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Z-Transform

e Recall that eigenfunction property was satisfied for general complex expo-
nential signals, rather than exponential signals with an imaginary exponent.
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For any DT signal z[n], its z-transform is the function:
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X(z) = Z x[n]z™".
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The Region of Convergence \of z[n] is defined to be {z |
X(z) exists, i.e., is finite} which is a subset of the complex plane.
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z-Transform
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e For a complex number z, let z = re/*. We have
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e Therefore, X(2) = X (re/*) = DTFT(z[n]r ).
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e In particular, for 2| =7 =1, 2 = ¢/*, which implies X (z) = DTFT(z[n]).

e Thus, when » = 1 and we vary w, z moves on the unit circle in the complex
plane. The unit circle plays a critical role in z-transform of discrete-time

signals.

e Since X(z) = DTFT(x[n|r~™), then a point in the complex plane Z lies in

the ROC if its magnitude 7 is such that the z[n|7r~" is summable.

e Thus, the ROC is determined by the magnitude 7 rather than the phase.
Hence, the ROC mainly consists of circular regions and/or rings in the com-

plex plane.

e DTFT of z[n] exists only when the ROC of the z-transform of z[n| contains

the unit circle.
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Examples

Example 1

e What is the z-transform of x[n] = d[n] + §[n — 1]? What is its ROC?
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Example 2

e What is the z-transform of z[n| = a”
What is its ROC?
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u[n] where a is a complex number?




Example 3

e What is the z-transform of z[n] = —a"u|—n — 1] where a is a complex
number? What is its ROC?
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z-transform without ROC is meaningless

e What is the X (z) for z[n] = —a"u|—n — 1]7?

e Let's investigate:

X(z)=— Z z[n]z™" = — Z a"z"
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where the last equality holds for [2] < 1. The ROC is sketched below.

e Therefore,

—a"u[—n — 1] +— -
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e But X(2) = = for x[n] = a"u[n]!
e Therefore: z-transform without ROC is meaningless!

e Since it is possible that z-transforms of distinct signals would have the same
algebraic expression, it is unable to determine the inverse z-transform without
the ROC.




ROC and Pole-Zero

e Most of the time, we will encounter z-transforms that are rational functions
of z. For a z-transform of the form:

(z—=p1) - (2 — pm)

H(z) = ,
(z=a) (2 =)
the roots of the numerator pq, ..., p,, are called the zeros and the roots of
the denominator ¢y, ..., g, are called the poles of H(z).

e On the complex plain, the poles are marked by (x) and zeros are marked by
().

e It is more convenient to express X (z) as polynomials in z7*

rather than z.
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e Determine the poles and zeros of X;(z .PD{Q o\
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e Determine the poles and zeros of X5(z) =1+ 1. —>
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e Determine the poles and zeros of X3(z) = (1_5Z_11_):(”f:3.5z_1).
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Practice Problem
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a. What is the ROC for the z-transform of z[n] = ( ) u[n] + 2"u[n]?
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b. Determine the z-transform with ROC as well as the location of poles and zeros

of the signal
z[n] = (5)" sin 4n uln]. d?“’ _\) 4
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Properties of ROC

e Property 1: ROC is a ring on the complex plain.
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— The inner circle’s radius can be 0 (e.g., z[n] = —a"u[—n — 1))

— The outer circle's radius can be oo (e.g., z[n| = a"u[n])

e Property 2: ROC does not contain any pole.
Simply because at a pole, the value of X (z) would be infinity!
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Properties of ROC

e Property 3: If z[n| is finite duration, then ROC is the whole
complex plain, except possibly z =0 and z = cc.

— If z[n] is only non-zero for n = Ny, ..., Ny for Ny < N,. Then:

X(z) = i xnlz™".
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e Determine whether 0 and oo belong to the ROC in the following cases.
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e Definition: We say that a signal x[n] is right-sided if z[n] =0 for alln < N
and some N.

e Property 4: If x[n] is right-sided and z, is in ROC, then z is in
ROC for all |z| > |z|, possibly excluding cc.

e The main reason is:
o o 7 a"u(n)
> ]z <Y xn]l]zo] " < o0
n=0 n=0

and if N <0, then 321\ |z[n]|]2| " < .

4 N70, ROC may Include 10 \\\/ — >

e Definition: We say that a signal z[n] is left-sided if 2[n] = 0 for all n > N
and some N.

e Property 5: If z[n| is left-sided and z; is in ROC, then z is in
ROC for all 0 < |z| < |z]-

e [he main reason is:

0 0
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Properties of ROC

e Definition: We say that a signal x[n] is double-sided if z[n] # 0 for arbitrarily
large and small n.

e Property 6: If z[n] is double-sided and zj is in ROC, then ROC
is a ring containing zj.

e Example: What is the tz’;transform of z[n| = b‘”' for [b] < 17
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— We have: 1€ Ob‘/

z[n] = b"uln] + b "u[-n — 1]. (:DTF-T
— b'uln| +— l—blz—l with ROC 12| > |b] QX‘]S'},S .
— b"u[=n — 1] +— —t= with ROC |2| <
— Combining the two:

AP N Sy 2 7:,}((@

1—bz7t 1—-0b1z1 b (z-0)(z-b0"1) ———=

for |b] < |2| < |b|

— If [b] > 1, there is no overlap in the ROCs of two parts, hence the
z-transform is not defined. \/% 22
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Properties of ROC

e Property 7: If X(z) is rational, then ROC is"always bounded
by poles or extend to infinity.

e Definition: We say that z[n] is a causal signal if z[n] = 0 for n < 0.

e Property 8: If X(2) is rational and z|[n]| is right-sided, then ROC
is the region from the outermost pole to infinity. Furthermore,
if z[n] is causal, X (c0) exists.

e Definition: We say that z[n| is a anti-causal signal if z[n] = 0 for n > 0.

e Property 9: If X(z) is rational and z[n| is left-sided, then ROC
is the region from the innermost pole to zero. Furthermore, if
x[n] is anti-causal ROC includes z = 0.
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Suppose that a we know that a signal is causal and its z-transform is:
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Question

For the following z-transform 'Z_
1 J—
X(2) =
(2) (1—1z)(1—2:1 CZ- ,) C% 2)

Determine all possible ROCs of X(z) and find the corresponding xz[n] for each
of those cases.
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z-transform, Fourier Transform, and Inverse z-transform

e We know that if zy = re/“ is in the ROC of the z-transform of z[n], then

X (re’¥) = DTFT(r "x[n]).

e Therefore, if the z-transform exists on a circle of radius r, then:

r~"x[n] = DTFT (X (re/¥)).

> real

e Therefore, x[n| = r"DTFT (X (re/v))
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z-transform, Fourier Transform, and Inverse z-transform

e Example: We know that the z-transform of a signal z[n] is X (z) =
and the ROC is {z | |z| > 1}. What is z[n]?

1—2-1

e Here are the steps to find z[n|:

1. Pick a circle of radius r in ROC. We pick r = 2.

2. Calculate DTFT1(X (re/?)): X (2e/%) = 1_%% but:
1
a"u[n] «— —
1 —ae v

therefore: DTFT ! (X (re/?)) = (3)"u[n]

3. Finally: «[n] @TFT—l(X(mJ )) = 2(L)"ufn] = uln]
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Inverse z-transform: Partial Fraction Expansion

o Try to write X(2) =1 Uk

i=1 1—a;z~1
e If ROC is outside the circle with radius |a;|, then use the fact that

1

; = for |z| > |a4]

aluln] <

e If ROC is inside the circle with radius |a;|, then use the fact that

n 1
—afu[—n — 1] +— T
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e Example 1: What is the inverse z-transform of X (2) = (1_15__1)2(111Z_1) with
ROC {z | |z] > 3}7
. A=), Be2 = A2
A“'B“ 3 ’ —/=" ‘-#z’{ \—JB—Z

A5 =3 ' 1)~ FAatiee]
St "0

e Example 2: What is the inverse z-transform of the above X (z) if ROC is
{z17<lzl<3}?

) 4 2 , Fov example i,
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Inverse z-transform: Power Series Expansion

o If we can express X (z) = >, arz~", then we can express z[n] = >, axd[n—

k.
240t
4272t =

(422 +22¢5)
=

e Example 1: What is the inverse z-transform of X (z) = 422 + 2+ 32! with

S e s vas 1) 136

X(2)= _Z’l[ﬂ)z = 4 S[an}% +2 §[)z"
. 58(!\-[32
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e Example 2: Recall that log(1+v) =>""", %—-— for || < 1. Using this
fact, determine the inverse z-transform of X (z) = log(1 + az ') with ROC
2| > [al.
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Properties of z-transform

Suppose that z1[n] «— Xj(z) with ROC R; and z3[n| +— X5(z) with ROC
R - -

e Linearity: a1x1[n] + agzan] +— a1 Xq(z) + QQXQ( ) with ROC containing ,
RiN Ry "
> (ayaln) fopoy(n)) 2" = 4 2 % ()34 3 %2
nN= -0 Nz -
= oy %(2) F%X02).

e Time-shifting: z1[n — ny] +— 27" X;(z) with ROC R; except possible
addition or removal of 0 or co

—-n-N
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e Frequency Scaling: zzi[n X1 (

Z
) with RO
g S g 2 G

Zte-of mn) % [9)2,”

o Time-reversal: z1[—n] +— X;() with ROC - {2661 Le RI}

f <x1[—n]2 = § 'X;_T;)-%m-' Z 71{%3(1') Xm J")

N= -t = -0

) Conjugatlon xi[n] «— X7 (2*) with ROC Ry

(X %D)" Z @M%“D" Z () (EY
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nf) = 8[n) —P u @)
P’r‘operties of z-transform
A ]z A 2%A\2)= 0%, - - —

Suppose that z1[n] <— X;(z) with ROC Ry and xzs[n] <— Xs(z) with ROC
Ry

e Convolution: z[n|*xs[n] +— X;(2)Xs(z) with ROC containing RN R;.

ALn) % {n)
<>H(w —>[ W) —>
ok hln) Yin)= x[1) # Win)& YC'3>:XC%)H@

e Example: For the DT integrator system, Y(z) = %X(z)7
n v
gli)= T2, ho]= 3 §0¢) = utr]
K= -0 K= -50

S
H(2)=——0

e Differentiation in z-domain{ nz[n]}+— —z-L X;(z) with ROC R;.

f[l:zX,(}z) = i OLLOJEZ’“) :nf %) (=n) g_n'(_g’)-l
=-p0

n=

e Example: If X(2) = log(1 + az ') with |z| > |a|, then determine x[n].

4 ~h uging twms
= "’@33 Z (YDLE(O)Z a{)p(?oa@}"/
n= -0 NJ wop-)» be

0 -
> _ E%X,C‘E) = r).;z:bo@'ﬁ’nj)z do fenming
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Properties of z-transform

e Initial value theorem: For a causal signal, z[n] = 0 for n < 0, we have
z[0] = lim, o X(2)

X2) = Sams" =l X412 -
N =0 z 22

e For this class of signals, the number of finite zeros cannot be greater than
the number of finite poles. —

e For this class of signals, degree of numerator of X(z) is at most the degree
of denominator of z(z2).

E%_Cl')(_'%-—cz) - -.L2-Cm)N
Teh) (2R - (BTROD

2" C-)0-2)-- (-%)
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a** %ébo = D stm
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z-transform properties

TABLE 10.1  PROPERTIES OF THE z-TRANSFORM

Section Property Signal z-Transform ROC
x[n] X(z) R
xi[n] X1(2) R,
X[n] X(2) Ry
10.5.1 Linearity axi[n] + bx,[n] aX,(2) + bX,(2) At least the intersection of R, and R,
1052 Time shifting x[n = ny) 77" X(2) R, except for the possible addition or
deletion of the origin
10.5.3 Scaling in the z-domain e x[n] X(e i z) R
Zaln] x(2) uR
a"x[n] X'z Scaled version of R (i.e., [a|R = the
set of points {|alz} for z in R)
1054 Time reversal x[—n] Xz Inverted R (ie., R™! = the set of
points z™!, where z is in R)
. . x[rl, n=rk . . .
1055 Time expansion xpln] = for some integerr  X(z¥) R (i.e., the set of points z"/*, where
0, n#rk zisin R)
10.5.6 Conjugation x*[n] X2) R
10.5.7 Convolution xi[n]* xy[n] X1 (9)X:(2) At least the intersection of R, and R,
10.5.7 First difference x[n] = x[n—1] (1-zNX(@) At least the intersection of R and
2| >0
1057 Accumulation D e Xl I _lz_l X(2) At least the intersection of R and
l2l > 1
10.5.8 Differentiation nx[n] —zt%izz R

in the z-domain

10.5.9 Initial Value Theorem
If x[n] = O for n < 0, then
x[0] = }imX(z)
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z-transform pairs

TABLE 10.2 SOME COMMON z-TRANSFORM PAIRS

Signal Transform ROC
1. 8[n] 1 Allz
1
2. uln] - |z > 1
1
3. —u[-n—1] T Izl <1
4. 8[n — m] z" All z, except
0@fm>0)or
x (if m < 0)

1
ED s

1

6. —a"u[—n-—1] l——az' Izl < |a|
-1
n az
7. na"ul[n] m IZl > |a|
az”!
— "ul—n — 1 s <
8. —na"u[—n—1] T—az ) 7| < |ef
9. [cos won]uln] | feosale! V7 2> 1
’ 0 1 —[2coswylz™! + 272 ¢
. [sinwO]z"
10. [sin won]uln) [ Toosele T |z > 1
., 1 — [rcoswolz '
. >
11. [r" coswonlufn) [~ rooswnle | 1722 lz[ > r
; -1
12. [ sinwonluln] [r sinwolz — ld>r

1 = [2rcoswylz™! + r’z?2
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Evaluation of DTFT from Pole-Zero Plots

e From the pole-zero plot of the z-transform, we can graphically evaluate the
DTFT when the unit circle contained in the ROC.

o Let h[n| = a"u[n] with |a| < 1. ‘ Q:)\D-— o e
N (2-0C) s AN unit e
()= ' C \;
D, \ prITT
X 7 -

et V@0 ST

- C@J&‘\"D

o[- N _e-d ey 4670
Chid —y. ("1

e What happens when there are multiple zeros and poles?
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