|ECTURE Il 1310 August

CT Fourier Series: Periodic Pulse

e Example: What is the Fourier series of the periodic rectangular wave

(pulse)?
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CT Fourier Series: Impulse Train

e Example: What is the Fourier series of the impulse train x(t) Zk 0
kT)? 'xeb)
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Fourier Series: Convergence Meaning

e What does x(t) = Y 77 are’™o! mean for a periodic x(t)?

e Define (1) = Sy are?™ and ey (t) = z(t) — zn(t).

e Let's look at zx(t) for various values of N

Let x(¢) be a signal and suppose that x(¢) has finite energy over [0, T7.
Then,

T
lim/ lex(t)]2dt = 0.

N—o0

Moreover, for all ¢ € [0, 7], Y5 ape?™nt = L(x(t)+ 2 (t)), where
xt(t) is the right-limit of = and x ( ) is the left-limit of z at t.

e Least Square Approximation Interpretation.
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Existence of Fourier Series

e When does a CT periodic signal have a Fourier Series representation?

A CT periodic signal x(t) has a Fourier Series representation if all three
of the following conditions are satisified.

1. The signal is absolutely integrable over one period:

to+T
/ |z(t)|dt < oo.

to

2. In any finite interval of time, z(¢) has bounded variation, i.e., it
only have a finiite number of maxima and minina during any single
period of the signal.

3. In any finite interval of time, there are only a finite number of
discontinuities and each of these discontinuities are finite.

e The above conditions are called Dirichlet conditions.
e The first conditions guarantees that the Fourier series coefficients are finite.

¢ Gibb’s Phenomenon:
/‘
— If 2(t) is continuous at some 7, then its value is equal to the value of

) its Fourier series representation (FSR).
\,5\» — If x(t) is discontinuous at some 7, then the value of its Fourier series
L\\v\f;‘}(\ﬂ/ representation is equal to 0.5(z(7%) + x(77)).
— At a point of discontinuity, the FSR typically shows an overshoot com-

o
Tﬂéfo}}s - pared to the original signal. As the number of terms in the FSR increases,
the width of the overshoot decreases, but the height remains unchanged.

L/
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Properties of Fourier Series

Let *Gb) and ) have -fundamental pemted T.

o Linearity: If x(¢t) <— {ax} and y(t) «<— {bi}, then ax(t) + PBy(t) +—
aay, + By}

e Time-shift: If z(t) «+— {a;} then z(t — ty) <— {ape /Fwnio}
e Time-reversal: If z(t) «— {ax} then z(—t) +— {a_}
e Time-scaling: If z(t) «— {ay} then z(at) +— {ay}!

e Multiplication: If z(t) «— {ax} and y(t) <— {by}, then z(t)y(t) +—

lax b [assuming ad Xl*)\;a-) have same Fyndamendal
e Conjugation: If z(t) j{ak} then 2*(t) «+— {a* .} Pw\od og ACh &\Idﬂ

e PLEASE consult Table 3.1 of the book for more properties of Fourier series
of CT-periodic signals.
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Properties of Fourier Series Cont.
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Properties of Fourier Series Cont.
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0= 5
Practice Problem

Determine the Fourier series coefficients of the signal z(t) = cos (3(t — 1)).

a. The signal is not periodic!
b. a; = a_; = —7j/2, all other coefficients 0
c.ay=—73/2, a1 = j/2, all other coefficients 0

d. a1 =j/2, a_y = —j/2, all other coefficients 0

We have
#(t) = cos (2t 1)) = Lsen L g5
1 = 1 ..
= Ee._ﬂzejgt + §€]§€—j§t
_ I st T it
5 €2+ 26

Clearly wy = 5. So a1 = —j/2,a_y = j/2 and a;, = 0 for all other k.

Alternatively:

y(t) = cos (5t) > a; = a_y = 1/2,a; = 0,all other k.

Time-shifting property says:

x(t) = y(t — to) PRNLE SN b, = e IFwotoq,  Here, ty = 1, so e Hhwoto — ¢=ik3 —

(—5)".
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Parseval’s Relation

e For a periodic signal z(t) we have z(t) = >~ apelhent
For a periodic signal z(t) = Y7 ape/*nt, we have:

1 2 2
— dt = ay
@/T k—z—:oo | ‘

e Parseval Relation: Average power of a signal is equal to sum of the energy
of its harmonic components!
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Frequency Response

e Remember:

st H(s)e®
N h(t) 4(,)

e When s = jw (we are only interested in harmonic exponentials), H(s) =
H(jw) is called the frequency response of the system.

e Recap: For a periodic signal x(t):

:(:(t) = Z}i,oo akejkw.t h( ) y(t) _ chzﬂo H(jk:wo)akejk“ot
t
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Practice Problem J

Consider an ideal CT low-pass filter S whose frequency response is

(1w <10
HW)_{O, w| > 10, w,= 20 - 3

Suppose the input to this filter is a periodic signal x(t).
x(t) has fundamental period 7" = 27/3 and Fourier series ay.
We find that the output y(t) is identical to x(t), i.e., y(t) = x(t).

For what values of £ must a; necessarily be equal to O.

a. All values of k.
b. [k| <3
c. |[k| >3
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Road map: Discrete Time

e We have:

hln]

for H(z) =52 hlk]z7F

n=—oo

e Suppose that you can write a signal z[n]| as:

x[n] = Z a2
k=—0o0
e Then what would be the response to x[n|?
2(t) = 25 oo @2 p(t) = 220 o H(zr)arzy
hin]

e For what DT signals x[n], we can write z[n] = >, aje/*o"?
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Fourier Series for Discrete-time Periodic Signals

For a periodic DT signal x[n] with fundamental period N > 1 and funda-

mental frequency w, = QW” we have:
no+N—1
z[n] = Z apeFenn. Mﬁ\ -
k=no 2 0o
O
where
1 no+N—1
a = o Z x[n]eImenk Al
—T0 IL. - /)
0, N _jmwn ~ynNwx
Q,K N:_L—- Z 'X,[ﬂ')e \6 |
T N men
N=Np éJ = i

e The sequence {ay} is called the Fourier series of x[n].

e Each ay is called a Fourier coefficient of z[n].

e Important feature: {ay} is periodic with period N since there are only NV dif-
ferent complex exponentials in the discrete-time harmonic familiy associated
with fundamental period V.

e It is easy to see that a;,ny = a; for all k.

e Therefore, we only need to know ag, aq,...,ay_;.
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Key Equations for DT FS

e For a periodic signal z[n] with fundamental period N and fundamental

_2r

frequency wy = 5

e Synthesis Equation:

N-1

T {TL] — Z ake.?’kwon;

k=0

e Analysis Equation:

Notation

x[n] +— ay

Important feature: a, .y = ag

A very useful identity for DT FS: (1 —8)(1+ 8+ ...+ 8") =1— 3" for
all g € C.

1_6r+1
1-5

Equivalently: 1+ 8+ ... 4+ 3" =

21
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fosmula : xn)= D _ag e Juwan (N-1) =y,
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Example of DT FS

e What is the Fourier series of z[n] = cos(w,n) for w, = 2 for some N > 17

L]
S
_'l..
Q)

22



N A1 ] " Nl _ipam
A - —*'('\) i f)LTj\]e :-\K). z e N Wiy

— - N= <N\

I

Fourier Series for Discrete-time Periodic Signals: Example

[l

e What is the Fourier-series of the following discrete-time pulse?
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Figure 3.17  Fourier series coefficients for the periodic square wave of Ex-
ample 3.12; plots of Nay for 2N, + 1 = 5and (a) N = 10; (b) N = 20; and
(c) N = 40.
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Properties of DT FS

TABLE 3.2 PROPERTIES OF DISCRETE-TIME FOURIER SERIES

Property Periodic Signal Fourier Series Coefficients
x[n] } Periodic with period N and a; | Periodic with
yin] } fundamental frequency wy = 27/N by | period N
Linearity Ax[n] + By[n] Aa, + Bb,
Time Shifting x[n = ng) age NIy
Frequency Shifting MV ] Qi
Conjugation x*[n} a’,
Time Reversal x[—n] a.;
Time Scaling ] = xfn/m)], if nis a multiple of m iak vifzwed a's periodic
m " \with period mN

Periodic Convolution
Multiplication
First Difference

Running Sum

Conjugate Symmetry for
Real Signals

Real and Even Signals
Real and Odd Signals

Even-Odd Decomposition
of Real Signals

0, if n is not a multiple of m
(periodic with period mN)

Z x[riyln — 7]

r={(N}

x(n}yln]

—

x[n] — x[n— 1]

[
i XK (ﬁnitc valued and periodic only)

ifaa=0

=

x{n] real

x[n] real and even
x[n] real and odd

{ x.fn] = &v{x[n]} [x[n] real]
x,[n] = Od{x[n]} [x[n] real]

Nakbk

Z abyy

I =(N)
(1 — e [I((Z?r/N))ak

1
(m)“ﬂ
a = a.,;
Refai} = Refa_,}
In{a,} = —Imia_,}
lael = la-i
Lay, = ~La—;
ay real and even
a, purely imaginary and odd
Ref{a,}
jgm{ak}

Parseval’s Relation for Periodic Signals

1 2 2
5 > [P = > Jad

n=({N) k=(N)
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Parseval’s Relation for DT FS

e For a periodic signal x[n| we have x[n] = ZJkV:—Ol apedheonn

e N-1_ ;
For a periodic signal z[n] = >, ape’™n", we have:

1 N—-1 N-1
5 2 el =D laf?
=0 k=0

e Note that |ay|? is the average energy of the k'th harmonic component

e Parseval Relation: Average power of a signal is equal to sum of the energy
of its harmonic components!
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