
Partial Fraction

Suppose H(j!) is a rational function or ratio of polynomials

Apply Partial Fraction Expansion to write H(j!) in a form that allows
us to determine h(t) from Table 4.2

Example: Stable LTI system described by

d
2
y(t)

dt2
+ 4

dy(t)

dt
+ 3y(t) =

dx(t)

dt
+ 2x(t)

Then

H(j!) =
j! + 2

(j!)2 + 4j! + 3

=
j! + 2

(j! + 1)(j! + 3)

Rewrite H(j!) as

H(j!) =
A

j! + 1
+

B

j! + 3
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Partial Fraction Example cont.

We got

H(j!) =
A

j! + 1
+

B

j! + 3

Put over a common denominator

H(j!) =
A(j! + 3) + B(j! + 1)

(j! + 1)(j! + 3)

=
(A+B)j! + (3A+B)

(j! + 1)(j! + 3)
=

j! + 2

(j! + 1)(j! + 3)

Equate real and imaginary parts of the numerators:
Real part: 3A+B = 2
Imaginary part: A+B = 1

Solving for A and B

A =
1

2
and B =

1

2
)

H(j!) =
1

2

✓
1

j! + 1

◆
+

1

2

✓
1

j! + 3

◆
) h(t) =

1

2
e
�t
u(t) +

1

2
e
�3t

u(t).
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Partial Fraction General Case

For convenience: consider j! as a variable v:

H(v) =
bn�1v

n�1 + bn�2v
n�2 + · · ·+ b1v + b0

vn + an�1vn�1 + an�2vn�2 + · · ·+ a1v + a0

=
bn�1v

n�1 + bn�2v
n�2 + · · ·+ b1v + b0

(v � p1)�1(v � p2)�2 · · · (v � pr)�r

We write this as a sum of simpler polynomial ratios as

H(v) =
A11

(v � p1)
+

A12

(v � p1)2
+ · · ·+ A1�1

(v � p1)�1

+
A21

(v � p2)
+

A22

(v � p2)2
+ · · ·+ A2�2

(v � p2)�2

· · ·
+

Ar1

(v � pr)
+

Ar2

(v � pr)2
+ · · ·+ Ar�r

(v � pr)�r

We can inverse CTFT each term using tn�1

(n�1)!e
�at

u(t) ! 1
(a+j!)n for a > 0.
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Example

Suppose a causal stable continuous-time LTI system has frequence response

H(j!) =
4 + j!

6� !2 + j5!
.

Determine its impulse response in time-domain.
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