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Deterministic and Randomized Diffusion Based
Iterative Generalized Hard Thresholding
(D1FIGHT) for Distributed Recovery

of Sparse Signals

Samrat Mukhopadhyay

Abstract—In this paper, we propose a distributed iterative hard
thresholding algorithm, namely, DiFIGHT, for a network that
uses diffusion as the means of intra-network collaboration. Sub-
sequently, we present a modification of the proposed algorithm,
namely, MoDiFIGHT, that has lesser communication complexity
than DiFIGHT. We additionally propose four different strategies,
namely, RP, RNP, RGP,., and RGNP,. that are used to randomly
select a subset of nodes for taking part in DIFIGHT/MoDiFIGHT.
This gives rise to further reduction in the mean number of com-
munications during the run of the proposed distributed algorithms.
We present theoretical estimates of the long run communication per
unit time, both for DIFIGHT and MoDiFIGHT, with and without
random selection of nodes. Also, we present theoretical analysis
of the two proposed algorithms and provide provable bounds on
their recovery performance with or without using the random
node selection strategies. Finally we use numerical studies to show
that both with and without random selections, the proposed algo-
rithms exhibit performances far superior to the consensus based
distributed IHT algorithm.

Index Terms—Distributed estimation,
iterative hard thresholding (IHT).

diffusion network,

1. INTRODUCTION

E CONSIDER a distributed sparse optimization prob-
lem, where there is a network of nodes, with each node
v €{1,2,..., L} individually solving the following problem:

min f,(2)s.t. [|z], < K.
zeR®

Here the functions f,,, v = 1,2,..., L are cost functions which
are generally chosen to satisfy some kind of restricted convex-
ity assumptions, i.e., they are generally designed so that their
curvatures have some specific properties. For example, in the
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distributed compressed sensing setting, a node v measures a
K -sparse vector € R”, and stores a m dimensional (m < n)
measurement as y, = ®,x + e,, where e, is measurement
noise and ®,, is a so-called m x n measurement matrix. A suit-
able cost function in this case is f,(2) = ||y, — ®., 2|3, and to
impose conditions on its curvature, the matrix ®,, is assumed to
satisfy some kind of restricted isometry property [1]. However,
in a collaborative, or distributed setting, the nodes do not work
alone and sparse recovery algorithms working at neighboring
nodes update their estimates by exchanging information among
themselves during the run of the algorithm. This information ex-
change through collaboration helps the true estimate to emerge,
often in a faster or in other more advantageous ways compared
to non-cooperative setting. The literature on distributed recovery
is relatively recent, with some of the major developments being
distributed basis pursuit [2], [3], distributed subgradient methods
(DSM) [4], [5], distributed alternating direction method of mul-
tipliers (ADMM) [6], and distributed iterative soft thresholding
algorithm (DISTA) [7]-[9]. All these algorithms, in one form or
other, use the consensus optimization paradigm, where the nodes
in aneighborhood cooperatively minimize a global cost function
while minimizing their individual local cost functions. However,
in the literature of adaptive networks, there is a different family
of algorithms, namely, diffusion, which are studied extensively
by Sayed et al. [10]-[15], and are shown to exhibit superior
performances compared to consensus strategies [10], and also
to all noncooperative strategies. These strategies can be traced
back to the generalized distributed communication and pro-
cessing based model for distributed computation, proposed by
Tsitsiklis [16]. It is only recently that distributed sparse recovery
algorithms have been designed to incorporate diffusion as the
underlying mechanism. In [17], the authors proposed sparsity
promoting diffusion LMS with [y and /; regularizers, enjoying
lesser mean square deviation over the network. In [18], the
authors considered diffusion with proximal projection that em-
ploy general non-differentiable regularizers with only bounded
subgradients. In [19], [20], the sparsity promoting regularization
problem in diffusion networks was considered in a multi-tasking
context. In [5], Patterson et al., in addition to a consensus based
distributed hard thresholding (CB-DIHT) method, also designed
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a distributed hard thresholding (DIHT) algorithm which is rem-
iniscent of the diffusion mechanism, where one parent node
forms a spanning tree and collects estimates of the gradients
of the functions from all the nodes in the network over several
time steps. More recently, another distributed hard thresholding
algorithm DiHaT was proposed and analyzed by Chouvardas
et al. [21]. Also Zaki et al. [22] proposed and analyzed a
greedy distributed algorithm called the network gradient pursuit
(NGP). Further, Zaki et al. [23] analyzed the distributed hard
thresholding pursuit (DHTP) algorithm, originally proposed by
Chouvardas [21]. All these algorithms have diffusion as the
underlying mechanism.

The above algorithms, however, do not consider the problem
of insufficient computational, memory and bandwidth resources,
even though networks are often required to operate under re-
source constrained environments. These problems were initially
addressed for the general resource constrained optimization
framework in [24], [25], [26], [27]. In the context of sparse
distributed recovery, the above issues have been considered
recently in [28] by suitably modifying consensus IHT algorithm.
It is the goal of this paper to propose and analyze a distributed
IHT algorithm that minimizes general convex functions by using
diffusion as its underlying mechanism, and then to modify it
to obtain algorithms where only a few nodes are selected per
time step, resulting in significantly reduced communication
complexity. Specifically:

® We propose a distributed IHT algorithm termed DiFIGHT

that uses diffusion mechanism to minimize general convex
functions available to individual nodes.

® We also propose a simple low complexity modification of

the DiFIGHT algorithm, termed MoDiFIGHT that, unlike
diffusion based methods, exchanges only a subset of the
estimates and thus uses less communication bandwidth.

® We propose four strategies that are used to randomly select

and activate only a subset of nodes at each time step, thus
reducing communication overhead, and also give theoret-
ical estimates on the long run communication overhead
per unit time required by both DiIFIGHT and MoDiFIGHT
when these strategies are used.

® We analyze the algorithms with and without using the

random node selection strategies and derive convergence
conditions. In particular, we show that if all the nodes have
a common K -sparse stationary point, say, *, then under
the convergence conditions, the node iterates converge to
x* exactly, whereas, if the nodes have different but close-by
stationary points, node iterates in the steady state remain
confined to a neighborhood of the stationary points.

® We numerically evaluate the performance of these different

algorithms with and without random node selection strate-
gies and establish superiority of diffusion mechanism over
its consensus counterparts.

II. NOTATION

The following notations have been used throughout the pa-
per: the number of nodes in the network is denoted by L and
the dimension of the unknown vector associated with any of

TABLE I
ALGORITHM: DIFIGHT AND MODIFIGHT

Input:Number of nodes L, the combining matrix A such that
A1 =1, sparsity level K; Initial estimates :1:?,, 1<
v < L; step sizes p, >0, v=1,2,---, L; maximum
number of iterations k;;

Whilek < ki)

For v=1to L
7/’5+1 = 2135 - /‘vva(wﬁ)
S k1 pFrt DiFIGHT
Yo =4 (z/;’;“) . MoDiFIGHT
End For
For v=1to L
zyt = Hy (25:1 am,fbﬁ“)
End For
k=k+1
End While

these nodes is denoted by n. The symbol ‘¢’ in superscript
indicates transposition of matrices / vectors, 7 denotes the
set of all the set of indices {1,2,..., n} and 1 denotes a
L x 1 vector of 1’s. For any S C H, xg denotes the vector
x restricted to S, i.e., xg consists of those entries of x that
have indices belonging to S. The operator H (-) returns the
K-best approximation of a vector, i.e., for any vector x €
R™, Hg (x) = arg min, .., <k |2 — 2. Givenafunction
fg?‘l,:g?c, . ,x%), the gradient vector V f is given by Vf =

(5o Bags -+ %]t, and its Hessian matrix is given by Hess
92 f

with [Hessy|;; = m, 1 <4, j < n.Furthermore, we denote
by Vg f, the restricted vector (Vf)s, forany S C H. Also, for
any integer K (1 < K < n), we denote by VX f, the vector V f
restricted to the subset corresponding to its K magnitude-wise
largest coordinates. For any matrix A, we use || A|| to denote
the Iy operator norm, defined as || A] %. For
any real symmetric matrix A, we denote by Amax(A) and
Amin(A) to denote the maximum and minimum eigenvalues
of A respectively and in this case, one can show that | A|| =

MaXg£o o Ax| _ phax Amax (A)], [Amin (A)|}. The symmet-
#* ) Yy

ric differencf:emA, between two sets A, B, is defined as AAB :=
(A\ B)U (B \ A).Forany two vectors a, b € R, the inequal-
ity @ < bis used to denote that a,, < b,,, Yu =1,2,..., L. Fi-

nally, we use the symbol a.s. to denote almost sure convergence.

= MaXg£0

III. DIFFUSION BASED HARD THRESHOLDING

A. Deterministic Strategies

The DiFfusion based Iterative Generalized Hard Thresholding
(DiFIGHT) and its low complexity modification, the Modi-
fied DiFfusion based Iterative Generalized Hard Thresholding
(MoDiFIGHT) algorithm are described in Table 1. There are
L nodes in the network. The combining matrix A € RE*L
specifies the connectivity between the different nodes in the
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network. The (u, v)*® entry of A, denoted by a,,,, € [0, 1], is the
weight of the outgoing edge from node « to node v. Furthermore,
the matrix A is assumed to be left stochastic, i.e., A’1 = 1.
For any node v in the graph represented by the combination
matrix A, the neighborhood of v is denoted by N, defined
as N, ={u€e{l,...,L}: ayy > 0}. The nodes belonging to
N, are called the neighbors of the node v. We assume that
if uw is a neighbor of v, v is also a neighbor of u, so that
Qyuy > 0 S ayy > 0. Further, we assume that for each node
v, ayuy > 0, 1.e., each node is a neighbor to itself. Lastly, it is
assumed that each node v has the function f,(-) available with it.

B. Randomized Strategies

We also propose IHT based diffusion algorithms where all the
nodes need not participate in the diffusion process at each time
step. This absence of participation results in significant reduc-
tion in the amount of communication between the neighboring
nodes of the network, that would otherwise be required while
exchanging values of estimates and gradient vectors. Inspired
by Ravazzi et al. [8], we propose four different strategies for
selecting the participating nodes, as given below. Here, at each
step of iteration, a subset of nodes G is chosen randomly and
while the gradient based updation of the estimates is carried out
at all the nodes belonging to G and their neighbors, the diffusion
process is restricted only to the nodes belonging to GG from the
neighboring nodes.

1) Random Persistence (RP): In this strategy, at a time step

k, only one node is selected at random according to a
probability distribution {p; ..., pr} over the nodes in the
network. The probability distribution satisfies p,, > 0 for
each node v in the network, and Zle p, = 1, implying
that each node has a positive probability of getting selected
at a time step. Thus the selected group is G = {v}.

2) Random Neighborhood Persistence (RNP): As in the RP
strategy, in this strategy too, at a time step k, a node
v is selected with probability p,, where the probability
distribution satisfies the same conditions as in the RP strat-
egy. However, unlike the RP strategy, the neighborhood
N, of the selected node v is also selected for participa-
tion in the diffusion process. Thus the selected group is
G ={v}UN,.

3) Random Group Persistence of order r (RGP,): In this
strategy, a group G of r nodes is selected according
to a probability distribution {ps} over all possible (%)
groups of nodes of size r. Here the probability distribu-
tion is chosen such that ps > 0 for all such groups, and
> _Geg, PG = 1, where G,. is the collection of all subsets of
{1,2,..., L} of size r. Here the selected group of nodes
isG.

4) Random Group Neighborhood Persistence of order v
(RGNP,.): In this strategy, a group of nodes G is chosen
with probability pz and G as well the union of their
neighborhoods is selected. The probability distribution p
is assumed to satisfy the same conditions as in the RGP
strategy. The selected group is G = G U, _& Ny.

TABLE II
ALGORITHM: RANDOMIZED DIFIGHT AND MODIFIGHT

Input: Number of nodes L, the combining matrix
A such that A1 = 1, sparsity level K;
Initial estimates wg, 1 < v < L; step sizes

e >0, v=1,2,--- L; maximum number
of iterations kij;;

While (k < ki)
For v=1:L
if veGo N,NG#D
Yyt =k -,V (xF)
Nl pFrt DiFIGHT

Yo = Hg (1/;’;“), MoDiFIGHT

end if

End For
For ved

~ kA1
iL’ﬁ—H = Hg (Zue/\f,, auv”/’u )

End For
bl =zk vu ¢ G
k=k+1
End While

Once a group is selected, the diffusion process is applied to all
the nodes in the group. The resulting algorithms are described
in Table II.

C. Discussion on Communication Complexities

We present a comparative discussion on the communication
complexities of the different strategies, which is defined as
the sum of the time averages of the transmissions and recep-
tions performed by all the nodes in the network for a specific
strategy. Note that the communication complexity of a strat-
egy is simply the sum of the time averages of transmissions
and receptions of individual nodes. Furthermore, the commu-
nication complexity depends on both the diffusion mechanism
as well as the strategy of selection of group of participating
nodes. Therefore, it is enough to evaluate the time average of
communications (transmission and receptions) for some fixed
node v for the different group selection strategies. We de-
note the time averages of the number of messages transmitted

and received by the node by T'(v) = lim;_,q M and

R, = lim;_, M respectively, where T (v), Ry (v) are
the number of messages transmitted and received respectively,
by the node v at time step k. In all these strategies, for
each node v, {T%(v)}x>0({Rk(v)}r>0) depends only on the
nodes selected at time slot k£ and is therefore independent
of Tj(v)(resp.R;(v)), j # k. Clearly, these random variables
are independent, identically distributed (i.i.d.), which are also
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bounded as T (v) < d,, < n. Therefore, using the strong law of
large numbers (SLLN), the limits 7'(v) and R(v) exist for all
nodes v. To carry out the analysis, we denote by d,, the degree
of the node v, which is the number of neighbors of node v,
excluding itself.

Before proceeding to find expressions for T'(v), R(v) for the
different algorithms, we point out that the communication com-
plexities of DIFIGHT and MoDiFIGHT are intrinsically distinct
because of the fact that for an update to occur, in DiFIGHT, each
transmitting node transmits n values, whereas, in MoDiFIGHT
each transmitting node has to perform 2 K transmissions, K
for the support indices and K for the values corresponding to
those indices. Therefore, if K << n/2, the number of com-
munications in MoDiFIGHT can be much smaller than that of
DiFIGHT.

We first analyze the communication complexities of the de-
terministic diffusion algorithms. In this case, all the nodes of
the network are chosen at every time step, so that Ty (v) =
T(v), Rp(v) = R(v),¥k > 0. Clearly, in DiFIGHT T'(v) =
R(v) = nd,, while in MoDiFIGHT, T'(v) = R(v) = 2Kd,,.

Next we carry out the analysis of T'(v), R(v) for the random-
ized algorithms where we introduce the variable C' to denote n
(for DiFIGHT) and 2 K (for MoDiFIGT). First let us consider
the calculation of Ry (v). Observe that Ry (v) = Cd,I;(v),
where [j;(v) is an indicator random variable taking value 1 if
v € Gy, where Gy, is the group of nodes selected at time & by
the randomized algorithm (in which case v is referred to as a
participating node at time k) and is 0 otherwise. Clearly, for a
fixed v, the sequence {Ix(v)}r>o is a sequence of i.i.d. random
variables. Therefore, by SLLN,

t—1
@({;) — tliglo M =K [Io(’l))] = Ty @.S.,

ey

where 7, is the probability that the node v is participating (at
any time k£ > 0) and is called the participation probability.

To calculate T (v), observe that Ty (v) is equal to C' times
the number of nodes in the neighborhood of v (distinct from v)
participating at time k. Therefore,

Ti(v)=C > I(u)

ueN,\{v}
T() .. fmo Ti(v)
o 2 g&T - Z Tu .5.  (2)

weN,\{v}

Therefore, Eqs. (1) and (2) together describe the time average
of communications performed by a node v in the network.
We now evaluate 7, for the different randomized strategies
proposed. We assume in the following that the probability of
selection of a node v is p,, and the probability of selection of a
group of nodes G is p¢ .. Clearly, for uniformly random selections
py=1/L, pg = 1/(‘5‘).
1) For the RP strategy, only one node can be selected at a
time. Therefore, 7, = p,,. For uniformly random selec-
tion, m, = 1/L.

2) For the RNP strategy the node v participates if either it is
selected (w.p. p,) or one of its neighbor is selected (w.p.

ZueM,\v pu)-Hencem, = 1. py.Foruniformly ran-
dom selection 7w, = %

3) For the RGP, strategy, the node v participates if it belongs
to a group of r nodes GG which contains v. Since only one

such group is selected, we have 7, = ). \|=p, vec PG-
L-1

— (rfl) T

For uniformly random selection 7, = @] =7

4) For the RGNP,. strategy, the node v participates if a
group G of size r is selected such that v belongs to the
neighborhood of the nodes in GG. Therefore, v participates
if

veEU, N, & GNN, £0

=1, =1— Z PG

G:|G|=r,
GNN,=0

3)

For uniformly random selection, we have m, =1 —
L—(dy+1)
w. This, of course, assumes that L — (d, + 1) >

L
. O(tﬁerwise, the node v is always present in the neigh-
borhood of some node or other of the group chosen and
thus always participates, i.e. m, = 1, which is an example
of a highly connected node.

In the next section, we carry out a convergence analysis for
DiFIGHT and MoDiFIGHT, both with and without the random
node selection protocol, where, for the randomized node selec-
tion strategies, we make use of the above figures of participation
probabilities to derive the necessary convergence conditions.

IV. CONVERGENCE ANALYSIS OF DETERMINISTIC AND
RANDOMIZED DIFIGHT AND MODIFIGHT

In this section, we analyze the convergence of the different
diffusion based algorithms proposed in Section III. In order
to do this we analyze how the distance between a K —sparse
vector £ and the iterates produced by the diffusion algorithms
changes with each iteration. For the sake of our analysis, a few
assumptions on the functions f,, 1 < v < L are necessary and
are described below.

A. Preliminaries and Assumptions

Definition 1 (Restricted Positive Definite Hessian): Suppose
that f is a twice continuously differentiable function with Hes-
sian Hessy(-). Then f is said to have a Restricted Positive
Definite Hessian (RPDH) of order s with constants (s, [)
(such that S > ag > 0), or (a5, Bs)-RPDH if the following
holds:

o ||zl < @'Hesss(w)z < fq |23

“)

for all vectors &, w € R™ such that ||ullop < s, ||z]o < s. Here
as and S are the largest and smallest such numbers, respec-
tively, which satisfy the inequality (4).

This property is just a variant of the Stable Restricted Hessian
(SRH) property defined in [29], which bounds the curvature
of f, when restricted to the union of all subspaces of sparse
vectors of a given sparsity. To see the implication of the RPDH
property, observe that the Hessian Hess¢(u) is a Hermitian
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matrix Vu, so that it admits the unique eigen-decomposition
Q(u)'D(u)Q(u), where Q(u) is an orthogonal matrix and
D(u) is a diagonal matrix. Fix any set S C {1,2,...,n} such
that |S| < s. Then, it can be easily verified that the RPDH
property implies that,

SCI?L?:HS‘WSS Aanin (QS(u)tD(u)QS(u)> > as, (5)
% hmax (Qs(w)' D(w)Qs(w) < e (6)

We use the RPDH property to prove the following lemma:

Lemma 1: Let x, y, z are vectors in R™ with supports
Ty, To, Ts respectively, and let T'= T} UTy UT5. Let p be
an arbitrary positive number. Also, let g(y,z) ==y — z —
p(Vf(y) — Vf(z)). Then,

D
(,9(y.2)) <o llzlls ly — 2l 9
and,
2)
(9. 2) 7, ||, < Pl lly — =5, ®)
where p\/Tl =(]1- pé‘(%‘)\ + pél%)), f satisfies the RPDH-
(cyr, Bir)) property, and 601 = Brter - 5(2) B _or
|T|> P|T|) Property, | 2 7 :

Proof: The key observation for the proof is the following:

Vily)—Vf(z)= /0 Hess¢(u)(z — y)dr,

where, u =y + 7(z — y).
To prove 1) we wuse the -eigen-decomposition of
Hessf(u) = Q'(u)D(u)Q(u) to write the inner product

in question as [ (z, (I — pQ'(u)D(u)Q(u))(y — 2)) dr =

Jy (@, (I = pQ%(w) D(w)Qr(w)(yr — z7)) dr. Using
Cauchy-Scwartz inequality, one obtains,

(zr, (I — pQ(w)D(w)Qyr(w))(yr — 21))
< llzrlly [T = pQ7 (w) D(w)Qr(u)| lyr — 27|,

¥
< ([1=psizl] + 02} 2l 1y = =1l ©)

where in step 1, we use the RPDH-(cv|7|, 7)) property of f, or
equivalently, the implications (5) and (6) for s = |T'| along with
the observation that,

| I — pQ% (u) D(u)Qy (u) |

= max { |1 — PAmax (QtT(u)D(U)QT(U)H )
1= phmin (QF(w)D(w)Qr(w))|}

< max{|1— pBir|, |1 — poyr||}

: 2
_ 1fpozm1f0<pﬁm
= . 2
pB‘T‘ —lifp> a7 +Br|

Since the RHS of the inequality (9) is independent of 7, the final
inequality (7) follows immediately.

For the proof of inequality (8), first construct the vector u €
R™ such that ur, = g(y,2)r,, and upc = O7c. Then, using
the inequality (7), one obtains

(u,9(y,2)) < pipy llullz lly — =,

2
= llurll; < Pl lunlly lly = 2,

which, after cancellation of ||ur, ||2 from both sides of the above
inequality results in the inequality (8). |

We will also require the following monotonicity property of
p’. for any integer s > 1:

Lemma 2 (Monotonicity of p’,): For any positive integer s, let
P, be defined as in Lemma 1 (with |T'| replaced by s). Then for
positive integers 51 < s, we have pf, < pl, .

Proof: First, note that one can express p/, from Lemma 1 as

o, = max{1 — pag, pBs — 1}. (10)

Consider any pair of positive integers (s1, s2) such that s1 < so.
To use Eq. (10), first note that s, > s, and s, < Bs,. This
directly follow from the definition of as, 8, from inequality (4).
Consequently,

1 - pas, <1 - pa,, <max{l - pas,, pBs, — 1} = pl,,

pﬁsl -1< pﬁsz —-1< max{l - pa827p552 - 1} = p/52'
(In

The above two inequalities together imply the result. ]

Before proceeding to analyze the error sequence ||z**+1 —
a*||2, we recall a few definitions from the theory of non-negative
matrices [30].

Definition 2 (Non-negative matrix): A square matrix X is
said to be non-negative if for every pair of indices ¢, j, (X);; >
0.

Definition 3 (Irreducible matrix): A square non-negative ma-
trix X is said to be irreducible, if for any pair of indices ¢, j, 3
a positive integer ¢;; such that (X"7);; > 0.

We also recall the following classical result from Perron-
Frobenius theory [30], which s going to be useful in our analysis.

Theorem 1 (Perron-Frobenius [30]): Let X € RY*L be a
non-negative irreducible matrix. Then, the following results
hold:

1) 3r > 0, such that r is an eigenvalue of X, and |A| <7,

for any other eigenvalue X of X.

2) r € [min; Zj(X)ij? max; Zj(X)ij]'

3) rhasalgebraic multiplicity 1, and has strictly positive right

and left eigenvectors u, w' respectively.

4) Ifr, Ao, A3, ..., Ag are the distinct eigenvalues of X with
multiplicities 1, ma, . .., mg, withr > |Aa| > -+ > |A4],
then,

If Ay # 0, as k — o0, X* = rFuwt + o(k™>~1 |1y |F).
Ifhy =0,Vk > L —1, X* = rFuaw’.

We will also use the following simple but useful lemma:

Lemma 3: Let G be an undirected connected graph, with an

associated non-negative weight matrix X. Then,

1) X*is irreducible.

2) DX D, is irreducible for any two diagonal matrices
D, D5 which have strictly positive diagonal entries.
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3) X + M is irreducible for any non-negative matrix M .

Proof: A short proof is provided in Appendix A. |

We will further use the following lemma that will be useful to
find upper bounds on the norm of the error between the iterates
produced by an algorithm, and the target vector.

Lemma 4: Let B € RI*E b € RY be a non-negative ma-
trix and a non-negative vector, respectively. Let (u");>( be a
sequence of non-negative vectors in R” such that

uF < BuF + b, k> 0.

Then, if the matrix B is stable,! then the sequence {u*}; is
a bounded sequence, satisfying

ub < (I-B)'(b+u?),

for each k > 0. Also, the sequence {u”*};>0 has at least one
converging subsequence with limit w which satisfies the above
bound.

Proof: The proof is given in Appendix B. |

B. Notation Used in the Main Results

We now proceed to analyze the evolution of the distance
between x* and the iterates produced by DiFIGHT. Before
presenting the main results, we list the notation used hereafter
in the paper:

ez denote the update of the v*"" node at time step k, where

1<ov<L.

o b= llaf —atlz ..., [l - 2], Yk > 0.

e Atanystepk >0, 1 < v < L, A¥ is the support set of z¥.

The set A denotes the support set of x*.

Also, if for a node v, the function f,, satisfies (s, 55)-RPDH
property, then, since the constants as, s depend on the node
v, we will replace them in the rest of the paper by «,, s and /3, 5
respectively.

° w, = |1 — BU,SKJIQ’QU,SK | + o /BU,SK;av,(SK, 1<v<
L.
e O =diag(wr,..., wr), M =diag(us,..., pr).

o b=[IVEfi(@ )2, .., [V2H fr(a)]l2]"-

C. Main Results

1) Deterministic Algorithms: The main results for the deter-
ministic DiFIGHT algorithm are stated in Theorem 2:

Theorem 2: Under the assumption that for each node v =
1,..., L, the function {f,}L_, satisfies the (v 3K, Bu3K)-
RPDH property, at any iteration k, the iterate produced by
DiFIGHT as well as MoDiFIGHT satisfies the following in-
equality:

R < a A'QRY + AP MD, (12)

where o = /3 for DiFIGHT, and o = 3 for MoDiFIGHT.

Furthermore, if max, 25=1 Wulyy < 1/a, or, max, w, <
1/a, then the matrix «A®€2 is stable and consequently, the
following holds:

h* < (I - aA'Q) " (@A'Mb + hO). (13)

! A matrix is said to be stable if it has spectral radius less than unity.

Proof: The proof is presented in Appendix C. |

Eq.(12) implies that if all the node functions have a common
K —sparse minimizer * which implies b = 0, the sequence
{h*} 10 converges to zero for a stable a A*Q and thus at each
node v, the estimate =¥ converges absolutely to z*. On the other
hand, consider the case where the nodes have different but close-
by stationary points. If z* is taken from a small neighborhood of
the stationary points, then the vector b, though not zero now, will
have elements of very small magnitude and thus, (12) ensures
that ||h* ||, will assume very small values in the steady state.

2) Randomized Algorithms: We now present the main re-
sults regarding the convergence of the randomized DiFIGHT
and DIFHTP algorithms for different random selection strate-
gies. For this purpose, we introduce the diagonal matrix P =
diag(m,..., 1) with diagonal entries 7,,, 1 < v < L which
were defined in Section III-C and evaluated explicitly for uni-
form distribution for selection of group of nodes.

Theorem 3: Under the same («y 3 k', Bu,3 x)-RPDH condi-
tion on the functions { f, }~_; as assumed in Theorem 2, for any
of the random network persistence strategies, (described at the
end of Section III-B), the iterates of the randomized DiFIGHT as
well as randomized MoDiFIGHT satisfy the following inequal-
ities at time step n:

where o = /3 for DiFIGHT, and o = 3 for MoDiFIGHT. Fur-
thermore, under the condition, max, 2521 Ay < 1/ or,
max, w, < 1/a, the following bound is satisfied:

E [h*] < (I - aA'Q) "' [PT'E [h°] + A'MB]. (15)

Proof: The proof is supplied in Appendix D. ]

While the above theorem provides conditions for conver-
gence in mean, if * is a stationary point for all the functions
fo,v=1,...,Lie,Vf,(x*) =0, YVo=1,..., L, then we
have, b = 0 and it is easy to show by using Markov inequality
that >, Prob(hf > €) < oo for any € > 0, which implies
thatforv=1,...,L, z%¥ — z* as.

V. SIMULATION RESULTS

A. Simulation Setup

In this section, we carry out numerical study of the DiFIGHT
and MoDiFIGHT algorithms along with the Consensus IHT
algorithm, which is similar to DiIFIGHT, with the only excep-
tion being that the nodes first exchange the estimates and then
use their individual gradient vectors for the hard thresholding
update. We also plot the performance of the non-cooperative
IHT where all the nodes run their respective algorithms but do
not communicate with each other, as well as the performance
of the centralized IHT algorithm which is executed using the
measurements available with all the nodes present in the net-
work. In all the experiments, the unknown vector * has a fixed
dimension n = 200, and sparsity K = 10. The support of x*
is constructed by elements following A/ (0, 1) distribution. We
consider networks with L = 10, 15 nodes for our experiments.
For each L, the network is generated using Erdés-Reyni model
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[31] where there is a link between two nodes is with probability
p, and not generated with probability 1 — p. p = % is selected
to get a connected graph with high probability. The generated
graph is checked for full connectivity using depth-first search
algorithm, and the process is continued until a connected graph
is obtained. The adjacency matrix of the graph thus obtained, is
normalized to make it left stochastic, and is used as the combina-
tion matrix A. For each node, the measurement model is taken
to be the noiseless linear measurement model, where the node v
has a measurement y,, available with it which is obtained from
an unknown signal «* via the linear transformationy,, = ®,x*.
The matrix ®,, is am X n measurement matrix that is generated
with entries sampled from i.i.d. N'(0,1/m) distribution. The
node minimizes the cost function f,(x) = 1|y, — ®,z|3. It
is easy to check that the Hessian in this case is given by ®! ®.,,.
The underlying assumption is that the matrix ®,, satisfies the
so-called Restricted Isometry Property (RIP) [1] of order K
with a Restricted Isometry Constant §. It is then easily seen
that the function f, satisfies the RPDH property of order K, with
ag =1— 0k and B = 1 + k. All the algorithms are run for
100 experiments and in each experiment, independent copies
of the target vector «*, and the measurement matrix ®, are
generated. However, for a particular L, the underlying network
is kept the same in all the experiments.

B. Probability of Recovery Performance

In this experiment, we plot the probability with which the
different algorithms recover the unknown signal «*, against
the total number of measurements. The performance of the
centralized IHT is evaluated first taking all these measurements.
On the other hand, for the distributed algorithms, each node
has access to considerably smaller number of measurements.
For example, if the total number of measurements is 150 and
the network size is L = 10, then each node of the network has
access to only 15 measurements. To calculate the probability of
recovery, we calculate the number of instances (out of the 100
instances) in which an algorithm has a “successful” recovery,
where a successful recovery is quantified as follows: 1) for
a centralized algorithm, we define the mean square deviation

(MSD) of the algorithm to be %, where & is the final
estimate produced by the centralized algorithm at the end of
a run. 2) For the gistributed case, we define the MSD of an
%jlg*”g, where {&, }1<,<, are the final
estimates produced by all the nodes of the network at the end
of a run of the algorithm. An instance or a run of an algorithm
(centralized or distributed) is called successful if the MSD of
the algorithm in that run satisfies M SD < 107

Performance of the Deterministic Algorithms: Fig. 1 com-
pares the probability of recoveries of the different algorithms
considered in this paper. From this figure, one can appreciate the
substantial amount performance gain offered by the DiIFIGHT
and MoDiFIGHT algorithms over the consensus IHT algorithm
and even over that of the centralized algorithm. This gain can be
explained using the fact that these diffusion algorithm leverage
the diversity offered by the different gradient vectors gathered

algorithm to be
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Fig. 1. Probability of recovery vs number of measurements using all nodes in
the network.

from the neighborhood of a node. We also see that the distributed
algorithms require very small number of measurements for
successful recovery compared to the standalone algorithms, as is
exemplified by the abysmal performance of the non-cooperative
IHT algorithm. For example, from the Fig. 1(b), we see that
all the distributed algorithms have recovery probability 1 after
m crosses 20, whereas the recovery probability of the non-
cooperative algorithm is almost O even when m is close to
30. We also observe that the performance of the DiFIGHT and
MoDiFIGHT algorithms are very close, with the latter exhibiting
slightly poorer performance than the former only for small m
(10 —12).

Performance Under the Randomized Strategies: Fig. 2
demonstrates the relative performances of the DiFIGHT, MoD-
iFIGHT and consensus IHT algorithms for the different ran-
domized node selection strategies which were discussed in Sec-
tion III-B. We have used group size 2 for the experiment. From
the plots we observe that the RP strategy performs the worst
among all the four strategies, which is expected as only one node
atatime is selected in this strategy. The RGP, strategy is slightly
better than the RP strategy as a few nodes are selected. But the
best strategies are seen to be the RNP and RGP, as in both
these strategies many neighboring nodes are selected at a time,
which elevates the performance of the distributed algorithms,
especially in case of dense networks.

C. Mean Square Deviation Performance

Here, we study the convergence behavior of the proposed
algorithm vis-a-vis others, by plotting the learning curves, i.e.,
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Fig. 2. Probability of recovery vs number of measurements for randomized
node selection strategies.

MSD-vs-iteration index plots. For this purpose, we have used
noisy measurements in the nodes, i.e., for each node v in the
network, the measurement obtained is given by y, = ®,x* +
e,. For our experiments, we have used the same measurement
noise vector e for each e,,, which is obtained by sampling from
a Gaussian random vector with distribution N'(0, o2 1,,), with
o=0.1.

Deterministic Algorithms: In Fig. 3, we compare the MSD
of the diffusion and consensus strategies with all the nodes
participating at each time slot. It is easily seen from Fig. 3 that for
both L = 10, 15, the diffusion based methods achieve smaller
MSD than the consensus based method. Also, as L increases,
the MSD of DiFIGHT becomes closer to that of the centralized
IHT, whereas, the gap between the MSDs of MoDiFIGHT and
DiFIGHT increase slightly.

Randomized Strategies: For the randomized strategies, the
comparative MSD performance is illustrated in Fig. 4. We can
observe that for both L = 10 and L = 15, the consensus based
randomized strategies have poorer MSD performance than the
DiFIGHT and MoDiFIGHT based counterparts. In fact, one can
see that for L = 15, some of the consensus based extensions
can even diverge, whereas, all the diffusion based extensions
are seen to converge, with the final MSD being very close to
the one obtained by running a centralized IHT algorithm with
measurements available from all the nodes.

Comparison of Algorithms for Fixed and Time Varying Step
Sizes: Time varying step sizes have been found to improve
convergence behavior in distributed optimization [19], [32] un-
der noisy condition. For comparative MSD assessment, we ran
the proposed deterministic DiFIGHT, MoDiFIGHT, and their
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Fig. 3. Comparison of MSDs of deterministic DiIFIGHT and MoDiFIGHT.
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Fig. 4. Comparison of MSDs of DiFIGHT and MoDiFIGHT for different
randomized strategies in the presence of Gaussian measurement error.

randomized counterparts (RGNP5 based), first with a fixed step
sizeof i, = 0.2,v =1, ..., L, and then with a time varying step
size p, (t) = %, v=1,...,L, t > 1[32]. The corresponding
learning curves are shown in Fig. 5. From Fig. 5, it is, however,

fair to conclude that the steady state MSD of the proposed
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Fig. 5. Comparison of the MSDs of a few deterministic and randomized
strategies with fixed and time varying step sizes (o< %). Here L = 15.

algorithms remain more or less at par as we move from fixed
to time varying step sizes.

VI. CONCLUSION

In this paper, the conventional IHT algorithm is extended to
the diffusion network scenario. First, a diffusion based iterated
generalized hard thresholding (DiFIGHT) algorithm is proposed
where local gradient descent updates are shared and combined at
different nodes followed by hard thresholding. Subsequently, a
low complexity modification of the DIFIGHT algorithm, called
MOoDiFIGHT is proposed, where only a sparse approximation
of the gradient update is shared instead of the full update.
To reduce communication complexities further, several random
node activation strategies are proposed and analyzed where only
a few of the nodes in the network can participate in the diffusion
process at each iteration while the rest remain idle. Theoretical
convergence results are presented for both the DiFIGHT and
MoDiFIGHT, both with and without the random selection of
nodes.

APPENDIX A
PROOF OF LEMMA 3

The key observation is that as the graph G is connected, the
associated weight matrix X is irreducible. We now prove the
three claims as below:

1) Since X is irreducible, for any two indices u,v, 3 a
positive integer t,,, such that (X‘**),, > 0. Denoting
tus by t.,, this means, ((X?)tu)y, = (X)), =
(X te),, > 0 which proves irreducibility of X*.

2) Since each element of Dy, D> is strictly positive, Ja >
0 such that dy,, doy, > «, Yv=1,..., L. Therefore,
the (u,v)'" element of D1 X Dy is dy (X )uvda,y >
a@?(X)yv. Since X is irreducible, for any 1 < u,v < L,
there exists a positive integer t,, such that (X t““)uv >
0. Therefore, ((D;XD3)t),, > a?(X"),, >0,
which establishes the claim.

3) Observe that for any 1 <wu,v <L, (X+ M)y, >
(X)uw and that X is irreducible. Therefore, X + M is
irreducible.

APPENDIX B
PROOF OF LEMMA 4

First note that since the sequence (u”)p>q, as well as
the matrix B and vector b are non-negative, we have, for

each k > 0, uFt! < BF 10 4+ Z?:o B'b < 37°, Blu® +
Y520 B'b = (I — B) (b + u"), where we have used the fact
that 372 BJ = (I — B) ! as the matrix B is stable. Thus the
sequence (u*)y>o is non-negative as well as upper bounded,
which ensures, by the Bolzano-Weierstrass theorem [33] that
the sequence (u*);>¢ has at least one converging subsequence,
with limit, say, u, i.e., there exists a strictly increasing se-
quence of non-negative integers k; > 0, j = 1,2, ... such that
lim; o u* = u. Since the set {u*|k; > 0,5 =1,2,...} is
upper bounded by (I — B)~*(b + u), it follows trivially that
u < (I — B)~1(b+ u®), which concludes the proof.

APPENDIX C
PROOF OF THEOREM 2

For the analysis of both DiFIGHT and MoDiFIGHT, we
employ the technique of analysis of Theorem 3.5 of [34] and
extend it to the distributed case.

We fix any node v = 1,..., L. From the description of the
A k1
DiFIGHT algorithm in Table I, using the expression for v, *

and writing e* = % — x* — 11, (Vf.(zK) — Vf.(x*)), one
can derive using triangle inequality that,

|t =) ),

™=

[e273) (BZ)A,’,j'Jrl (Vfu(ac*))A5+1

L
) + Z:l Aoy g
u=

1

g
Il

o (w2 = @[], + 2 |V Fu(@)]],)

M=

e
Il
_

Qyp (wu Hwﬁ - :E*H2 + Mubu> (16)

™=

1

g
Il

where the last step uses the fact that [|[VEf,(x*)|s <
[V2E f.,(x*)||2 = b, and the inequality (8) of Lemma 1 which
uses the fact that [A¥ U A U AF+1| < 3 K, along with Lemma 2.
On the other hand, since the support of x¥*! is A**!, one
obtains,

L k+1 L k+1
> aut, > D awth,
u=1 ATy u=1 Allg

L L
~ k41 ~ k+1
- (zaumu ) > (zaumu )
u=1 ASTIA |y u=1 A\AET!

A7)

. . . ~ok+1oL
Again, using the expression of ¢p,,  , it is easy to observe that

L k+1
§ am)"pu
u=1 ARTI\A 9
L
< § Ay

u=1

)

L
(eﬁ)Aﬁﬂ\AHQ + it

u=1

(vfu(w*))/\’g“\/\

(18)
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where the last step used triangle inequality and the fact that
(z*) Ak+14 = 0. Similarly, using reverse triangle inequality,
one can find,

L k+1
E Ay,
u=1 MATTH o

2 et

§ Ay

—:E* A\Als+1 A\Ak+1

2

Daas+ (19)

— zL: Qv U H(Vfu(w
u=1

Therefore, from inequality (17) it follows that

H ($k+1

*
—x )A\A,’frl )

Mh

<

et

S (Conre| R G

u=1

3w (|71t

aasH [, H(Vf“(m*))A’i“\Auz)

<\[ Zaw(

(Vfulz ))A5+1AAH2)

[N

<fZaw (wull2i = @[, + |V Fu(@)]],)

u=1

L
u=1

where the last step used inequality (8) of Lemma 1. Therefore,
it follows that for all nodes v = 1,..., L

- w*HQ + Hubu) (20)

L
™ = 2], < VB au (wa [y — 2", + pubu) -
u=1

2y

Collecting the above set of inequalities for all the nodes to
form a vector inequality and recalling the definition of h* from
Section IV.B, we can then write (21) compactly as

R < HRF + d, (22)

where H = /3A'Q, and d = V3A'Mb, where M, b are
defined in Theorem 2. Now, using lemma 3, we find that H is
an irreducible matrix. Then according to the Perron-Frobenius
Theorem 1, the maximum eigenvalue (according to absolute
value) of H satisfies r < V3 max, 25:1 Wy, Gy - By imposing
the restriction max, 25:1 Wuluy < 1//3, we see from (4)
of Theorem 1 that the matrix H is stable, and consequently,
applying Lemma 4, one finds that h* < (I — H) '[d + h°] =
(I — aA'Q) oA Mb + h°], where o = /3. Furthermore,
max, w, < 1/1/3 ensures that max, 25:1 Wy < 1/4/3,
which is a weaker sufficient condition for the stability of matrix
H, that does not require the explicit knowledge of the combi-
nation matrix A.

In order to derive an evolution inequality for the MoDi-
Ak
FIGHT algorithm, we first note that since 1,, T on K (zh —

1V fu(xk)), w=1,2,..., L, one can readily use the above
analysis of the DiFIGHT algorithm, restricted to a single node,
to derive the following inequality for all nodes v =1, ..., L:
Sy * *
6. | < VBwu et — a7, + VB @3)
Ak
On the other hand, we have ™' = Hy (Y F_ | ay,p,, Jrl).
This implies,
& k+1
k+1 * i
H (wv+ -z )Af,"’l é Z (w“ B )Ak+1 5
u=1 v
L k+1
< wo |l —x* 24
< ; o || — || 2D
Next, for finding an upper bound of [(zF+! —

x*) A\Ak+1||27 using the definition of the Hy operator,
k+1

we can  write, ||(325, auw (9, — @) prinpll2 2
1
||(Zu 1 vty m Jaak+ill2. Using the reverse triangle
+1
inequality, we further obtain, [|(35_, auvz/)u Jaar+illz =

k+1

(s awo (b~

[(xgt! — 2 )A\A’;+1H2
@*) \ ak+1 |2 This leads to

H ($§+1 — ")

k+1
AAEFL],
okl
(.

k+1

L
<V2Y aw
u=1

)A’;“AA

(25)

u

L
<V2Y aw
u=1

Consequently, taking the contributions from the sets A**1 and
A\ AFF1 from Egs. (24), (25), we obtain,

k+1 _ x E+1 *

L
= va T H2 < \/gzauv (26)
u=1

Therefore the inequalities (23) and (26) together yield the fol-
lowing main inequality governing the evolution of ||zt:k+1
a*||2 for node v for MoDiFIGHT:

2" =27l
L

§3Zauij ||:B - H2+3Za“”lu‘“||VZKf“ H2
u=1 u=1

27)

We note that the inequality (27) is essentially the same as the
inequality (21), with the factor /3 on RHS replaced by a factor of
3. Thus, using similar analysis as presented in case of DIFIGHT
after inequality (21), we arrive at the following vector inequality:

< V3HRK' + V34,

hk+1 (28)
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where H, d are defined as in the analysis of the DiFIGHT
algorithm. Clearly, a sufficient condition for the matrix V3H to
be stable is max, 2521 Aypwy, < 1/3, or a weaker condition
is max, w, < 1/3. Under this, from Lemma 4, {h*};>¢ is
a bounded sequence with h* < (I —/3H) '[v/3d + h"] =
(I — aA'Q) [« A'Mb + h°], where o = 3.

APPENDIX D
PROOF OF THEOREM 1V.3

To carry out the proof, let us first consider a node v € G,
where G, is the group of nodes chosen at time k. For both the
randomized DiFIGHT and MoDiFIGHT algorithms, derivation
of the evolution of the norm of the error ||z**! — x*||5 in terms
of ||&* — x*||5 will be identical to that of their deterministic
counterparts, that is either the inequality (21) or (27). Therefore,

for any v € G, one obtains,

L
W < Z Qup (Wahl + puby) (29)

u=1

where o = v/3 or a = 3, depending on whether DiFIGHT or
MoDiFIGHT is used. However, the nodes not in GG do not update

their estimate, so that for v ¢ Gy, one has
hE+L = bk (30)

Taking the inequalities (29) and (30) together, the following

evolution inequality is obtained for the vector h*:
R < BLR* + ¢y, (31)

where the vector ¢; and the matrix Ay, where By = aA};Q
with Ay, = [ag1 - - - a, 1], are determined as below:

aal Mb, veG

Ckv—{o7 ’U%G (32)
a,, veEG

ak:,v = { ey v ¢ G (33)

where e, is the the column vector with all entries set to 0 except
for the v*? entry which is set to 1. We will now use the compact
inequality (31) to derive condition for stability of the mean of
the sequence {h"}.

Taking expectation of both sides of the inequality (31) we find

E [p*™] < BE [h*] + ¢ (34)

k
= E [R**!] < BFE [h°] + ) Ble
j=0

where B = E[Bj,] and ¢ = E[¢g], k > 0. It follows that the
right hand side of the inequality (35) converges if the matrix
B is stable. The matrix B and vector ¢ have different forms
for different strategies and for the different algorithms. We find
them as below:

Let us first find E[by, , ], where by, , is the v*? column of the
matrix By. Since E[B}] = oE[AL]Q, we only require to find
the expected value of ay ,,. Note that the column ay, , can take
only two vector values, a,, and e,, / (aw,, ), depending on whether

(35)

the node v participates or not in the diffusion process at the k'"
time step. Therefore,

E [ak,v] = MyQy + (]- - 771))i7 v=1,...,L
aw

(I-P)Q!

= E[Ay] = AP + -

= B=I-P+aPA'Q (36)

where P = diag(my, ... 1). Note that the diagonal matrix P
varies with different strategies and have diagonal entries 7, that
can be found from the discussion of Section III.C.

In a similar manner one can find:

E [cr.] = aal Mbr, = E[ck] = aPA'Mb. (37)

Now, observe that as the network is connected, the matrix A is
irreducible. Also, P and €2, are non-negative diagonal matrices.
Thus, using Lemma 3, and using the Perron-Frobenius theory,
we can conclude that the matrix B can be ensured to be stable
if the functions { f,, }1<,<z, are chosen such that

L L 1
max | 1—m,+am, Z AypWy | <1 & max Z AyWy < —.
v v «

u=1 u=1

(38)

Clearly, a weaker requirement to ensure stability of B is to
choose the functions {f,}L_; such that (max,w,) < 1/a.
Then, using Lemma 4, from Equation (35), we have

E [r*] < (I - B)'[E [A°] + ], (39)

from which the result follows trivially.
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