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Consider a discrete-time signal x[n] for which the following properties are true.
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Module D: Fourier Transform of Continuous-Time Signals

e We will now consider continuous-time signals that are not necessarily peri-
odic.

e We start with a motivating example.
e Consider an aperiodic signal z(t) that has finite duration, i.e., z(t) = 0 for
|t] > S and x(t) =1 for |t| < S.
e Clearly, z(t) is not a periodic signal.
x(t)
i t
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e We construct a periodic signal Z(t) with period 7"
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e It is easy to see that Z(t) := > o x(t+ kT).
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Fourier Transform: Motivation

W= 2T
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e Since Z(t) = > ;= x(t+kT) is periodic, we may express Z(t) using Fourier
Series:
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z(t) = Z ape’" T,
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e Note that over the interval [—1, L], #(t) coincides with z(t). Therefore,
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Fourier Transform
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What happens whern T increases?
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Fourier Transform

e Define

then

e Substituting this in the synthesis equation, we get
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Fourier Transform

When the period 7' — oo (wy — 0), the periodic signal Z(t) approaches z(t).
That is,

e
= lim L i X (jkwo) ety = /OO iX(jw)/:3‘7'°“tdw
wo—0 27T M 0 0 PSS 2T .
—— T —_—

Hence, this is called the Synthesis Equation because we are gathering the Fourier
domain information to reconstruct the time signal.

The Analysis Equation, because we are analyzing the time signal in the Fourier
domain, is given by

X(jw) = /OO x(t)e 9 dt.
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Fourier Transform of an Aperiodic CT Signal

The Fourier Transform X (jw) is given by the

e Analysis Equation:
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Example 1

Consider the signal z(t) = e~ ™u(t), for a > 0. Find its Fourier transform.

X(jw) = /00 w(t)e I dt
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To visualize X (jw), we need to plot its magnitude and phase with respect to w
on separate plots. We will revisit this later.
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Example 2

Consider the unit impulse signal z(t) = §(¢). Find its Fourier transform.

The Fourier Transform is
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In other words, the spectrum of the impulse signal has equal contribution from
all frequencies.



Example 3

Find the Fourier transform of x(¢) which takes value 0 for [t| > S and z(t) =1

for |t| < S.
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Example 4

Find the signal whose Fourier transform is given by:

. 17 W S [[7
X(jw) = o
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Duality

T

-

P M I - /h_/ w

\—/ﬂ'/W

xt) — Fzeh) = x(w)

Le) = X(1)
F(5cH) < 2mx ()

F.T. ? X (jw)

:> S—
NN L

/f

*w(t)
|

A ¥(2)

w
¢ |pual

7N g rGe)

-

11



Properties of Fourier Transform: Duality

e Duality: FT and IFT are very similar. Mathematically, for a signal z(t)
[[ FT(FT(x(t))) = 2mz(— J«? can we prove it 7

e Example: We know that 6(t) <— 1. What is the IFT{(w)}?
— By duality: it is %

e Example 2: We know that e fu(t) +— What is FT{l—l—jt}

1+jw

— Using duality: FT{ﬁ} = 2me“u(—w).
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Existence of Fourier Transform

A CT signal x(t) has a Fourier Transform if all three of the following condi-
tions are satisfied.

1. The signal is absolutely integrable:

oo
/ |z(t)|dt < 0.

oo

-—

2. In any finite interval of time, x(¢) has bounded variation, i.e., it only
have a finite number of maxima and minima during any finite interval
of time.

3. In any finite interval of time, there are only a finite number of discon-
tinuities and each of these discontinuities are finite.

e The above conditions are called Dirichlet conditions.
e The above conditions are only sufficient, not necessary.
e An alternative sufficient condition is that the signal has finite energy, i.e., it

is square integrable:
400
/ ()Pt < oo.

o
-

—
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Fourier Transform of a Periodic CT Signal

e Do all periodic signals have Fourier Transforms?

e We start backwards, start with a frequency domain signal and find its inverse
Fourier Transform.

e Let the Fourier Transform of a signal x(t) be given by

X(jw) =276 (w — wy).

e Then, \ L o \UO""
oo 1T g o= L f o Slwtoge’
”@Jwr

—

e Thus, we have
elwnt L1 219 (w — wp)

e For a general periodic signal:

we have

X(jw) = Z 2ma0(w — kwy).

k=—00

e Thus, for a periodic signal, the FT consists of a sequence of impulse functions
at multiples of wy with height 27ay.. KQ\O)
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Example 5

Find the Fourier transform of z(t) = cos(wot).

Since this a sinusoidal signal, we can use the synthesis equation to obtain the
Fourier series coefficients:

eJwot + e Jwot
2 )

cos(wpt) =

which implies a; = a_1 = % and a; = 0 otherwise.

The Fourier transform is:

X(jw) = Z 2mad(w — kwy) = m6(w + wp) + T (w — wy)

k=—00
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Example 6

Find the Fourier transform of x(t) = > " d(t —nT). %GE>
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Lol AE) <> X(W)

2ET:

e <= Y (jw)

Properties of Continuous-time Fourier Transform

X(w) =

20H)= ot X+ pytl)
o Notation: z(t) <5 X (jw) %Qw)~ JV %C;{-)e‘)w+ Jdf

e We also write

X(jw) = Fla()} f 2 e &Jr
and
£(t) = FHX (jw)) + B 7 §u) &

as alternative notations.

e Linearity: FT and IFT are both linear:
ax(t) + By(t) <—>aX(jw)+6Y(jw) J\}o{/&e 03

%) = f X(jo) e “F 40 = 'foc-h) f xg@
e Time-Shifting: -1 XUW) J"H' d "'dw
Tt —ty) +— e 7N X (jw). TJ' -
This holds as:
x(t —ty) = % /o:o X (jw)el =) dy = % O:O (ejm‘?r((jw)zej”tdw.
FT of z(t—tp)

¢ Frequency-shift:

ej“’otx(t) +— X(j(w — wp)).

lef %= T foy dk=dt
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lef 8(}): 63w°+och) ¥ ot Wl - () ot
, 8o Wt = JOO 0™ 8t =?9(C+) e
\{w: iv ) ST+ Loe xXHe J dt

Properties of Fourier Transform and Inverse Fourier
Transform cont. = )(C)UJO'WO))

e Conjugate and Conjugate Symmetry:

2(t) ¢ X(jw) = 2"(t) ¢ X" (—jw).

——

In particular for real-valued signals:

z(t) — X(jw) = z(t) +— X (—jw).

—_— —_—

This implies the Conjugate Symmetry Property: | X*(—jw) = X (jw).

B—
—

e In other words, for any w, X (jw) has the same magnitude as X (—jw), and
the phase of X (jw) is negative of the phase of X (—jw).

o If () is even, show that X (—jw) = X (jw).

L

e If x(t) is real-valued and even, then X (jw) is real-valued and even.

e If 2(t) is real-valued and odd, then X (jw) is purely imaginary and odd.

W —jw+ s -W
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Example 7

r e and even

Verify the above statements for x(t) = el where a is a positive real number.
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Properties of Fourier Transform and Inverse Fourier
Transform cont.

e Differentiation: Suppose that x(¢) is a differentiable signal. Then:
dx(t)

o — JwX (jw). |
x(at)= 1 j XC(JOO) e , —
~ 50 >W= w )
ldk a?0: -
= == f x(J2) e 22 o
20T %) e
~00 = Lf Lx( ‘2) ,
Ti d Fr Scaling: 2T, & 7
e Time an equency Scaling: 2 T
(at) <+— iX( 'E) ¢ o
z(a al i)
Implication: z(—t) <— X (—jw). Shrinking a time-domain signal expands
it in the frequency domain. SPF 0 4@) 0 Yot will be

Poom v o M
which wéll fewd ¥ 1
Ja
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Key CT FT Pairs

eIwot s 216 (w — wp) ‘—'L ) " 3{7

e~ %u(t) «— ﬁ for a with Re(a) > 0

rectr, (t) +— QSino(j”Tl) = 27T sinc(Lw) where

1 |t <T sine(8) = sin(70)

ectr, (1) = ,
rectz, (¢) {O otherwise 0 \(,(H-)

o(t) «— 1

u(t) <— J% + 7 (w)

— We cannot use analysis equation.

— We see u(t) as lim,_,u(t)e™ ™

1

—u(t)e™™ «— - and:

I a—jw a Jw
a+jw  a?+w? a?+w? a2+ w?

: —j 1
— limeso iz = 55
— For the first term: lim,_,q a2+w2 = oo for w = 0 and otherwise, it is zero
— On the other hand, [* —f—dw =tan ' £|* ==

— Therefore, lim, 0 =7 = = m(w)
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Properties of Fourier Transform and Inverse Fourier
Transform: Example

e Example: We know that rectr, (t) +— 277 sinc(£w). Using this, calculate
the FT of the following signal.

—1 te]-1,0]
z(t)=4q1 te(0,1]

0 otherwise

Ui

-2 1

Figure 1: Plot of x(t).
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Properties of Fourier Transform and Inverse Fourier
Transform: Example

=

Solution: Note that z(t) = recty(t) — 2rectos(t + 0.5) (why?).
X(jw) = FT{rect (t))} — 2FT{rectos(t + 0.5)}
— 9sine(Y) — 267% (22 sine (2
QSIHC(T‘_) 2e (22 s1nc(27r))

w ” w
— 95inc(=) — 2¢7% sine(—).
smc(ﬂ) e Sll’lC(27T)
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Properties of Fourier Transform cont.

[‘?Q'PPMW(e qalzr 51‘@\@\{_( st 'F\‘Q'l“e
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| et =5 [ 1XGo)Pd

let  20b)=< T w7y yle-2) dz

Jwt JwT gwT
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for an  lolegrade fnpulce Yagponte of L4 1S ulh.

Properties of Fourier Transform cont.

%) D yur)
— s —
e Integration: Let y(t) = ffoox(T)dT. Then:
) = X () + 7X@, e gy=) when
NEH) ¥ ULk = ] L-I>0
) LY x(yult-2)d ©
~%0
+
= f F()dT:

%
)= X G uw) = xum[j_gj ww

e Multiplication:

x(t)y(t)%%X(jw)*Y(jw) > leff o8 exercie.

1 xe <> XQD oo ool > X0,

© _ ot
X(jw)= | xipe 4t
—bo
_jwd

o?xuoo)- f x () Lﬁ)@ d+

0 S
jadx (W= [ «th Q—Jm)@

dAn) P50 T

d-+
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Properties of FT

TABLE 4.1 PROPERTIES OF THE FOURIER TRANSFORM
Section Property Aperiodic signal Fourier transform
x() X(jw)
) Y(jw)
43.1 Linearity ax(t) + by(r) aX(jw) + bY(jw)
432 Time Shifting x(t - ty) e 0 X (jw)
43.6 Frequency Shifting el x(1) X(jlw — wg))
433 Conjugation X'() X'(— jw)
435 Time Reversal x(—¢) X(—jw)
4335 Time and Frequency x(at) |lX (»J—ﬁ)
Scaling 4 a
44 Convolution x(2) * y(1) X(jw)Y(jw)
4.5 Multiplication x(D)y(r) il;X(jw) * Y(jw)
434 Differentiation in Time %x(t) JoX(jw)
434 Integration J' x(t)dt %X(jw) + 7X(0)8(w)
4.3.6 Differentiation in 1x(t) J iX (jw)
dw
Frequency
X(jo) = X'(-jw)
ReflX(jo)} = RelX (- jw)}
433 Conjugate Symmetry x(¢) real In{X(jo) = —Im{X(~ jo)}
for Real Signals X(jw)| = [X(— jw)
LX(jw) = —4X (- jo)
433 Symmetry for Real and  x(¢) real and even X(jw) real and even
Even Signals
43.3 Symmetry for Real and  x(¢) real and odd X(jw) purely imaginary and odd
Odd Signals
43.3 Even-Odd Decompo- x(t) j gv{x(t)} [x() reall ?;e{x(j{‘))}
sition for Real Sig- x,(t) = Qd{x(2)} [x(¢) real] JI{X(jw)}
nals
437 Parseval’s Relation for Aperiodic Signals

+o 1 fress
f_ IsPds = - f X (jw)dw
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Fourier Transform and LTI Systems

o We know:

ejwt

h(t)

H(jw)elt

where H (jw) = [ h(t)e /“!dt is the frequency response of the system.

e Interestingly: h(t) «+— H(jw)

e Does H(jw) exist for all LTI systems?

e Therefore:

e Hence:

Jwt H(jw ejwtdw
et [y gy [ U
f_OOOOX(jw)ejwtdw Lﬂffooo H(jw>X(jw)ejwtdw
h(t)

e As a result: y(t) = z(t) x h(t) +— X(jw)H (jw) = Y (jw)

> YOw)
X(jw)
M Sysim i 0ol LTT,
%C}) F oA * hit),
hente Y(l‘{w) Wil depend o
X(\Jw) %y\g/ [‘q?\AA"‘D({‘A_Pl"/’-
_PM'Y.

H(w)

> Freguenuy
oL

on(ﬂ z/ PKOPUHy

of ha Sas%wh,
and  {0dewendent-
@:ﬁ the topuct
we/ma o4 4s ed.



CT LTI Systems Described by Differential Equations

e Differential equations provide a bridge between math (engineering) and phys-
ical world

e Almost any engineering (and even many of the economical) systems behavior
is modeled by ODE

R
—\NV o
(1) < C—— > y(t)
e Example 1: RLC networks: i)
(R
e In this case: z(t) = RC% +y(t) ogsome, Mak foihad

Condihons and EYO-

apP\J Toun'e ¥ bmns'fmn Yo bon ¢rdeg
() = YUY 450 Y(32)RC = N(j) | 14 jwRC)

=) YUUO) _ 1 —> fnc)epe/nql@/\b "15- e
X'jw) ~ HJwRC fnj)mt—om/\t paiy tnak
we e Cown fov
There ante inFnnsic 1o
of courge LMD M Cysem.
g\Ggéramg wheel

\\q)M&Q ‘K‘QXPOY\M \/\uf) (¢ Auth mat :—jl"@u/ﬁ?/a’ q—b"mg%«/m oag_
hot) IS Not dedined. Cuth Sg@%s dond have a
well - detted —Fr@q»wmod Responge.



LTI Systems Described by Differential Equations

2 (t) < C—— > y(t)

e Example 1: RLC networks:

e In this case: z(t) = RC% +y(t)

11
RC £5+(jw)

e Hence: h(t) =

Rl—ce_%tu(t)

a ) §ob)

e Therefore: X(jw) = RC(jw)Y (jw) + Y (jw) = H(jw) = oy =
Fuh) <> 1
A + J“o\)
Yo
$ — N }éc_
- ) , T - 3u>
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LTI Systems Described by Differential Equations

Let S be a stable LTI system described by

Apply the CTFT to both sides

GO {Zb )

From the Linearity Property and Differentiation Property

> ar(jw)"Y (jw) = Y bi(jw) X (jw)

By the Convolution Property, the frequency response is

Zk obk(JW)
Zk:O ar(jw)*

e Question: Can we get the system impulse response from Table? Yes,
through partial fraction!

Thereforee, t+ 1S Tmpostant to dewvelep dechngweyg o
qq‘f\d Ve ]Qmmm tramg fovw a;f HOW) Wab
e o - TRAD Oﬁﬁ P{&Damhls.

H(jw) =Y (jw)/ X (jw) =

30



Partial Fraction

e Suppose H(jw) is a rational function or ratio of polynomials

e Apply Partial Fraction Expansion to write H(jw) in a form that allows
us to determine h(t) from Table 4.2

e Example: Stable LTI system described by

Then (GG 4 §w Yw) +2 ()= jw X [jw)
o T2 Kw)
N Jw + -
HUw) = G ajo+s
Jw + 2

(jw+ D (jw + 3)

Rewrite H(jw) as
A B

= - + -
jw+1  jw+3

W)= A 6 uth) s Be>T uot)

H (jw) —
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Partial Fraction Example cont.

o We got
A B

H(jw) =
Uw) =t 53

e Put over a common denominator

A(jw +3) + B(jw + 1)
(jw+ 1) (jw + 3)
(A+ B)jw + (3A+ B) Jw + 2

H(jw) =

(Jw+ 1)(Jw + 3) (Jw+1)(jw + 3)

e Equate real and imaginary parts of the numerators:
Real part: 3A+ B =2
Imaginary part: A+B=1

e Solving for A and B

32



