, (2)

whereZHZ = q(AAH), with q(t) being a power series in twith
coefficientsαi ∈ R, given by q(t) =

∑∞
i=c αit

i where c is an in-
teger. Let λi ≥ 0, i = 1, . . . ,m be the eigenvalues of the positive
semidefinite matrix AAH . Throughout the paper, we assume
that q(t) is a convergent power series for t = λi, i = 1, . . . ,m
and q(λi) > 0. Since an eigenvalue λi of AAH gives rise to
an eigenvalue q(λi) for the matrix q(AAH), we have q(AAH)
positive definite. Following the update strategies of IHT and
HTP methods, two classes of algorithms: power series based
iterative hard thresholding (PSIHT) and power series based
hard thresholding pursuit (PSHTP) are proposed and sufficient
conditions for reconstruction for both are derived in terms of RIC
of the sensing matrix. Both PSIHT and PSHTP offer possibilities
of developing new gradient based sparse recovery algorithms for
which we present few examples here. The proposed analysis also
establishes wider permissible range of algorithm parameters for
convergence and also faster convergence rate for the NSIHT and
NSHTP algorithms [7] than given in [7].
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TABLE I
POWER SERIES BASED HARD THRESHOLDING ALGORITHMS

II. PROPOSED ALGORITHMS

A. Notations and Assumptions

The standard inner product in CN is denoted by 〈x,y〉 :=
yHx and the standard squared �2-norm is defined as ‖u‖22 :=∑N
i=1 |ui|2. For a positive integer L, we use [L] to denote

the set {1, . . . , L}. For a set S ⊆ [N ], S := [N ] \ S and |S|
denote the complement and the cardinality of S respectively.
The support of a vector u, denoted by supp(u), is the index
set of nonzero entries of u. For a matrix U, ‖U‖2→2 de-
notes its spectral norm. For a set Ω ⊆ [N ], (u)Ω ∈ CN is a
vector having entries [(u)Ω]i = ui if i ∈ Ω, and other entries
set to zeros, and uΩ ∈ C|Ω| is restriction of u to set Ω. The
matrix AΩ is a submatrix of the matrix A having columns
indexed by Ω. Throughout the paper we assume that the tar-
get signal x is indeed K sparse, and an upperbound on K
is known. Let λ1, . . . , λm be the eigenvalues of AAH . We
define βmin := minλi

q(λi) and βmax := maxλi
q(λi), i ∈ [m].

Since q(AAH) is positive definite as seen earlier, we have
βmin > 0 and βmax > 0. By PS(y,A, T ), we denote the vec-
tor u = arg minz∈CN ‖y −Az‖22 subject to supp(z) = T , i.e.,
Au is the orthogonal projection ofy on the column space ofAT .
Lastly, for two sets A and B,AΔB := (A \B) ∪ (B \A).

B. Proposed Power Series Based Algorithms

In the proposed PSIHT algorithm, at the (n+ 1)th iteration, a
gradient descent iteration is performed on the objective function
to yield zn+1 = xn +AHq(AAH)(y −Axn), and then zn+1

is hard thresholded to yield the estimate xn+1 = HK [zn+1],
where HK [·] is a hard thresholding operator that retains the top
K entries (magnitude-wise) of the argument vector and sets other
entries to zero.

In the proposed PSHTP algorithm, the first step is the
same as in the case of PSIHT algorithm. This yields
x̃n+1 = HK [xn +AHq(AAH)(y −Axn)]. Next, a pur-
suit step is performed on the support identified by the
first step. Mathematically, we solve the following prob-
lem: xn+1 = arg minu∈CN ‖y −Au‖22 subject to supp(u) ⊆
supp(x̃n+1). The algorithmic flow chart for the proposed al-
gorithms is presented in Table I.

It is easily seen from Table I that for q(t) = μ > 0, the PSIHT
and PSHTP methods boil down to the standard IHT and HTP
algorithms (with stepsize μ), while, if q(t) = μ(ε+ t)−1, ε >
|t|, μ > 0, ε > 0, the PSIHT and PSHTP algorithms result in
the NSIHT and NSHTP algorithms respectively. Lastly, if q(t) =
μ t−1,PSIHT algorithm becomes identical to the PHT algorithm
with stepsize μ.

III. PRELIMINARIES

Definition 3.1: [8] The K-th order restricted isometry con-
stant (RIC) δK of a matrix A ∈ Cm×N is the smallest number
δ ≥ 0 such that

(1− δ)‖x‖22 ≤ ‖Ax‖22 ≤ (1 + δ)‖x‖22, (3)

holds for all K-sparse vectors x ∈ CN .
The above definition implies that eigenvalues of the matrix

AH
S AS ∈ [1− δs, 1 + δs], where S ⊆ [N ] is any indexing set

with cardinality |S| ≤ s.
Lemma 3.1: [9], [10] Let z ∈ CN be a given vector and

x ∈ CN be any K-sparse vector, then

‖(x−HK(z))T ‖2 ≤
√
2‖(x− z)SΔT ‖2, (4)

‖x−HK(z)‖2 ≤ η‖(x− z)S∪T ‖2, (5)

where S = supp(x), T = supp(HK(z)) and η = (
√
5 + 1)/2.

Lemma 3.2: LetG ∈ Cm×m be a Hermitian matrix andW ∈
Cm×r be any matrix. Then following relations hold:

λmax(W
HGW) ≤ λmax(G) · λmax(W

HW), (6)

and λmin(W
HGW) ≥ λmin(G) · λmin(W

HW). (7)

Proof: Please see the supplementary material. �
Lemma 3.3: Let A ∈ Cm×N ,m < N and e ∈ Cm be a

vector. If S ⊆ N be an indexing set with cardinality |S| ≤ s,
then following is satisfied:

‖(AHq(AAH)e)S‖2 ≤ βmax

√
1 + δs‖e‖2. (8)

Proof: Please see the supplementary material. �
Lemma 3.4: LetA ∈ Cm×N andu,v ∈ CN be any two vec-

tors. IfS := supp(u) ∪ supp(v), andT ⊆ [N ] are two indexing
sets, then

|〈u, (I−B)v〉| ≤ ρs‖u‖2‖v‖2, (9)

‖[(I−B)v]T ‖2 ≤ ρs′ ‖v‖2, (10)

where B = AHq(AAH)A, s′ = |T ∪ supp(v)|, s = |S|, and
for any positive integer k,

ρk := max{1− (1− δk)βmin, (1 + δk)βmax − 1}. (11)

Proof: We have, 〈u, (I−B)v〉 = 〈u,v〉 − 〈Au, q(AAH)
Av〉

= 〈uS ,vS〉 − 〈ASuS , q(AAH)ASvS〉 = 〈uS ,CvS〉,
where C = I−AH

S q(AAH)AS . Next, by applying Cauchy-
Schwarz inequality, |〈u, (I−B)v〉| ≤ ‖uS‖2‖CvS‖2

≤ ‖uS‖2‖C‖2→2‖vS‖2. (12)

Since C is a Hermitian matrix, one has

‖C‖2→2 = max{|λmax(C)|, |λmin(C)|}. (13)

Using (7), λmax(C)=1− λmin(A
H
S q(AAH)AS) ≤ 1− λmin

(AH
S AS) · λmin(q(AAH)) ≤ 1− (1− δs)βmin,where the last

step is a consequence of Definition 3.1 and the fact thatβmin > 0.
Similarly, it follows that λmin(C) ≥ 1− (1 + δs)βmax. How-
ever, since λmin(C) ≤ λmax(C), from (13) we have

‖C‖2→2 ≤ max{1− (1− δs)βmin, (1 + δs)βmax − 1}.
Using the above results along with (12), (13), while noting

that ‖vS‖2 = ‖v‖2 and ‖uS‖2 = ‖u‖2 proof of (9) is com-
plete. If v′ = [(I−B)v]T , then ‖v′‖22 = 〈v′, [(I−B)v]〉 ≤
ρs′ ‖v′‖2‖v‖2. Simplifying, proof of (10) is complete. �

Lemma 3.5: [11] Let y = Ax+ e be the noisy measure-
ments of theK-sparse signal x. If T ⊆ [N ] denotes an index set
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with |T | = t, then z∗ = PS(y,A, T ) satisfies the following:

‖(x− z∗)T ‖2 ≤ δK+t‖x− z∗‖2 + ‖(AHe)T ‖2. (14)

Further, if δK+t < 1, then

‖x− z∗‖2 ≤ C1‖(x)T ‖2 + C2‖(AHe)T ‖2, (15)

where C1 = 1√
1−δ2K+t

and C2 = 1
1−δK+t

.

IV. ANALYSIS OF PROPOSED ALGORITHMS

For both the proposed algorithms of Table I, we show that the
estimate xn+1 at the (n+ 1)th iteration satisfies,

‖x− xn+1‖2 ≤ ψ‖x− xn‖2 + φ‖e‖2, (16)

where ψ, φ depend only on βmin, βmax, and the RICs of A of
various orders. Proceeding backwards recursively, (16) can be
written as ‖x− xn+1‖2 ≤ ψn+1‖x− x0‖2 + 1−ψn+1

1−ψ φ‖e‖2.
For convergence, it is necessary and sufficient to have ψ < 1,
for which limn→∞ ‖x− xn+1‖2 ≤ 1

1−ψφ‖e‖2. Our generalized
analysis allows us to provide relaxed condition on the RICs for
NSHTP algorithm, namely, the results are now provided in terms
of δ3K < 1/

√
3 compared to δ3K < 1/2 in [7].

A. Analysis of the PSIHT

Theorem 4.1: If the matrix A satisfies δ3K < 1/η � 0.618
and q(t) is chosen such that βmin and βmax satisfy

1− 1
η

1− δ3K
< βmin ≤ βmax <

1 + 1
η

1 + δ3K
, (17)

then the estimate produced by the PSIHT algorithm {xn}n≥1,
satisfies (16) with ψ = ηρ3K < 1 and φ = ηβmax

√
1 + δ2K .

Proof: We have, xn+1 = HK [zn+1], where zn+1 = xn +
AHq(AAH)(y −Axn). Using Lemma 3.1 and defining B :=
AHq(AAH)A, T := S ∪ Sn+1, S = supp(x), we have,

‖x− xn+1‖2 ≤ η‖(zn+1 − x)T ‖2 (18)

= η‖(xn +AHq(AAH)(y −Axn)− x)T ‖2
≤ η‖((I−B)(x− xn)))T ‖2 + η‖(AHq(AAH)e)T ‖2
≤ ηρ3K‖(x− xn)‖2 + ηβmax

√
1 + δ2K‖e‖2,

which results in

‖x− xn+1‖2 ≤ ψ‖(x− xn)‖2 + φ‖e‖2. (19)

Here, we used the fact that y = Ax+ e and applied tri-
angle inequality in the first step. In the second step, we
used (10) and (8), for the first and second terms respectively.
To ensure that ψ < 1, one requires that βmin and βmax sat-
isfy η(1− (1− δ3K)βmin) < 1, or equivalently, βmin > (1−
1
η )/(1− δ3K), and η(1− (1 + δ3K)βmax) > −1, or, equiva-

lently, βmax < (1 + 1
η )/(1 + δ3K).

Together with the fact that βmax ≥ βmin, these lead to (17).
Note that for (17) to hold, we require, (1 + 1

η )/(1 + δ3K) >

(1− 1
η )/(1− δ3K), which is satisfied if δ3K < 1/η. This com-

pletes the proof. �

B. Analysis of the PSHTP Algorithm

Theorem 4.2: If the sensing matrix satisfies δ3K < 1/
√
3 and

q(t) is chosen to satisfy

1−
√

1−δ23K
2

1− δ3K
< βmin ≤ βmax <

1 +

√
1−δ23K

2

1 + δ3K
, (20)

then the estimate produced by PSHTP algorithm {xn}n≥1 sat-
isfies (16) with the coefficients ψ and φ given by

ψ =
√
2ρ3K/

√
1− δ22K < 1, (21)

φ =

√
2βmax

√
1 + δ2K√

1− δ22K
+

√
1 + δK

1− δ2K
. (22)

Proof: Due to page limitations, we have provided the proof
in the accompanying supplementary material. �

V. IMPLICATIONS OF THE PROPOSED APPROACH

Given the sensing matrix A which satisfies the conditions:
δ3K < 1/η � 0.618 (for the PSIHT algorithm) and δ3K <

1/
√
3 (for the PSHTP algorithm) with high probability, we

first find out the eigenvalues λ1, λ2, . . . , λm of AAH , then
design a q(t) so that B < q(λi) < C, i = 1, 2, . . . ,m, where,
for the the PSIHT algorithm, B = (1− 1

η )/(1− δ3K), C =

(1 + 1
η )/(1 + δ3K) and for the PSHTP algorithm, B = (1−√

1−δ23K
2 )/(1− δ3K), C = (1 +

√
1−δ23K

2 )/(1 + δ3K). A prac-
tical choice here will be to choose q(t) that is monotonically
increasing (resp. decreasing) in t, as, in such case, βmin :=
minλi

q(λi) = q(λmin) (resp. βmax = q(λmin)) and βmax :=
maxλi

q(λi) = q(λmax) (resp. βmin = q(λmax)), where λmin

and λmax are the minimum and maximum eigenvalues of AAH

respectively. We have already seen some examples of such q(t)
at the conclusion of Section II. A few more examples of such
monotonic q(t) can be q(t) = c0 + c1t, q(t) = μe−λt etc.

Next we show that the proposed convergence analysis es-
tablishes wider ranges for algorithm parameters μ and ε, and
reducedψ for the NSIHT and NSHTP algorithms which implies
faster convergence as compared to [7]. We consider the power se-
ries q(t) = μ(ε+ t)−1 = (μ/ε)

∑∞
i=0(−1)i(t/ε)i, where μ >

0, ε > |t|. In terms of the matrix power series,

q(AAH) =
μ

ε

∞∑
i=0

(−1)i(AAH/ε)i, ε > λmax(AAH) = σ2
h,

where σh denotes the highest singular value of A. As seen
earlier, both the NSIHT and NSHTP algorithms result from this
choice of q(t) in the proposed treatment.

For comparison of the convergence conditions, we consider
the noiseless setting for simplicity (though the same arguments
apply to the noisy setting also). Here, we focus only on the
NSIHT algorithm, though the arguments are equally valid with
appropriate modifications for the NSHTP algorithm as well. For
NSIHT (also for NSHTP), the analysis provided by us, and by
the authors in [7] first derive the following expression:

‖x− xn+1‖2 ≤ ψ‖x− xn‖2, (23)

where ψ is dependent on δ3K , μ, ε and then derive conditions to
maintain 0 ≤ ψ < 1. In [7], ψ was obtained as ψ =

√
3(δ3K +

σ2
h − μσ2

h

ε+σ2
h
) and to ensure 0 ≤ ψ < 1, the following ranges of

ε, μ were worked out:
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ε > max{σ2
h, (

σ2
h−σ2

l
1√
3
−δ3K − 1)σ2

h} and a < μ ≤ b, where a =

ε+ σ2
h − ( 1√

3
− δ3K)

ε+σ2
h

σ2
h

, b = ε+ σ2
l withσl being the lowest

singular value ofA. Sinceσh ≥ σl, we have, μ
ε+σ2

h
≤ μ

ε+σ2
l
≤ 1,

where the last inequality follows from the above upper bound
on μ. From the above expression of ψ, it then follows that to
ensure 0 ≤ ψ < 1, we need to satisfy δ3K < 1/

√
3.

The proposed analysis, however, shows that both the NSIHT
and NSHTP algorithms enjoy parameter ranges that are more
relaxed, and convergence rates that are faster than given in [7].
Using the fact that ifm < N thenσ2

h > 1− δ3K , (a formal proof
for this is presented in the supplementary material), it establishes
the following :

1) A wider range of μ for guaranteed convergence, namely,

a′ <
μ

ε+ σ2
h

� μ

ε+ σ2
l

< b′, (24)

where, a′ =
1− 1√

3

1−δ3K and b′ =
1+ 1√

3

1+δ3K
, with (ε+ σ2

h)a
′ < a

and (ε+ σ2
l )b

′ > b.
2) A wider range for ε.
3) ψnew < ψold, with the notations ψold and ψnew to denote

ψ as per [7] (also given above) and as per this paper,
respectively.

Proof of the above claims is given in the accompanying
supplementary material.

VI. SIMULATIONS

Due to page limitation, we restrict the simulations here to
the noiseless setting only (the noisy case is considered in the
supplementary material). For this, we consider the following
choices of q(t):

1) Exponential: q(t) = μ exp(−λt).
2) Unit degree polynomial: q(t) = μ(1− t/ε).
The support of the targetK-sparse signal x is generated from

[N ] following a uniform distribution without repetition and the
nonzero entries of x are taken as i.i.d according to:

a) Normal distribution (zero mean, unit variance), and
b) Bernoulli (xi = ±1, equi-probable).
A maximum of 100 iterations are permitted for all algorithms

and if MSD(n) :=
‖xn−x‖22

‖x‖22 falls below 10−4, then the algo-
rithms are halted and recovery is said to be successful. Ensemble
averaging is carried out by taking 100 independent realizations
of the problem. Entries of A are i.i.d. Gaussian with zero mean
and variance 1

m following [2], [11].
The corresponding PSIHT (resp. PSHTP) algorithm for the

cases in 1) and 2) above is henceforth referred to as Expo-
IHT (resp. Expo-HTP) and Poly-IHT (resp. Poly-HTP) re-
spectively. For comparative assessment, we also consider the
following well known methods with best performing step-size
selected: IHT (μ = 1/3;[2]), HTP (μ = 1.6 for Gaussian dis-
tribution and μ = 1 for Bernoulli distribution;[2]), PHT (μ =
2;[6]), CoSaMP [12], SP [13], NSIHT and NSHTP (μ = 5, ε =
max{σ2

h + 1, μ− σ2
l } [7]). The parameters μ, ε and λ chosen

for the functions q(t) under consideration are:
� Expo-IHT algorithm: μ = 1.6, λ = 0.25,
� Expo-HTP algorithm: μ = 2.75, λ = 0.15,
� Poly-IHT algorithm: μ = 0.8, ε = 16,
� Poly-HTP algorithm: μ = 1.75, ε = 10.

Fig. 1. Recovery performance of various algorithms for Gaussian sparse
vectors with N = 200,K = 20.

Fig. 2. Recovery performance of various algorithms for Bernoulli sparse
vectors with N = 200,K = 20.

In Figs. 1 and 2, we plot the probability of recovery against
number of measurements for the aforementioned algorithms,
for Gaussian and Bernoulli sparse vectors respectively. It can
be clearly seen that a single algorithm does not always out-
perform others. For example, Expo-HTP and HTP algorithms
offer best performance for Gaussian distribution, whereas the
PHT, SP, CoSaMP and Poly-HTP algorithms distinctly outper-
form the HTP and Expo-HTP algorithm for Bernoulli distri-
bution. This clearly suggests that for a problem under con-
sideration, one may vary the function q(t) to yield varying
performances and then select the best. For reproducing the
figures presented in this paper, one may find the MATLAB codes
at the link: https://drive.google.com/file/d/1k5e6GOmqC_
QOI7GQMasCMGQwmJerp9AS/view?usp=drive_link.
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