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Achieving Near-Optimal Oracle Complexity in
Decentralized Stochastic Optimization
With Channel Noise

Soham Mukherjee

Abstract—We study a decentralized nonconvex stochas-
tic optimization problem in which a group of agents/nodes
seek to minimize a global objective function that can be ex-
pressed as a sum of local component functions, such that
each node in the network has access to exactly one compo-
nent function. The nodes collaborate with their neighbors
by sharing their estimates over communication links that
are assumed to be corrupted by additive noise. To address
this problem, we propose a computationally efficient and
robust algorithm that builds on a probabilistic technique
for stochastic gradient computation, which we believe will
be applicable to a wide range of problems in decentralized
information processing, learning, and control. Specifically,
we show that the proposed method achieves an oracle com-
plexity (computational complexity) of O(1/€?) for smooth
and nonconvex functions with stochastic gradients, which
is known to be sharp for its respective function class,
and is an improvement over the computational cost ob-
tained in previous works. In addition, we retain the O(1/€3)
rate for the communication cost, which is at par with the
communication cost obtained in previous works. We also
show how the proposed algorithm has robust performance
in environments with unreliable computational resources.
Finally, the theoretical findings are validated via numerical
experiments.

Index Terms—Channel noise, decentralized optimization,
nonconvex optimization, stochastic gradients.

SUMMARY OF VARIABLES IN ALGORITHM 1
Quantity  Description

K Number of iterations.

Xi(t) Bernoulli random variable drawn by node ¢ at itera-
tion ¢.

0 Probability with which x;(¢) takes the value 1.

x;(t) Node i’s estimate at iteration ¢.

xj;(t) Node j’s noise-corrupted estimate received by node
1 at iteration ¢.
h;(t) Quantity used by node 7 as a stochastic approxima-

tion of its local gradient V f; (x;(t)) at iteration ¢.
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g,;(x;(t)) Stochastic gradient computed by node ¢ at iteration
t if and only if y;(t) = 1.

n Step-size parameter associated with the gradient
update term.

c Step-size parameter associated with the consensus

update term.

[. INTRODUCTION

E CONSIDER a distributed stochastic optimization
W problem in which a collection of m nodes connected
over anetwork try to minimize f(z) = (1/m) >_1", fi(z),such
that each component function f;(+) is known exclusively to node
1. In particular, we assume that only node 7 can access stochastic
gradients associated with the function f;(-). The goal is to de-
velop an algorithm in which the nodes cooperate with each other
by performing local computations and exchanging relevant in-
formation to estimate the global minimizer z* = arg min,, f ()
or compute a first-order stationary point depending on the
function class. Such a framework captures a wide variety of
practical problems that frequently arise in distributed control [1],
distributed machine learning [2], Big Data analytics [3], IoT
applications [4], power networks [5] amongst others. Several
distributed algorithms have been proposed in recent past to solve
this problem, by building on centralized schemes, such as gradi-
ent descent-based algorithms [6], [7], [8]; alternating direction
method of multipliers [9], [10]; Newton methods [11], [12]; and
primal-dual methods [13], [14] to name a few. In this article, we
focus our attention on gradient descent-based algorithms owing
to their simplicity, low overhead, and widespread use. However,
even among first-order gradient descent-based algorithms, the
vast majority assume perfect communication between nodes
without any channel noise [15], [16], [17], [18]; noise caused by
quantization of transmitted information [19], [20], [21], [22]; or
noise introduced for privacy preservation [23], [24], [25]—an
ideal assumption hardly satisfied in real-world settings. Among
the works that took into account noise effects, notable are [15]
where the authors analyze the effects of channel noise (both
under the zero-mean bounded variance noise assumption as well
as under a Markovian noise sequence assumption) in the average
consensus problem; [16], [17], and [18] in which the authors
consider communication noise in the decentralized optimization
setting where the communication noise is modeled as zero-
mean bounded variance additive noise; and [19], [20], [21], and
[22] in which the authors consider decentralized optimization
problems with quantized communication between nodes where
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TABLE |
COMPARISON WITH EXISTING METHODS THAT SOLVE DECENTRALIZED OPTIMIZATION PROBLEMS IN THE PRESENCE OF ADDITIVE ZERO-MEAN AND
BOUNDED VARIANCE COMMUNICATION NOISE

Reference Problem Type Gradient Gradiel}t Communication Gradier}t Computations
Type Computations Rounds (centralized counterpart)
[19] Non-smooth, strongly-convex Exact O(1/€3) O(1/€3) O(1/e), [30]
[19] Non-smooth, convex Exact O(1/e%) O(1/€%) O(1/€%), 130]
[20] Smooth, strongly-convex Exact O(1/e2F0) 2 O(1/e2Fo1) 2 O(log(1/¢)), [30]
[21] Smooth, strongly-convex Stochastic O(1/e2+02) 3 O(1/3F52) 3 O(1/e), [30]
[21] Smooth, nonconvex Stochastic O(1/e3) O(1/€%) O(1/€%), 28]
[22] Smooth, strongly-convex Exact O((log(1/€))*/e2) O((log(1/€))%/e2) O(log(1/e)), [30]
Converges to a fixed neighborhood around the optimum.
(16] Smooth, strongly-convex Exact Arfitrarily small e—a%curacy cannot be achiesed. O(log(1/e)). [30]
[17] Smooth, strongly-convex Exact O(1/62) O(1/€2) O(log(1/e¢)), [30]
[181% Smooth, nonconvex Exact Not explicit Not explicit O(1/e), [31]
[18] 4 Smooth, nonconvex Stochastic Not explicit Not explicit O(1/€?), [28]
This work Smooth, nonconvex Stochastic O(1/62) O(1/€%) O(1/€2), [28]

again the quantization noise is modeled as a separate additive
noise component having zero-mean and bounded variance. All
of these works [16], [17], [18], [19], [20], [21], [22] consider
the Noisy Consensus + Stochastic Gradient Descent (SGD)
framework for developing their algorithms, with the works
in [16] and [18] incorporating an additional gradient tracking
step to enable individual nodes in the network to estimate the
global gradient. The treatments in [16], [17], [19], [20], and [22],
however, restrict them to a setting where exact gradients are
available. This requirement is lifted in [18] and [21] in which
the authors use a stochastic setting. Wang and Basar [18] derived
conditions needed to ensure almost sure convergence under the
zero-mean bounded variance communication noise assumption,
with their results for almost sure convergence also holding under
amore relaxed assumption that allows the noise variance to grow
with increasing number of iterations under certain conditions.
However, explicit characterization of the computational and
communication costs is not provided in [18]. Reisizadeh et al.
[21] proposed a QuanTimed-DSGD algorithm that considers
zero-mean bounded variance communication noise and deploys
a deadline based stochastic gradient computation framework to
mitigate the effects of stragglers. It is shown that this algorithm
requires O(1/€2*?) (where § > 0 can be made arbitrarily small)
stochastic gradient computations and communication rounds
to compute an e-accurate solution for smooth and strongly
convex functions (O(1/€?) in the case of smooth, nonconvex
functions').

The computational cost of O(1/e2+°) (O(1/€%)) incurred by
the QuanTimed-DSGD algorithm, however, makes it subopti-
mal vis-a-vis the centralized SGD algorithm that requires only
O(1/¢€) (O(1/€?)) stochastic gradient computations to compute
an e-accurate solution. In fact, in all of the works [16], [17], [19],
[20], [21], [22], a common observation is that the introduction
of zero-mean bounded variance communication noise in the
problem causes the computational complexity to increase as
compared to their centralized counterparts (i.e., the m = 1 case
for which there is no communication noise), as displayed in
Table I. This increase in computational cost is not observed
in the noiseless perfect communication setting, but appears to
be a bottleneck when communication noise is introduced in
the system. The study in this article is primarily motivated by

IRefer to Section III-B for the definition of an e-accurate solution for smooth
decentralized nonconvex optimization problems.

this gap in the computational complexity, especially since the
volume of data to be processed has increased multifold over the
last few years. Moreover, recent studies have shown that complex
models, such as overparameterized neural networks, perform
well both in theory and in practice [26], [27]. This combination
of data deluge and increasing model complexity has pushed up
the demand on computational resources enormously. This also
poses a significant limitation in resource-constrained or unre-
liable environments where there might be occasional failures
in carrying out such computationally intensive operations, thus
necessitating the development of algorithms that have robust
performance in such challenging settings.

In this work, we propose a computationally efficient and
robust decentralized algorithm that operates with noisy com-
munication links and incorporates a probabilistic technique
for stochastic gradient computation in the widely used Noisy
Consensus + SGD framework. Specifically, it allows individual
nodes to randomly skip the stochastic gradient computation step
in a given iteration with some probability.

Our main contributions are as follows. 1) We show that the
computational complexity of the proposed method achieves at
par dependence on the required accuracy e with its centralized
counterpart (the centralized SGD Algorithm with a first-order
oracle [28]). This is a marked improvement over previous works,
where it has been seen that the introduction of noise in the infor-
mation exchange process causes the computational complexity
to increase as compared to the computational complexity that
can be achieved using centralized versions of the algorithm (see
Table I). Specifically, for smooth and nonconvex functions, the
proposed method requires O(1/me®) communication rounds
and O(1/me?) stochastic gradient computations. The 1/€? de-
pendence of stochastic gradient computations in the proposed
method improves the 1/€* dependence obtained in [21], result-
ing in significant computational savings while maintaining at par
dependence on € for the number of iterations and the number of
communication rounds as in [21]. This decrease in the number
of stochastic gradient computations is achieved by carefully by
choosing the probability with which the gradient computations
step is skipped in a given iteration. 2) In addition, the O(1/€?)

261 > 0 can be made arbitrarily small.

352 > 0 can be made arbitrarily small.

4 Analysis is focused on establishing almost sure convergence and does not
provide finite-time results.
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dependence on required accuracy e for the number of stochastic
gradient computations is sharp, in the sense that it matches the
lower bound for the number of stochastic gradient computations
required to compute an e-accurate solution [29], although in the
“expected” sense since the actual number of stochastic gradient
computations in our proposed method is a random variable. We,
however, show, by developing high-probability bounds, that the
actual number of stochastic gradient computations is concen-
trated around its expected value. 3) We also show how, in the
noisy communication setting, the proposed algorithm is robust to
environments that have unreliable computational resources (e.g.,
frequent power outages and straggler nodes), where successful
stochastic gradient computation in an iteration occurs with some
probability less than 1. Specifically, we show that in the presence
of zero-mean and bounded variance communication noise, the
overall convergence of the algorithm remains unaffected as
long as the probability of successful stochastic gradient com-
putation is above a small threshold, whose value we explicitly
characterize in subsequent sections. 4) Lastly, the presence of
the 1/m factor in the computational and communication costs
indicates that the proposed method achieves a linear speed-up
proportional to the number of nodes in the network m, which
is an improvement over the result obtained in [21], where this
effect is not fully realized.

Notations: We use I, to denote the p X p identity matrix, 1,
to denote the p-dimensional column vector of all 1s, 0,, to denote
the p-dimensional column vector of all Os, and || - || to denote
the 2-norm for vectors. For matrices, || - || denotes the spectral
norm and || - || denotes the Frobenius norm. The expression
Pr{&} is used to denote the probability of occurrence of the event
E. The expression Bernoulli(p) is used to denote the Bernoulli
distribution which, when sampled, outputs 1 with probability p
and 0 with probability 1 — p, with 0 < p < 1. Lastly, we use
a A b to denote max{a, b}.

[I. PROBLEM FORMULATION

A. Decentralized Stochastic Optimization Problem

We consider a setting where the network of m nodes wishes
to solve the following unconstrained optimization problem:

Pl:minimize . pa f(x) = %Zfl(m) ()
i=1

Here, the function f;(-) is known only to node i. Specif-
ically, we assume that only node ¢ can compute stochastic
gradients of the function f;(-). When node i queries a point
x;(t) € R?, at some time t > 0, the corresponding stochas-
tic first-order oracle returns a random vector g;(x;(t)) € R?
satisfying

E [gi(zi(1)) |xi(t)] = Vi (:(1))
E([lgi(i(t)) = V fi (z:(t)) |[*|:(1)] < o

where o, is a positive constant. Equation (2a) implies that
the stochastic approximation g;(x;) is an unbiased estimate
of the true gradient V f;(x;), and (2b) bounds the variance of
the stochastic gradient. These conditions are very common in
stochastic optimization literature (see, e.g., [18], [21], [28], [32],
and [33]).

(2a)
(2b)

B. Network Model

We consider a network of m nodes, which communicate over a
static undirected graph G = (V, E) with V' = {1, ..., m} repre-
senting the individual nodes and E representing the connections
between the nodes. Two nodes ¢ and j are said to be connected
if and only if (4, j) € E. We further associate a m x m weight
matrix W with the graph G, with W;; denoting the weight the
node 7 applies to the signal received from node j. Foreachi € V,
we use N; to denote the neighbors of node 4, or more formally
N;={j:j#1i,W; >0}.Foralli € V,weassume thatnode i
can exchange information withsome j € Vifandonlyifj € N;.
Our assumptions about the graph G and the network matrix W
are stated below.

Assumption 1: The graph G is strongly connected. The
weight matrix W associated with the undirected graph G is
Hermitian, doubly stochastic and satisfies W;; >0V i€V,
Wi; >0V 4,5 €V, and W;; > 0 if and only if (4,5) € E.
These assumptions imply that the spectral norm of the ma-
trix W — (1/m)1,,17 | which we denote by w, is strictly
smaller than 1. This means that for any & € R"*, we have the
following contraction ||Wx — 1,,%|| < w||z — 1,,T||, where
z=(1/m)1L .

C. Communication Noise Model

Consider two neighboring nodes ¢ and j, where node ¢ sends
to node j a quantity x;(t) € R?, at a time ¢t > 0, which, in an
imperfect communication setting, is corrupted by additive noise
and is received as ;;(t), given by

-%'Lj (t) = X; (t) + T, (t) (3)

where n;;(t) € R? represents the noise introduced in the link
from node ¢ to node j at time ¢t. We assume that for all - € V,
the following conditions hold:

E [n”(t)’acz(t)] =0 (4a)

(4b)

2
E [|[ni )] |wi(t)] < o?
where o is a positive constant. We also assume that for any ¢ >
0, the set of random variables {n;;(t)}, (¢, j) € E, are pairwise
independent conditioned on @1 (), . . ., T, (t).

[ll. PROPOSED METHOD AND CONVERGENCE RESULT

A. Algorithm Description

Let x;(t) denote node i’s estimate at iteration ¢. Also, let
Xi(t) ~ Bernoulli(0) (0 < 6 < 1) be a random variable asso-
ciated with node ¢ at time ¢, which is independent of all other
sources of randomness arising due to stochastic gradients and
channel noise. Using the above, we summarize the proposed
method in Algorithm 1.

In (5a) and (5b), the algorithm calculates h;(t) and uses it as
an estimate for the local gradient in (5c), which is a standard
Noisy Consensus + SGD update step (see [17], [19], [20], [21],
and [22]). Refer to the Nomenclature for a list of variables used
in Algorithm 1.

Focusing on (5a) and (5b), we see that g, (x;(t)) is itself a
stochastic approximation of the true gradient V f;(x;(t)). The
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Algorithm 1: Proposed algorithm
Input: K,0,7,c.
Initialization: For each i € V, initialize ;(0) = 0.
fort=0,1,..., K —1do
for each7 € V do
1. Draw x;(t) ~ Bernoulli(9).
2.if (x;(t) == 1) then
Compute g,(x;(t)) and

set hi(t) = (1/0)g; (zi(t)) .

(5a)
else

Set h;(t) = 04.
end if

(5b)

3. Node ¢ sends z;(t) to all j € N; and receives
z;;(t) fromall j € N;.

4. Update x;(t + 1) = x;(t) — nh;(t)

SGD

e > Wi (@lt) — ai(t)).

JeN;

(5¢)

NoisyConsensus

end for
end for

gradient estimator h;(t) adds another layer of randomness by
randomly choosing whether or not to compute a stochastic gra-
dient at time ¢. Note that (5a) and (5b) can be written compactly

i(t
as h;(t) = XG( )gi(az
on h;(t), which follows trivially from (2a), (2b), and statistical
independence of x;(t) from all other sources of randomness at
node i, with E[y;(t)] = 6 and E[x?(t)] = 0.
Lemma 1: The following holds for all ¢ > 0:

i(t)). Then, we have the following result

E [hi(t)|zi(t)] = V fi(zi(t)) 6a)
B [|lns(t) = V(i) s (1)
= ;”9 N <; - 1) IV files®)IP. (©6b)

Equation (6a) shows that h;(t) is an unbiased estimator of
the exact gradient V f;(z,(¢)) conditioned on «;(t). However,
comparing (2b) and (6b), we observe that h;(¢) has higher
variance than g, (z;()). (The constant term o is scaled up by
a factor of 1/6 and there is an extra (1/0 — 1)||V f;(z;(¢))]|?
term.) However notice that at time ¢, the stochastic gradient is
computed with probability € (where, as we shall see in the next
section, § will be chosen to be of the form § = ©(1/(m" KT)),
with ;o > 0 and 7 > 0). This means that the stochastic gradient
computation step is skipped in many iterations and h;(t) is set
to a zero vector in such iterations. Thus, there are two opposing
forces in play: higher variance associated with the gradient esti-
mate h;(t) and lower expected computational cost per iteration
(where the expectation is taken on x;(¢)) by virtue of skipping

the stochastic gradient computation step in some iterations. This
raises the question of whether such an operation reduces the
overall computational complexity, by requiring fewer stochastic
gradient computations totaled over all iterations, while at the
same time ensuring that the increased variance of the gradient
estimate h;(¢) does not have any detrimental effect on the overall
convergence of the algorithm. We answer this question positively
in the next section.

B. Convergence Result for the General Nonconvex Case

In this section, we make the following assumptions about the
local component functions and the global objective function.

Assumption 2: The local component functions f;’s are L-
smooth, i.e., they have L-Lipschitz continuous gradients. This
means, for all i € V and for all 2, y € R%, we have

IV fi(x) = Vfi(y)l| < L= —yll. @)
Note that this assumption implies that
file) < fi(y) +(Vfi(y).z — y)

Assumption 3: The global objective function f(-) is lower
bounded by f*, i.e., for all x € R?, we have

flz) > [ )

We introduce a quantity called the network-averages gradient
disagreement, which is defined for all € R% as

L
+5lle =yl ®)

m

£ LSV i) -

i=1

NAGD(x) Vi@)|?  (10)
The function N AGD(x) captures the heterogeneity of the data
available to the different nodes in the network at . We make
the following assumption on N AGD(+).

Assumption 4: For all x € R?, the network-averaged gra-

dient disagreement satisfies

ZHVf,

for some 02 < oo. These assumptions are very common in
decentralized stochastic nonconvex optimization (see, e.g., [21]
and [32]).

Definition 1: Consider problem P1. Under Assumptions 1-4,
an algorithm is said to compute an e-accurate solution at iteration
K if the following conditions are satisfied:

NAGD(x Vi)|?<dd (1)

=
% 2 ElIvi@Em) ] < (12a)
=0
1 K-1 m
i 2o 2 B lll=i®) —Z(1)[*] <e  (12b)
t=0 i=1
where ZT(t) = — Zz 1 @;(t). This is a commonly used metric

while charactenzmg the performance of decentralized noncon-
vex optimization algorithms (see, for example, the works [21]
and [32]). We then have the following result characterizing the
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performance of the proposed method in the general nonconvex
setting.

Theorem 1: Let Assumptions 1-4 hold and «, 3, and ~ be
constants. Then, Algorithm 1 with the parameter choices

m~ mP m7
n= KQ/S’CZ K1/2’9 = K1/3 (13)
satisfies the following bounds for K > Kj:
1 K-1 m=«
— 2 — *
7 2 B IIVT @0 1) < 0( g ) (=00~
(28-1-a) B
m m 9
+O( 7B +K1/2>O'C
mlae==1)  p(a=B-7)
+0 KB T T e )%
m(af'yfl) + m2(a75) m(z‘X*B*’Y) me 9
+0 K1/3 K1/2 + K2/3 e
(14)
1 K-1 m
2
K 4 E (||l (t) — z(1)]|]
t=0 i=1
mQ(O‘*ﬁ) m(QO‘*ﬁ*’Y) 1 K-1
SO( 7+ ) E[|IVf @) |17
t=0
m2(0‘75) m(2a7ﬁ*7) 9 m(2a75*7) 9
+O( K1/3 + K1/2 )0G+O< K1/2 >09
mP 9
+O<K1/2)ac (15)
where K| is given by
KQ:maX{LKl,KQ} (16)
with
(2a72B)L2 192 (2a72ﬁ7'\/)L2 3
Ky = 36m 92m a7
- w)? 1-w)
Ky = (8m* 7 'L +8m“L)>. (18)

Moreover, for any node i € {1,...,m}, the expected number
of stochastic gradient computations up to time K is given by

K-1
> Elxi(s)
s=0

with the actual number of stochastic gradient computations
satisfying the following high-probability bound:

{ Z xi(s) < 2m7K2/3} >1—exp (72m27K1/3) .

(20)

=mK*/? (19)

Proof: Given in Section IV.
It is to be noted that the parameters «, 3, and y in Theorem 1
are left as free parameters and that the slowest decaying term is

O(1/K'/3). We choose a, 3, and + to obtain the best possible

dependence on m inthe O(1/K'/?) term in the following result.
Corollary 1: Choosingaw = 1/3,3=1/2,andy = —1/3in

Theorem 1 gives us the following bound for K > Kj:

K-
1 m1/2
Z va )|| ] <m1/3K1/3 + K1/2>

t=0

2n
K-1m
1 e 1 m'/?
WZZE [ll:(6) —Z(2)]] }§0<m1/3[(1/3 + K172 )"
t=0 i=1
(22)

If we let K. denote the number of iterations required for Algo-
rithm 1 to obtain an e-accurate solution according to Definition 1,
then under the conditions in Corollary 1, we have

K. < O( L m) :
med " €2
Consequently, the expected number of stochastic gradient com-
putations at any given node ¢ € V' is given by

2/3 1/3
ZE xil(s) = 2 <o(1Am : )

mi/3 = me2 A3
Thus, if € is chosen to be sufficiently small while m is moderate
(as is typically the case), the communication and computational
costs scale as O(1/(me3)) and O(1/(me?)), respectively, thus
improving over the O(1/(€e?)) computational and communica-
tion costs obtained in [21].

Focusing specifically on the computational complexity, it is
interesting to note that a properly tuned value of 6 in Algorithm 1
has allowed us to obtain a 1/e? dependence on the required
accuracy € for the number of stochastic gradient computations.
This matches the 1/ €2 dependence obtained in [28] for the num-
ber of stochastic gradient computations in centralized first-order
SGD with smooth and nonconvex functions. In addition, the 1/¢2
dependence is also known to be sharp, in the sense that it matches
the 1/€? dependence obtained in the lower bound established
in [29] for the number of stochastic gradient computations
in smooth and nonconvex optimization. Thus, the randomized
gradient computation framework in Algorithm 1 has allowed us
to achieve near-optimal dependence on ¢ in the computational
complexity. We say near-optimal because we state our results
about the computational complexity in terms of the expected
number of stochastic gradient computations, which is to be
contrasted with the fact that the results in [28] and [29] consider
a deterministic number of stochastic gradient computations.
However, we make up for this by providing a high-probability
bound in (20), which shows that the actual number of stochastic
gradient computations is close to its expected value in the order
sense with high probability.

Moreover, the presence of the 1/m factor in both the com-
munication and computational costs indicates that the proposed
method is able to achieve a linear speed-up proportional to
the number of nodes in the network. This is expected and has
been seen in previous works, which assume noiseless perfect
communication settings (see, for example, [32]). The result
obtained in [21] uses step-sizes, which are independent of the

(23)

(24)
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network size m and is therefore not able to fully capture this
effect, as opposed to the current work and the work in [32],
which are able to capture this effect by using step-sizes which
are dependent on m.

IV. CONVERGENCE ANALYSIS

For our analysis, we use a strategy similar to the ones found
in [19] and [21]. At a high level, we try to bound the disagree-
ments between the estimates computed by the various nodes and
the network average of these estimates. We then analyze how
well the network average approximates a first-order stationary
point. These intermediate results are then combined to obtain
our final result in Theorem 1.

Consider the update step in (5c). Separating out the channel
noise term, we rewrite (5¢) as

zi(t+1) =z(t) + ¢ Z Wij (z(t) — xi(t)) — nhi(t)
JEN;

+c Z Wijnj,»(t) .

JEN;

(25)

i (t)

We now stack the variables associated with various nodes to
define the following d x m matrices:

X(t) = [x1(t),...,zm(t)] € RP™ (26a)
H(t) = [hy(t),..., hp(t)] € R™ (26b)
N(t) = [ni(t),...,nn,(t)] € R>™. (26¢)

Then, from the communication noise model described in Sec-
tion II-C, the following holds for all 7 € V:

En;(t)|X(#)] =0
E ([l X(1)] < 02

(272)
(27b)
with the set of random variables {n;(¢)}, 7 € V being pairwise-
independent conditioned on X (t).

Further, let us define

F(X(t) =) filmit)). (28)
i=1

Then, we denote

VF(X(1) = [Vi(@i(1),..., Vi (@n(t)] € R7™.
(29)
In addition, we define a lazy version of W as follows:
W.=(1-0c)l,+cW. (30)
It is easy to see that the spectral norm of the matrix W, —
(1/m)1,,1T  which we denote by w,, satisfies w, < (1 — ¢) +
w.

With the above quantities defined, the update step (5c) of
Algorithm 1 can be written compactly as

X(t+1)= XMW —nH(t) + cN(t).

We also define the following network averages:

€19}

VE(X(0) = = 3" Vilw(0),7(0) = > i(0),

RO = = S hi(0). 70 = = > ni)

A. Auxiliary Results

Lemma 2 (Evolution of the network average): The follow-

ing holds at all times ¢t > 0:
Z(t+1) =x(t) — nh(t) + cn(t). (32)

Proof: The proof is given in Appendix A.
Lemma 3 (Disagreement bound): Under the assumption
that ¢ < 1 in (5¢), the following holds for all £ > 0:

E[[[X(t+1) —=(t+ 1)1 ||7]

< (- (1 -w)e) BIX (1) - Z(t)1,]1%]
4n?L? 22 L2

+ ((1 —w)c + 0

2 2
T (4’7 n 2”)E[||VF (@O1T) 3]

)E X0 - (01%13]

(1-w)e 0
2 2
T77% +mc?o?. (33)

Proof: The proof is given in Appendix A.
Lemma 4 (Effect of the network average): The following
holds at all times ¢ > 0:

E[f @(t+1))] < B[f @t)] - 2E [IVf @) |]

2
7]L2+27’]2L3 ’172L3 . o
# (M 4 T ) E 1) - sk

2 2
L n°L —=(\17T ) |2
+ <9m2 + m)E HIVE (2(t)1,,) |I7]
n’Lo}
2mo
Proof: The proof is given in Appendix A.

*Lo?
&_ (34)

2m

B. Proof of Theorem 1
Using Assumption 3, we have
[VF @017) [[;
<2||VF (Z(1)1L) - Vf (@) 15| [2+2||V £ @(6) 17 ||
< 2mo +2||Vf (&) 17 ]|%. 35)
Using this, we can rewrite the result in Lemma 3 as
E[|IX(t+1)—z(t+ 1L ]7]
< (1= (1 -we) BIX(t) - 2(t)1,]17]

4n?L? 22 L2 _ 2
o i s L EXURE DI

2 2
+((14_77w)c+2g>2mE[|Vf($(t))||2]
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Amn? (o2 + o2 2 2 9 K-1
y MG L) | B0 g T — 2N BV @) I
0 (1 -w)e (1—w)2c (1 —w)e) K =
(a) 1—
< (1 _ (2°‘1)C>E [||X(t) — E(t)lflﬂiﬂ] 8mn?* (o2 + 03) 16mn*o? 2mco? (39)
(1 —w)ch (1-w)2e2  (1-w)
4n?
+ ( 1 T4 Z >2mE NIVf @) | From the initialization condition, we have ||X(0) —Z(0)
(1 -w)e 17|12 = 0. Plugging in the values of 7, ¢, and @ as given in
4mn? (0‘ ) 8mn? UG 5 o the statement of Theorem 1 in (39), (15) follows.
+ 9 1—w)e +mcio; Again, we use (35) and the fact that nL < 6 < 1 holds for
" large K to rewrite the result in Lemma 4 as follows:
(1 -w)c = T2
< (1 - X ) - m (0015 [* < Bl @+ 1) < BLf @0)] - 2B |19/ @)
4n? n? 3nL?
I L )] = T 112
+ ((1 et )P + 2B [1X (1) - =15 3]
t t—s n?L ¢ Log ’Lo?
(1-we _ 2 2LVE(||V
XZ[(1—2 E(|IVf @) ] £2 G T BNV @O)F] + =0
s=0
27 (2 2
n°“L(o; + o
<4m772 (aé + 03) 8m77 G N m6202> + 2772Laé + % (40)
0 1-—
( w)e From the choice of the parameters 7, ¢, and 6, it is clear the
p
" Xt: <1 B (1- w)c) s 36) following condition holds for all K > Kj:
UL (41)
where the condition om
Then, this allows us to rewrite (40) as
272 272
8n*L 4n*L
(1-w)e> 37 K-1 _ .
K - K
used in (a) holds for the values of 7, ¢, and 6 given in the =0 K
statement of Theorem 1 for all K > K. Using the fact that 2¢2 a2 , An L(02 + 20%)
t (I-w)cys 00 (1 — UJ)C s 2 + + 877LUG + —
ZS:O (]‘ - T) < Zs:O (]‘ - 9 ) = (lfw)c’and mm mo
unrolling the recursion in (36), we get 12 K-1 .
— 2
- o > BlIX - O
ST E[IX(t+1) - Bt + )10 2] -
" T — f* 4nL(c? + 202
= _AU@O) =) | 22 |, i)+ 202)
K-1 (1 ) t+1 T]K nm mb
—w)c _
= [(1 - 2) ] [11X(0) —=(0)17,]|%] 9612 L2 48L2 2
= e T ZE IV (@) [17]
4 2 2
+7n +i 2m 96122 (o2 2 212 2 2
(1—w)c 0 N L=(oy +0g)  192n%L%c%  24L%co?
+ = T 1
K-1 K—t-1 (1—w)e\® (1 —w)ch (1—-w)?c (1-w)
<Y |elvreenr { 3 (1- 552 2 1
2 — _ —||x(0) —=(0)1L|]3.. 42
t=0 5=0 + (1—w)cKm|| (0) —=(0)1,,[|% (42)
2/ 2 2 2 2 2
4 §mirlog +0g) | 16my (2702 2meog . (38) Again, the following inequality holds for the choice of the
(1—w)cd (1—-w)?e (1-w) parameters 7, ¢, and 6 for all K > Kjy:
Adding || X (0) — Z(0)1Z ||? on both sides, we get 9672 L2 48L%n? 1
(1 —w)2c? + (1 —w)ch = 4’ (“43)
7 Z E|X(t)—=®)1]||F] Using the above, we can simplify (42) as follows:
K-1 _
2 _ 1 8[f (=(0)) — f7]
< G X O TP ;E IV @) |P] < K
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4c2 Lo 8nL(o2 + o2

+ = -|-167)LUE;-|-777 (7, +96)
mo
1920 L (02 4+ 0¢)  3841°L%02  48L%co?
(1—w)ch (1 —w)?c? (1-w)
247

_ = 2 ix(0 44

+ T X O - Z Ok @)

Recalling that || X (0) — Z(0)17 ||% = 0 holds from the initial-
ization condition and plugging in the values of 7, ¢, and 6 from
the statement of Theorem 1, one obtains (14).

Finally, we need to prove that the actual number of stochastic
gradient computations is concentrated around its expected value.
To show this, we note that for any given i € {1,...,m}, the
random variables {x;(s)}, s =0,..., K — 1, are independent
Bernoulli random variables, bounded between O and 1. Then,
applying Hoeffding’s inequality for some ¢ > 0, we get

Pr{ KZ e

K-
> Exi(s)] + ¢>K} < exp(—2K¢?).
s=0 (45)

E[x;(s)] from (19) and choos-

ing ¢ = %, we obtain (20). This concludes the proof  H.

Remark 1: In this work, we have used fixed step-sizes, which
are dependent on K. This is because the required accuracy e is
usually known in advance, which in turn allows us to calculate
the number of iterations K to be run, as we have done in (23) and
(24) following the result in Corollary 1. This is indeed a com-
monly adopted practice in both theoretical analysis and practical
implementations (see, for example, the works [21], [28], [33],
and [32]), and also allows for relatively easier analysis. How-
ever, there might be situations where ¢ is not known in advance,
and in such cases, one can follow the proof technique presented
in the current work, along with some minor modifications,
to show that the use of a time-dependent step-size scheme
given by n, = m'/3 /(1 +k)?/3, ¢, = m'/2/(1 + k)12, and
0r = 1/(m'/3(1 + k)*/3) at iteration k, in Algorithm 1, yields
a O(log(k)/(m*/3k'/3)) convergence rate, which ultimately
translates to O((log(1/€))?/(me?)) computational cost and
O((log(1/€))?/(me*)) communication cost. Thus, there in an
extra (log(1/¢))? factor when using the time-dependent step-
size scheme described above as compared to the result obtained
in (23) and (24) using fixed step-sizes, which is not too onerous.

Substituting the value of Zﬁi_ol
8!

V. FURTHER INSIGHTS AND ROBUSTNESS

Note that setting 6 to 1 in Algorithm 1 reduces it to the
algorithms proposed in [17], [19], [20], [21], and [22]. One
of the key contributions of this work is to show that one can
obtain similar number of iterations as in previous works with a
significantly smaller value of # (which, in turn, leads to reduction
in computational complexity). To see this in more detail, we
consider the parameters 7, ¢, and 6 as given by (13). Leaving the

exponent of K in 6 as a free parameter 7, we have

K

m mﬁ

77:76:70:

K2/3° K1/2° (46)

Here, we clarify that the dependencies of the parameters 7 and
c in (13) (and by extension in (46)) on K are chosen so as to
obtain the best possible dependence on K in the RHS of (44),
which is then reflected in the result obtained in Theorem 1.5
With the values of 7 and ¢ decided, we try to determine the
range of values that 7 can take, for which, we take into account
the relationships between the step-sizes 77, ¢, and 6 that need to be
satisfied. These are given by (37), (41), and (43). Plugging in the
values of 77, ¢, and 0 from (46) in (37), (41), and (43), it is straight
forward to see that 7 needs to be in the range 0 <7 < 2/3
for the inequalities (37), (41), and (43) to hold for sufficiently
large and finite K. We then plug in the values from (46) in
(44) and recall that || X (0) — Z(0)1Z ||% = 0 holds from the
initialization condition to obtain the following bound for 0 <
T <2/3:

K-1
7 X Pl @w) ) <o

K1/3
=
m(28-1- 04) B
+O( o )
K1/3 K1/2
(a=1=7)  p(2a=B—v)
+O(m )02
K2/3-7 K5/6-T g
mE ) 2 pRa-Be) e
tO0\ St st o T )%

(47)

Restricting our focus solely on the dependence on K, the above
expression simplifies to

1 K-1 B )
= 2 E[IVi@®)IP]

t=0

1
- 1

Remarkably, this suggests that as long as 7 < 1/3, the depen-
dence of the convergence rate on the number of iterations K
remains unaffected and scales as O(1/K'/3), thus matching the
iteration and communication complexities of previous works
while achieving order of magnitude reduction in the compu-
tational complexity if 7 > 0 (specifically, when expressed in
terms of the required accuracy e, the computational and com-
munication costs, for 0 < 7 < 1/3, scale as O(1/¢3(1=7)) and
O(1/€3), respectively, with the O(1/¢(3(1=7))) computational
cost improving over the O(1/¢®) computational cost obtained
in [21] and the O(1/€®) communication cost matching the
communication cost obtained in [21]). Intuitively, we believe
that this is due to the fact that the convergence rate of the
algorithm is slowed down more by the noise introduced in
the information exchange process than by the noise introduced
due to stochastic gradient computation. This is also visible from
the fact the if we set 7 = 0 in (47), the convergence rate decay

(48)

SThis can be verified by initially setting the exponents of K in 7 and c as
free parameters, say, 71 and 7 and then performing algebraic calculations to
optimize for the dependence on K in the RHS of (44)

Authorized licensed use limited to: INDIAN INSTITUTE OF TECHNOLOGY KHARAGPUR. Downloaded on August 07,2025 at 14:41:34 UTC from IEEE Xplore. Restrictions apply.



MUKHERJEE AND CHAKRABORTY: ACHIEVING NEAR-OPTIMAL ORACLE COMPLEXITY

1223

term associated with the variance of the stochastic gradient
03 scales as 1/K?/3, which is a much smaller decay term as

compared to the 1/K /3 decay term associated with the com-
munication noise variance o2, the network averaged gradient
disagreement 02, and the initialization error term f(Z(0)) — f*.
As aresult, one can get away with even worse gradient estimates
(gradient estimates having higher variance than 03) without any
effect on the dependence of the convergence rate on the number
of iterations K up to a certain extent. This “certain extent” is
quantified in (48) through the choice of 7 in the parameter 6,
which governs how frequently the stochastic gradient computa-
tion step takes place and is given by the range 0 < 7 < 1/3.
However, once 7 > 1/3 (i.e. the gradient computation prob-
ability starts decreasing further), the convergence rate starts
deteriorating and no longer retains the O(1/K'/3) dependence
as evident from (48). In (13), in Theorem 1, we have chosen
the highest possible value of 7 to allow for the lowest value of
the probability of stochastic gradient computation, while at the
same time retaining the best possible overall convergence rate
of O(1/K'/3). As it turns out from (48), this condition amounts
to choosing 7 = 1/3.

The above discussion also suggests that the proposed method
isrobust to environments where the availability of computational
resources is unreliable. This can occur in situations where there
are frequent power outages or straggler nodes in the network,
which makes it difficult to compute the stochastic gradient reli-
ably across all iterations. This problem is particularly relevant
in today’s day and age where models are becoming increas-
ingly complex and data-hungry, as discussed in Section I. Such
computationally unreliable environments with random failures
in stochastic gradient computation can be modeled using the
framework developed in Algorithm 1. For example, one could
model power outages to cause successful stochastic gradient
computation to occur in a given iteration with probability § < 1.
Until now, it was up to the algorithm developer to choose the
value of 6, where, as here, the value of 6 will be set by the
environment. Remarkably, our result shows that if zero-mean
bounded variance communication noise is present, unreliable
computation does not have any effect on the overall conver-
gence of the algorithm as long as the value of 7 lies in the
range 0 < 7 < 1/3. To give an example with realistic numbers,
suppose a particular application requires the accuracy to be
€ = 0.01. Then, the number of iterations (i.e., ') to be run would
scale as 1/ = 1000000. Our result in (48) then suggests that
the number of iterations would remain unaffected as long as
the probability of successful stochastic gradient computation
is above a certain small threshold which scales as 1/K'/3,
which in the current example evaluates to 0.01. This means that
power outages could randomly disrupt the stochastic gradient
computation step roughly 99 out of 100 times on average and it
still would not affect the overall convergence rate, which from
(48) would still enjoy a 1/K /3 dependence.

VI. NUMERICAL EXPERIMENTS

We consider a network consisting of m = 20 nodes, which we
generate randomly, such that for each pair of nodes ¢ and j, the
probability of an edge connecting them is 0.75. The network
matrix W € R?%%20 is set to W = Iy — (3/4Amax(L))L,

where L € R?%*20 js the Laplacian of the graph and Ayay (L)
is its maximum eigenvalue.

We consider the Phishing dataset, which is publicly available
at openML.org. It consists of a total of 11 056 data points and
30 features. We select the first 10 000 data points and all 30
features to construct our loss function, for which we assign 500
nonoverlapping data points to each of the 20 nodes. For our
study, we consider the following local nonconvex loss functions
at node ¢, the first of which is a robust regression model [36],
and the second is a nonconvex logistic regression model [37]:

500

1 ((aij, ) — bij)?
i = — 49
| 500 Ao
. - 1 1 —(aij,x)bij A k.
file) = 55 2 log (1+¢ )+ > T
j=1 k=1
(50)

Here, d = 30, a;; € R*® are the feature vectors at node 4, and
bi; € R are the corresponding labels. In (50), z;, denotes the
entry at the kth position of the column vector € R3? and A =
0.0001 denotes the regularization parameter. Among the first
10 000 points in the dataset, there are 4437 data points with
label —1 (i.e., their b;; value is —1), one data point with label
0, and 5562 data points with label 1. Nodes 1-8 are assigned
data points with label —1, node 9 is assigned data point having
a mix of labels —1 and 1 and the single data point with label
0, and nodes 10-20 are assigned data points with label 1. This
ensures that there is sufficient heterogeneity in the data available
atdifferent nodes [34], which is often a critical issue encountered
in decentralized optimization problems.

In the current work, we have incorporated the skipping
technique in the widely used Noisy Consensus + (Stochastic)
Gradient Descent framework to create Algorithm 1. We shall
abbreviate the Noisy Consensus + (Stochastic) Gradient De-
scent method as NCSGD for brevity and use NCSGD+skip to
abbreviate the Noisy Consensus + (Stochastic) Gradient Descent
method with the skipping technique incorporated in it. In fact,
NCSGD can be obtained as a special case of NCSGD+skip
by setting the gradient computation probability as § =1 in
NCSGD+skip. Inourexperiments, for both NCSGD and NCSGD
+ skip, we consider stochastic gradients (specifically, we use
minibatch size = 1 for stochastic gradient computation by each
node), and use zero-mean Gaussian noise with variance 0.1 to
model communication noise [specifically, the entries of IN (¢)
in (31) are drawn from a Gaussian distribution with mean 0 and
variance 0.1].

The results corresponding to (49) and (50) are shown in
Figs. 1 and 2, respectively, with each plot averaged over 100
runs, and the step-size parameters corresponding to each plot
appropriately tuned over a grid. In particular, for both (49)
and (50), we consider NCSGD first and tune the parameters
7 and ¢ over the grids {0.0033,0.01,0.033,0.1,0.33} for (49)
and {0.01,0.033,0.1,0.33,1} for (50), meaning that we test
out 5 X 5 = 25 combinations of parameters for each of con-
sidered loss functions. Following this, for each of the con-
sidered loss functions (49) and (50), we consider NCSGD +
skip, for which we use the previously tuned values of 7
and ¢ from the vanilla NCSGD method, and tune 6 over the
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05 05 variance communication noise, and conduct theoretical analysis
] NesaD NesaD of the same to derive convergence rate, computational cost, and
R i i communication costs.
. . APPENDIX
- B A. Proofs of Auxiliary Results
Let F; denote the history of the algorithm up to time ¢.
Proof of Lemma 2: The proof follows trivially by postmul-
tiplying both the left-hand side and the right-hand side of (31)
Y3 %5 sa 200 0BT o0 00 G by %1,,1 and noting that W . is doubly stochastic, meaning
Stochastic Grad(l:)ntComputatmns !ter(aél)ons Wzlm _ ]-m .
Proof of Lemma 3: From (31) and (32), we have
Fig. 1. Robust regression problem (49).
( ) - .’B(t + 1) m
0.9 0.9
71T
N NCSGD NCSGD ( (t) ) ( (t) - h(t)lm)
0.8 fx = === NCSGD-+skip 08 ===~ NCSGD-+skip
+c (N (t)lfl)
0.7 0.7 T - T
. = (X(t) —=(t)1,) Wi —n (VF(X (1) - VF(X(1)1,,)
806 8os _
— (H() ~ B@E) + 7 (VX)) - VEX ()17)
05 05
; +c(N(t) —m(t)1},) . (51)
04 \_ 04
i Denoting
O3 w0 00 1200 o3, 100 200 300
Stochastic Gradient Computations lterations Al (t) - (X(t) - f(t)l%) Wz
(a) (b)
—n(VE(X(t)) - VF(X(t)1L 52
Fig. 2. Nonconvex logistic regression problem (50). 77( ( <J) ( ( )) m) (52)
As(t) = —n[H(t) — h(H)1,,)]
grid {1/2,1/3,1/4,1/5} conditioned on these fixed choices +n[VF(X(t)) - VF(X(t))1% ]
for 77 and ¢ (note here that we do not consider all 5 x 5 x 4 "
combinations for the triplet (7, c, )). +c(N(t) —m(t)1,,) (53)
In both Figs. 1(a) and 2(a), we study the decrease in the loss,
i.e., the average of the global objective function evaluated at the W€ &€t
different nodes’ estimates (1/m)>"""; f(x;(t)) as a function
of the total number of stochastic gradient computations up {HX (t+1)—=(t+1)1 H F‘]: t}
to time ¢ (i.e., S._o S.7, xi(s)). Here, it is clear that the )
skipping technique is able to reduce computational cost since ~ — A1) ||F +E “lA? HF“E] +28 [<A1(t)’ A; (t)>|‘7:t]
NCSGD+skip requires fewer stochastic gradient computations — _ 1A%+ E m Ay ()] | ]_—t] ) (54)

to reach a certain value of the loss, as compared to NCSGD.
Similarly, in Figs. 1(b) and 2(b), we study the decrease in the
quantity (1/m) Y ;" f(x;(t)) as a function of the iteration
number ¢. Here again, we see that there is very little degradation
in the overall convergence of the algorithm when the skipping
technique is introduced. This confirms reduction in computa-
tional cost while retaining overall algorithm convergence as
claimed earlier in this article.

VIl. CONCLUSION AND FUTURE WORK

In this article, we incorporated a skipping technique in the
Noisy Consensus + SGD framework, and showed that it helps
us achieve a significant reduction in computational cost without
hurting overall algorithm convergence. In future, we wish to
extend this skipping technique to other famous algorithms, e.g.,
Robust Gradient Tracking-based algorithms [16], [18] for decen-
tralized optimization in the presence of zero-mean and bounded

We bound ||.A; (¢)||% as follows:
A2 < (1+¢f)|( () — =(O1T) W[

(1 . )n IVE(X (1)) ~ VF(X (1)1L [

()
<(1-(1-

2772
—||VF(X
+ ol VE

w)e) ||X () — (1)1,
(1) -

w)e) [IX () — (1)1,
)7

(b)
< (1-(1-

4 2
b1 || VF(X

T vF (a1L) |
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47)2 -
+ mHVF (@()1]) 17
< (1—(1—-we) || X(t) —Z(t)1,, |7

47721/2 — T2
+ WHX@) —Z(t)1,||F

b (e1h) 1 59
(1-w)e m
where (a) follows from Young’s inequality for some ¢; >
0 and (b) follows by substituting ¢; = (1 — w)c. We bound
E[||Az2(t)||?|F:] as follows:

E (|l A1) 5| F]
< B [||N () - w(01] |7
+nPE || (H(t) - VF(X(1)))

~ (R(t) - VE(X (1)) 15| [ 7]

<*E [HN HF]E} +1’E [HH - VE(X HF|E}
2 meto? + ' (mo? + |VF(X(0)]3)
gmc20§+%ﬁ+2n2L2llX() ()17

?HVF @®)15) |17 (56)

where in (a), we have used the result from Lemma 1. Combining
(54)—(56) and taking expectations with respect to F;, we obtain
the desired result. [ |

Proof of Lemma 4: Using L-smoothness of the global objec-
tive function

f(t+1))
< @)+ (V@)

+ 21+ 1) - 3O
= J@(1) ~ (V1 (@), hlt) ~ 7))

L
+ 5 llnh(t) — can(t)|*. (57)

T(t+1) —=(t))

Taking expectations conditioned on F;, we get

E [f (T(t+1)) |F]

f(@(t) —n(Vf(Z(t),VF(X(t))
+ % (T2 7] + S0 (58)
We observe that
R(t) = 3" [hilt) = Vi ilt Zm 2t
=t 8:(t)

We note that the set of random variables {8;(¢)}, i € V, are
zero-mean independent random variables conditioned on F;.
Consequently, we have

E [|In®)]1?| 7]

< LS piswieF + ||Zsz wilt
i=1

@ 1 & 2

Swzl[a + [V fi (xi(t ))‘”

o2 1 1 2
<g-+ <9m2 + m)HVF(X(t)) ||
<%0 g L1 | X(t) - =(0)1Z |3
0 Om?  m e
1 1 _ 2
+ 2<9m2 + m> |[VF ((t)1]) || (59)

where (a) follows from the result in (6b). Next, we observe that

—n(V/ @(1), VF (X))
= (Y @(1), V] (@(1))
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s @(1) - V(X W) [|* - 3119/ @0) |1

0 m
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OG- IV @) P ©0)

Comblmng (58)—(60) and taking expectations w.r.t. F;, we ob-
tain the desired result. |
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