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Amplitude Modulation

Yo
[ %G@) elitw-)
Y, a d(;\)-
2(t)e(t) %X(jw) ¥ C(jw)

————

e By Multiplication Property:

e Consider the sinusoidal carrier signal

c(t) = cos(wpt) +— C(jw) = 7[d(w + wp) + d(w — wp)]

e Let z(t) be a bandwidth-limited modulating signal (e.g., music,

speech), i.e., X (jw) =0 for |w| > wy,
——
e Consider the signal

e By the Multiplication Property

z(t)c(t) = z(t) cos(wpt) +— %X(jw) * [0 (w + wo) + 0(w — wo)]

X(jw) * §(w +up) = ‘j) X(Gw) 8(03 — W -~ Wp) dw

- ~ 60
= X()'Cw-rwa))
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Amplitude Modulation cont.

e Therefore

X (7 + ) + X (e — )]

We assume wy > wyy

—

A & called BaglimiKd,
W Band width

y(t) = a(t)e(t) «— Y (jw) =

X(jw)
1
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Demodulation of AM Signals

o If we have: w(t) = y(t)c(t), then W (jw) = [V (j(w + wp) + Y (j(w — wp)]

e Using: Y (jw) = 3[X (j(w + wo) + X (j(w — wo)l:

W (i) = X (iw + 260)) + 5 X (o) + X (G0 — 200).

2 4

Y(jw)

i 1

2 2

| |
—Wq (woa wM) Wy ((")c_l_ wM) w
(a)
C(jw)
n T’TT

()]
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Demodulation of AM Signals

e Therefore, if we low-pass filter w(t) with a gain 2, we get x(¢) back:

W (i) = TX (i + 26)) + 5X (o) + X (G0 — 2e0).

¥ S L | | x(t)
— —

Lowpass filter

cos (m’t + e,)
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Discrete-Time Fourier Transform

e Let z[n] be an arbitrary DT signal.

e
,JALIEQH _5slﬂ :

e For an even N > 1, define @y[n] to be the signal that: Let N= L’

a. is periodic with period N (wy = 3F), ()(N Ln] = OL['\J »Fd‘(

b. n[n] = z[n] forn=-5+1,..., 5.

N= '-l/ 0/' '/ 2

e The FS representation of zx[n] would be:

5 o) = 2/1.]_
ry[n] = Z @dkwonv 0 N (1)
k=—4+1

where

n:f%+1
e For large N, we have:
g 00
w= L afnleon ~ LISY ge i . L) ()
N —~ N = N ’

where X (e/“0) is the Fourier Transform, if z[n] is viewed as a continuous-
time signal x(¢) with impulses at integer values of t.



Continued. = _h = Wo

e Replacing (2) in (1), we get:
N

~ 1 : . 1 . .
xN[n] ~ Z NX(ejkwo)ejk‘won — % WOX(ejka)ejkwon.

p=—X o k=

vz

vz

e Since the fundamental period wy = 2& approaches 0, kwy approaches the

N
continumm

N . . . .
e Note that le:_% OJ()X(ejk"JO)eJkWOn ~ f;X(e]“)ew”dw.

e Letting NV go to infinity, we get:

1 [7 N
z[n] = lim zy[n] = 2—/ X(e')e! " dw.
™ -7

Miornakive  nivpetahom B A
A(E) = °°Z x[x] (1) “

W =-00 OI 25z & 3{7
(o) = jx(‘,ﬂe" & = 5 aly [ 8te-0 d+
~0o le = b y,



Fourier Transform of DT Signals

For a a discrete-time signal x[n], we have:

2] = ;ﬂ X(e)e"d (Synthesis Equation)
where
X(e¥) = i z[n]e ™ (Analysis Equation).
X(eb(w-[- 217 1) >
o Notation: z[n] +— X (e/*) —jwon — jark
Z OLIO] 8 ——~———

=1.

e X (%) is finite for all w if either (a) z[n] is absolutely summable or (b) z[n]

has finite energy.

e DTFT differs from CTFT in the following two ways.

1. X(e¥) is periodic in w with period 27. Thus, it suffices to specify it

over any contiguous interval of w of length 27. For a continuou
signal z(t), its FT X (jw) is not necessarily periodic.

s-time

2. The inverse DTFT integral is computed over an interval of length 27

even though X (e/¥) is defined for w € (—o0, o).
3. Notation: z[n] «+— X(eﬂ“’) while z(t) +— X (jw).

Recsl Mot e @ continuaus-tione pemiodic Siqnl,

), s FS aepresen fudhon WA o disonute -fire

B _(ZUv\c,ﬁm ”# W, de aed
e, we hose the Lom\emm’r%gejh
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DTFT Example

% Jww
« What is the DTFT of afn] — o7 = 2- §lole” =

e What is the DTFT of z[n| = d[n] 4+ d[n — 1] + d[n + 1]?

e

._.UOV\;
> (St sDes e
-)(*3(0) / 6709, ne n=-be w
,w>[ = i+ ZJ + 6)
lt {“ én = 1% 2 &S W
* \>Pe'm)djc with
Knod 2.
. soUC
e What is the DTFT of z3|n| = a"uln| for |a| < 17 ¢
tist [n] = a"uln] for |a] < F“"‘WDAZW

e We have: /) ?g\ﬁ

o |X(eF)? =

. 2
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DTFT of a"un]

Note that: ————— is maximized (minimized) when —2a cosw is minimized
—2a cosw+a

(maximized)
Case A. If 0 < a < 1, then ‘X(ejw)}Q achieves maximum when w = 0, and

w2 .
‘X(ejw)| achieves minimum when w = 7. Thus,

ma {[ X'} = T =

min{}X(ejw)f} ! !

1+2a+a2 (1+4+a)?

Case B: If —1 < a < 0, then }X(ej“’){2 achieves maximum when w = 7, and

‘X(eﬂ")‘2 achieves minimum when w = 0. Thus,

max{}X(ejw)|2} - 1+2i+a2 e ja)Q
1 1

min {| X'} = T~ g



DTFT of ¢/

e What is the DTFT of z[n] = all for |a| < 17
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Exercise

e Note that a"u[n] <+— 7

. Now, given the discrete-time signal x[n] with
1

Fourier transform X(eﬂ") = —1—, calculate z[n]. N
1‘2.__,_ i xn)es X)),

A. z[n] o Y_n:) PN

B. z[n] =27 - > dAV@b‘g)‘l\S . X(e‘)m)

C. z[n] = 2"y [ + 2]

. — Yol
SmPPOSQ (W)= '2—_ v and ﬁ_,

K= -
TSR - S
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DTFT of Periodic Signals

e Let z[n| be a periodic signal with period N. What is the FT of this signal?

e By the Fourier series decomposition of periodic signals, we have:,)cwf\‘b)

N [

. o ) >
e Show that /0" +— 27y °  d(w — wo — 27l) er 1 W 2T 4T w
L _
X(e3%)
e Using this and linearity of Fourier Transform, we get: Q,K: a«k wddnlo
N
= 2m Z aké (w— ﬁ o

k:——oo

<

J}‘ﬂ’ S-rg) " dw = &7

- =q, 2
= % ™D 5 o

Swppose N=4 = FS: (%02, %,93) ,
JKEw  yoo1,2,3

€ / 27
|, fo % 2 W A
x(e’m) f ’
97 %o 2N0e
9o T T
T?ﬁ%'r I v il t =
T | +4 | ’ W
ﬂ 2XTag, |
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DTFT of Rectangular Pulse

e FT of discrete-time rect

0 otherwise

x[n] = recty,[n] = {

1.5

— ‘]\‘“‘1 [\“‘Yl

e Recall that 1 + 3+ 32+ ...+ 31 = 1{_%.
e For w # 0, we have:

M 2jwNi+1 _
X (ejLU) = E [ Jwn = € JwiVy

elw — 1
’I’L:—Nl

A AN |
T




Properties of DTFT

= n-No —\WY)
" i x[n-np) &
e Periodicity of DTFT: X (/%) = X (/@ +2) N=-¢

3 Li.nearity: azx[n] + By[n] «— ozX.(ejw) + BY (&) _ 5 q'[mje”\)wme'\)wﬂo
e Time-Reversal: z[—n] +— X (e™%)
o — M=,
e Time shift: z[n — ng| «— e 79" X (V) ~)wop thw
N > o J
aln)= ,L f X(e3®) e8W" dw x (&™)

. ywn  —jwno g _\3wn—-
f)([n -ﬂ,,} 7 jl x(eow) Qo QJ d»‘A) ::Zl‘.u— f@éw)e 2)-
e Frequency shlft:nc;j”()”a:[n] ¢ X (eJlww0)) 21 Q,:)wv) dw
2 gwWK Juwk ¥ 3 (w-) k. .
3 a2 = 5 e Ty ()
=0 K=-v R

"

e Conjugation: z*[n] «— (X (e™%))*

"
i q[n) —JWv n;C[n]e\)wV\D Cz::g[n) J "))
L(e"’w))

e Show that if z[n] is real and even, then X (e’) is also a real and even
function of w.

i [0} is rteal and even,

A[-n)= xl)= () ¥

5 X(e*Y=NE) 3 (x(*DY
W w .

10



Properties of DTFT

e DT Differentiation: z[n] — z[n — 1] +— (1 — e ¥ ) X (/)
% )
M 3% x()

e DT integration (accumulation):

Z xlk] +— 1_t_ij(ejw)+7TX(ejo) Z d(w — 2km).

k=—0c0 k=—0c0

e Corollary: Fourier transform of the unit step function u[n] is given by

X (&) = ! + 7 i d(w — 2km).

]l — e v

k=—o0

11



¢l — > n
Properties of DTFT cont.
5(('2)[/’)

i - - T.t . I N

e Time-scaling: Define j 1 ‘ >m,
zln) = {x[%] for n a-multiple of k |
0 otherwise
n=mk
Then

X (eIwk sw

v T Jwmk x(e)
ZXdNeT = T k) e )
M=% S o ~jWm X
= 2 %x[mle
e Differentiation in frequency domain M= B
nxn] «— ]iX(eﬂ")

dw '
jwy) o -)WY

§dox(eD = “Eﬂ@ )= 2 mxis) Ge

o) N
= j— '/)Y[!):) QJ Y)

1= do

e Parseval’s Relation'

Z |z[n] |X(€Jw)|2dw

n=-—00

12



DTFT Properties

TABLE 5.1 PROPERTIES OF THE DISCRETE-TIME FOURIER TRANSFORM

Section  Property Aperiodic Signal Fourier Transform
x[n] X(e/’")} periodic with
yin] Y{e’*)| period 27
53.2 Linearity ax[n} + by[n] aX(e’) + bY(e!?)
533 Time Shifting x[n — ngl e X (o)
53.3 Frequency Shifting e/ x[n] X(e/wmwo)y
53.4 Conjugation x'[n] X (e™ /)
5.3.6 Time Reversal x[~n] X(e )
) ) x[n/k], if n = multiple of %
537 Time Expansio = ' X(et
{me Expansion %] { 0, if n 5 multiple of k (™)
5.4 Convolution x[n] * y[n] X(e/)Y(e!?)
5.5 Multiplication x[nlyln] - J X (e ¥ (@) dg
27 Jon
5.3.5 Differencing in Time x[n] — x[n -1} (1 — e /)X (e!)
535 Accumulation Z x[k] I—%TEX(eJ“’)
K= - e
+mX(e’) Z 8w — 2mk)
k==
5.3.8 Differentiation in Frequency  nx[n] J d)ii(e-"")
w

X(e'?) = X*(e™ /%)
Ref{X(e)} = Re{X(e~ i)}

534 Conjugate Symmetry for x[n] real Ins{X ()} = —Inm{X(e ")}

Real Signals [X(e)| = [X(e )|

IX(e/¥) = —¥X(e™/*)

534 Symmietry for Real, Even x[n] real an even X(e/*) real and even

Signals
534 Symmetry for Real, Odd x[n] real and odd X(e/*) purely imaginary and

Signals odd
534 Even-odd Decomposition x.[n] = &{x[n]} [x[n] real] Re{X ()}

of Real Signals x,(n] = Od{x[n}} [x[n] real] jIm{X(e*)}
539 Parseval’s Relation for Apetiodic Signals

+= 1 )
2 _ & Jary|2
SR = o | e

13



Exercise

Determine the DTFT of the signal

1, n € {0,2,4}
2, ne€{l1,3,5}
0

, otherwise.

\ -JOO-O __d\/dl —lef
X&) 1 reT T xet )
‘e _"wl ) -
T2 (6_0 1o +e‘)w5)
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Duality of DTFT and Continuous-time Fourier Series

e We noticed that X (¢/%) is always periodic with period 2.
e Let 2(t) = X (e’") which is periodic with period 2.
o Tehen 2(t) = 3200 are’® where:

1 , 1
2(t)e Mt = —

_ — X jw _jkwd — _k
o | o | (e’e w = x[—k]|

ax
e z[n] «— X (/) +— z[—n).

K- FS wefficient of X[é+)fs e vale o
'X[nj o w= -k -
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