
CT Fourier Series: Periodic Pulse

Example: What is the Fourier series of the periodic rectangular wave

(pulse)?
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CT Fourier Series: Impulse Train

Example: What is the Fourier series of the impulse train x(t) =
P1

k=�1 �(t�
kT )?
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Fourier Series: Convergence Meaning

What does x(t) =
P1

k=�1 ake
jk!0t mean for a periodic x(t)?

Define xN(t) =
PN

k=�N ake
jk!0t and eN(t) = x(t)� xN(t).

Let’s look at xN(t) for various values of N

Let x(t) be a signal and suppose that x(t) has finite energy over [0, T ].
Then,

lim
N!1

Z T

0
|eN(t)|2dt = 0.

Moreover, for all t 2 [0, T ],
P1

k=�1 ake
jk!nt = 1

2(x
+(t)+x

�(t)), where
x
+(t) is the right-limit of x and x

�(t) is the left-limit of x at t.

Least Square Approximation Interpretation.
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Existence of Fourier Series

When does a CT periodic signal have a Fourier Series representation?

A CT periodic signal x(t) has a Fourier Series representation if all three

of the following conditions are satisified.

1. The signal is absolutely integrable over one period:

Z t0+T

t0

|x(t)|dt <1.

2. In any finite interval of time, x(t) has bounded variation, i.e., it

only have a finiite number of maxima and minina during any single

period of the signal.

3. In any finite interval of time, there are only a finite number of

discontinuities and each of these discontinuities are finite.

The above conditions are called Dirichlet conditions.

The first conditions guarantees that the Fourier series coe�cients are finite.

Gibb’s Phenomenon:

– If x(t) is continuous at some ⌧ , then its value is equal to the value of

its Fourier series representation (FSR).

– If x(t) is discontinuous at some ⌧ , then the value of its Fourier series

representation is equal to 0.5(x(⌧+) + x(⌧�)).

– At a point of discontinuity, the FSR typically shows an overshoot com-

pared to the original signal. As the number of terms in the FSR increases,

the width of the overshoot decreases, but the height remains unchanged.
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Properties of Fourier Series

Linearity: If x(t)  ! {ak} and y(t)  ! {bk}, then ↵x(t) + �y(t)  !
{↵ak + �bk}

Time-shift: If x(t) ! {ak} then x(t� t0) ! {ake�jk!nt0}

Time-reversal: If x(t) ! {ak} then x(�t) ! {a�k}

Time-scaling: If x(t) ! {ak} then x(↵t) ! {ak}!

Multiplication: If x(t)  ! {ak} and y(t)  ! {bk}, then x(t)y(t)  !
{ak ⇤ bk}

Conjugation: If x(t) ! {ak} then x
⇤(t) ! {a⇤�k}

PLEASE consult Table 3.1 of the book for more properties of Fourier series

of CT-periodic signals.
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Properties of Fourier Series Cont.
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Properties of Fourier Series Cont.
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Practice Problem

Determine the Fourier series coe�cients of the signal x(t) = cos
�
⇡
2 (t� 1)

�
.

a. The signal is not periodic!

b. a1 = a�1 = �j/2, all other coe�cients 0

c. a1 = �j/2, a�1 = j/2, all other coe�cients 0

d. a1 = j/2, a�1 = �j/2, all other coe�cients 0

We have

x(t) = cos
⇣
⇡

2
(t� 1)

⌘
=

1

2
e
j ⇡
2 (t�1) +

1

2
e
�j ⇡

2 (t�1)

=
1

2
e
�j ⇡

2 e
j ⇡
2 t +

1

2
e
j ⇡
2 e
�j ⇡

2 t

=
�j
2
e
j ⇡
2 t +

j

2
e
�j ⇡

2 t

Clearly !0 =
⇡
2 . So a1 = �j/2, a�1 = j/2 and ak = 0 for all other k.

Alternatively:

y(t) = cos
�
⇡
2 t
� F.S. ����! a1 = a�1 = 1/2, ak = 0, all other k.

Time-shifting property says:

x(t) = y(t� t0)
F.S. ����! bk = e

�jk!0t0ak. Here, t0 = 1, so e
�jk!0t0 = e

�jk ⇡
2 =

(�j)k.
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Parseval’s Relation

For a periodic signal x(t) we have x(t) =
P1

k=�1 ake
jk!nt.

For a periodic signal x(t) =
P1

k=�1 ake
jk!nt, we have:

1

T

Z

T
|x(t)|2dt =

1X

k=�1

|ak|2

Parseval Relation: Average power of a signal is equal to sum of the energy

of its harmonic components!
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Frequency Response

Remember:

h(t)
e
st H(s)est

When s = j! (we are only interested in harmonic exponentials), H(s) =
H(j!) is called the frequency response of the system.

Recap: For a periodic signal x(t):

h(t)
x(t) =

P1
k=�1 ake

jk!nt y(t) =
P1

k=�1H(jk!n)akejk!nt
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Practice Problem

Consider an ideal CT low-pass filter S whose frequency response is

H(j!) =

⇢
1, |!|  10
0, |!| > 10.

Suppose the input to this filter is a periodic signal x(t).
x(t) has fundamental period T = 2⇡/3 and Fourier series ak.

We find that the output y(t) is identical to x(t), i.e., y(t) = x(t).

For what values of k must ak necessarily be equal to 0.

a. All values of k.

b. |k|  3

c. |k| � 3

d. |k| � 4
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Road map: Discrete Time

We have:

h[n]
z
n H(z)zn

for H(z) =
P1

n=�1 h[k]z�k

Suppose that you can write a signal x[n] as:

x[n] =
1X

k=�1

akz
n
k .

Then what would be the response to x[n]?

h[n]
x(t) =

P1
k=�1 akz

n
k y(t) =

P1
k=�1H(zk)akznk

For what DT signals x[n], we can write x[n] =
P

k ake
jk!0n?

19



Fourier Series for Discrete-time Periodic Signals

For a periodic DT signal x[n] with fundamental period N � 1 and funda-

mental frequency !n = 2⇡
N , we have:

x[n] =
n0+N�1X

k=n0

ake
jk!nn,

where

ak =
1

N

n0+N�1X

k=n0

x[n]e�jn!nk.

The sequence {ak} is called the Fourier series of x[n].

Each ak is called a Fourier coe�cient of x[n].

Important feature: {ak} is periodic with period N since there are only N dif-

ferent complex exponentials in the discrete-time harmonic familiy associated

with fundamental period N .

It is easy to see that ak+N = ak for all k.

Therefore, we only need to know a0, a1, . . . , aN�1.
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Key Equations for DT FS

For a periodic signal x[n] with fundamental period N and fundamental
frequency !0 =

2⇡
N

Synthesis Equation:

x[n] =
N�1X

k=0

ake
jk!0n,

Analysis Equation:

ak =
1

N

N�1X

k=0

x[n]e�jk!0n

Notation

x[n] ! ak

Important feature: ak+N = ak

A very useful identity for DT FS: (1� �)(1 + � + . . .+ �
r) = 1� �

r+1
for

all � 2 C.

Equivalently: 1 + � + . . .+ �
r = 1��r+1

1��
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Example of DT FS

What is the Fourier series of x[n] = cos(!nn) for !n = 2⇡
N for some N � 1?
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Fourier Series for Discrete-time Periodic Signals: Example

What is the Fourier-series of the following discrete-time pulse?

�N �N1 N1 N

0.5

1

1.5

2

n
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Properties of DT FS
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Parseval’s Relation for DT FS

For a periodic signal x[n] we have x[n] =
PN�1

k=0 ake
jk!nn.

For a periodic signal x[n] =
PN�1

k=0 ake
jk!nn, we have:

1

N

N�1X

k=0

|x[n]|2 =
N�1X

k=0

|ak|2

Note that |ak|2 is the average energy of the k’th harmonic component

Parseval Relation: Average power of a signal is equal to sum of the energy

of its harmonic components!
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