LECTURE -6 29™h July

Properties of Systems: Linear

—— | System ———

e We say that a system is linear if for all x1(t), z5(t) (or x1[n] and x5[n]) and
all scalars ay, as the response (output) of the system to ayx1(t) + agwo(t) is
a1y1(t) + asys(t), where y; is the response to x1 and ys is the response to £

| 2 B_‘dﬂ, J
es -
o Example 1: Is the integrator system& ftoox(T)dT linear? b

J @mcl)wﬂﬁ))c\t* &) T » ()de 0, [%le)dT
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e Example 2: What about:y[n] = (z[2n])?? A La[ ) T % %2

NS NG .

e Example 3: Is the system y(t) = (t — 1)x(¢ + 2) linear?
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Discrete-time LTI Systems

e Definition: We refer to the response (output) of the system to the input
x[n] = §[n] as impulse response of the system.

e Denote the impulse response by h[n].

e Given any signal x[n]

ool
|
—1 1 2
e we can write it as: z[n] = ...+ z[—1]d[n + 1] + + z[1]6[n — 1] +

z[2]6[n — 2] + ...

e In short: z[n] =72 x[k]d[n — k] (representation property)

k=—00
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Discrete-time LTI Systems

e By Time-Invariant properyy-

v inpuk 1S
a1 8 [nt)+a,8(n)

d[n]

tagdpl e - L

d[n — k]

e By Linearity:

wln] = 30 wlk]on — K]

LTI System

LTI System

LTI System

LTI System

LTI System

ey ayh i)

Yo, Win)

hin]
<+ 9 -(W’\ [“ "IJ
hin — 1]
+_ ..
hin — k]

ylnl = 222 o w[klhn — k]

if we want o Know y[i)= ? AL
=00

Let h[n] be the impulse response of an LTI system. Then for any input z[n],

the output is

oo

glnl= > a[k]h[n — k).

k=—0c0

e The above sum is called the convolution (sum) of z[n| and h[n]. Denote

it by y[n] o x[n] x h[n]

e Convolution is commutative, i.e.,

(e.¢]

o

yln] = > a[klhln — k] = Y a[n — klh[k].

k=—o00

k=—0o0
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Discrete-time LTI Systems

e Suppose that we have a DT LTI system and we know that the response
(output) to z[n] = d[n] is u[n].

le o

—2 2

~ @
S
®

= uln| — uln — 3] (plotted

What is the response of the system to z[n] =
S!in){-g -0+ 8[n- 2]

above)?
MY,V)U \A{nﬂ‘} W tﬂ-ZJ

u

\é[ﬂ - u[n]-(— U\Er\-*l_)i'\/\ihfi] .
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LECTURE ¥ : 5% August

Continuous-time LTI Systems

l .
e Reminder: Define da(t) = { 3 Ieflstee [0, A
i r I q
A
O s .Hé N
0

e Ada(t) is a pulse of hight 1 and width A

e We can approximate a nice-enough signal z(t) ~ z(t) = > o x(kA)A0A(t—

kA)
Atp= Akw), H tefrae)
Afp= Aeb), TP

%) A S'A(’t)
A x(z%) AL+~

’QCJO: % % (kA) A(SAG«M_Q

I = -0 ) (-2 A §(4+8)

e Let ha(t) be the response to the input da(t)

e By Time-Invariant property:

oAt — kA ha(t — kA
R PR System halt kA)
e By Linearity:
z(t) =3 0 x(EA)AA(t — kA g(t) = > pe o x(kA)Aha(t — kA
() = 2 oke oo T(KA) AdA( ) LTI System g(t) = > (kA)Aha( )
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Continuous-time LTI Systems

o ()~ i(t) = 3 w(kA)AGA(t — kA)

=) _% 2
=)

e By LTI property:

z(t) =30 w(EA)AA(t — kA g(t) = > pe o x(kA)Aha(t — kA
() = 22k T(KA)AdA( ) LTI System g(t) = 2 (FA)Aha( )

o Letting A — 0:
— 0a(t) = 6(t)

— Z(t) — x(t) (piece-wise approximation becomes exact)

—g(t) = y(t) = = @(7)h(t — 7)dr (by the Riemann approximation of
the integral),

where h(t) is the response of the system to §(t).
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Continuous-time LTI Systems

e Define the impulse response of a CT system to be the response of the system
to z(t) = §(¢) and denote it by h(t).

Let i(t) be the impulse response of an LTI system. Then for any input
x(t), the output is

oo

y(t) = /_ z(T)h(t — 7)dT.

o

e The above integral is called the convolution (integral) of x(t) and h(t).
Denote it by y(¢) «f x(t) * h(t).
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MAIN MESSAGE

e For LTI systems, it is sufficient to know the impulse response h(t) (or h[n|)
to know the response to any arbitrary input z(t) (x[n]).

e In other words, we know everything about these systems if we know the
impulse response and hence, the notation:

() y(t)

or

e Only catch: computing convolution is not easy.
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Example

e Which of the following systems is linear time-invariant (LTI)?

a. y[n] = 3z[n] + 2 Ne}  Liqesy”
“HN\@ _ fﬂ\/&‘()\(ad -

A %)
s_i
: = [ 2712(7) (u(t —7) —u(t — 7 — T ‘;@M‘Z
b. y(t) = [* 2ma(r) (u(t —7) —ult =7 = 1)dr  eg, FYE Yo

HEY % W(E)  whene
hep= QT [AC@— MCE-OJ

b}

c. y(t) =x(2t) __ ij, Mot ‘h\me"’{ﬂ\/ﬂmaﬁ- :

neither @ineart, sy Hime - favationt
d yln] = el2nl)? S
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How to compute convolution?

I, T hlrd given

e Fix time n
W) T} STt e
o ylin) = S alklhln 1 outpuly
e As a function of k: h[n — k| is hlk] flipped and shifted to the

W-1)= h [’CK—DJ

-4 =2 2 -4 =2

e Output at time n: sample by sample multiply xz[k] by h[n — k] and then add

e Example: What is the output of an LTI system with the impulse response
hin] = n(uln] — u[n —4 ) to the input x[n] = u[n] — u[n —3]7

Recasl thak H@ Z %[Kj)h[ﬂ TKJ (K], h[1-K)




Computing convolution: DT

e We want to compute y[n] = >~ _ z[k]h[n — k] for all n
o Let n = —2:

a. imagine h[n — k]

b. multiply h[n — k] and x[k] point by point

c. add them up

d. the result is the output at time n (y[n])

0.5 YU
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Computing convolution: DT

e We want to comput y[n] = > - x[k]h[n — k] for all n
e For n < 1: no intersection of non-zero parts

1 .
0.5 YU
n

———0——F—>

_—20.5 1 2
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Computing convolution: DT

e We want to compute y[n] = >~ x[k]h[n — k] for all n
o Let n =1:

a. imagine h[n — k]

b. multiply h[n — k] and x[k] point by point

c. add them up

d. the result is the output at time n (y[n])

3MM




Computing convolution: DT

e We want to compute y[n] = >~ _ z[k]h[n — k] for all n
o Let n =2

a. imagine h[n — k]

b. multiply h[n — k] and x[k] point by point

c. add them up

d. the result is the output at time n (y[n])

e Continuing this, we get:

3 * o0
y[n]
2 41
11
—2 2 4 6
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LECTURE 8: 6 Auqust

How to compute convolution in CT?

e Given input z(t) and impulse response h(t)

e The main idea: fix time ¢

o y(t) =xz(t) x h(t) = [° x(r)h(t — T)dT

e As a function of 7, x(7) remains the same

e As a function of 7, i(t — 7): h(7) flipped and shifted to ¢

e Output at time ¢: sample by sample multiply z(7) by h(t — 7) and then add
integrate

e Example: What is the output of an LTI system with the impulse response
h(t) = t(u(t) — u(t — 3)) to the input z(t) = u(t) — u(t — 3)?
—

e To obtain the complete signal y, we need to repeat the above for every t!

% () hW@-1v)
he)= (5, $€ (03
0, OtNgwite

[ ane-gsc= foigde — [ -0de

Brbade o) o € 0,6
he-0 = [ 4o, ze[F3A) ce[-2,1]

0O ) O‘j'b)e'b’v\ll‘SQ,
3 \
4(1) = fh(lﬁﬂh = jQ"T)dT =
. &
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Properties of Convolution

e Commutative: For any signals x(t) (or z[n]) and h(t) (or hin]), z(t)*h(t) =
h(t) * z(t) (or z[n] x h[n] = h[n] * x[n]).

e Proof DT:
el xhin] = > wlklhln — k] "E S aln — (h[l] = hin] * 2[n)

k‘:—oo EZ_OO

e Proof of CT is similar.
&0
%)
a4 W= [ anl-ddes J')(C-E-z) )T
— 0o

-~k
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Properties of Convolution

e (Associative: For any three signals z[n|, hi[n], and ho[n|: (x[n] % hi[n]) *
holn] = z[n] % (hi[n] * he[n]) and similarly: (x(t) * hi(t)) * ho(t) = x(t) *
(hi(t) * ho(t)).

o Distributive: For any three signals x[n], hi[n], and ho[n]: z[n] x (hy
holn]) = z[n] % hy[n] + x[n] * ho[n] and similarly: (z(t) % (h1(t) + ha(t))

e What is the system theoretic meaning? (serial and parallel interconnection)

) YU 2 Lt S4 2o be WO

kd [y BN ) B
Si ) ’ W)P(AM-Q TM?MSZ hl )

‘éH’) = AP ?H'))fﬁ) % Wi, re_ez\pec,{-c’»o}a.
2= yoh# WH = (e * b ) ¥ bt

Betawe of agsou odte ptsvp%’fj 03C convelulos, we (o
Combine 81 and 2 inb a  Sagle (AT Syctewm

with  Impulce  ~vaspone Weh= h(hH* bhylr)
T 2= %) % hi)
200 ) vy 3

U, 1
The dJistcibutere poopesty enables Stmplifying  poaalie]
%& ?Ehdt\oi -Z[n): %;tnﬁ _Hazgn:)-

g ()= A0) > W, [4)
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Impulse Response

ﬂ. h(t)

y(t)

e We know that impulse response tells us everything about a system.

e Can we determine the properties (memorlyess, causality, invertibility, BIBO
stability) of an LTI system by investigating h?

e Answer: Yes! For LTI systems we can do it through investigating the impulse

response.
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Memoryless

x(t) h(t) y(t)

A discrete-time LTI system is memoryless if and only if

hin] = ad[n], for some a € C.

e

)

A continuous-time LTI system is memoryless if and only if

h(t) = ad(t), for some a € C.

We  Krow ok A MZ %K h[n-K)
L= —de

3f syskm 1S memawless, Y(n] amnet depent Tt
'X,YK‘] when K EMn. 'Jeo;’q?\,ﬁ

7 a[k) hr-K]=0  whenews KZW.
>  Wn-k)=0 wWhenevewr K £
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Causal

x(t) h(t) y(t)

A discrete-time LTI system is causal if and only if

hin] = 0,for n < ( (1)

A continuous-time LTI system is causal if and only if

h(t) = 0,for t < 0.
iy W
ot us show Tnis v & eonfions—tee LT Fyslem. We R
\68)3 Tx(—c)\,,({;-z)d,t

—r
0
= -j'x(z,) L,ﬁ-z)d‘c + qut)h[f‘l>al
~to

& susion
Shace Cav\%h”a i§ & =0 ﬁwq&&m\w‘:?'g

?"’o?eﬂt‘j of fhe gaY}c/ml [‘()?bdz S‘T"aj beyan“:.
@ ‘X(‘L)\n[{:"l)cl‘c =0 ¥ AGD Qisna{_q,
@

h(_[_/~t)-_;o V\)s')efﬂ'e\)eb’ c>t

pr, L (E)=0 wheneer TATLO

o) \q@):o w Non e %QO
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Invertibility

. 2CH)
O T ﬂl &) —>
St S2

A discrete-time LTI system is invertible if and only if there exists a g[n| such that:

gln] * hin] = do[n].

A continuous-time LTI system is invertible if and only if there exists a g(t) such
that:

g(t) * h(t) = d(t).
ek ue wm‘a\dﬂ e owtpud 030 g2, wwich &S
ath ¥ g = (xth = th) > §D
= athr (o) > gth)
= ) % 8Ch)
o fid i P
f () SE-vde = ‘j ¢ () 2 (E-0dT = ak)

-0 e ——
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BIBO Stability

x(t) ht) y(t)

A discrete-time LTI system is BIBO stable if and only if:
> |hln]| < oo. (2)

A continuous-time LTI system is BIBO stable if and only if:

/OO |h(t)]dt < 0.
let us prove e DT cs8. Suﬂ)oge {he S'(\fb«i' «[n) s bounded
g fs a fiorke congtant -

The OWN :)
4] | = W0 x[n-e)| )
] T R it 5 o)
V==
2 % \h[\:j‘z[ch]] valwdey o &
oo Poorde quantily,
\4 Z h "ARILE "\"la,:] e} W .(‘av BL.,
kzs-so\t \)"/[“’ZQL ¥l th on
- g, 3 X)) 4] < BB, ¥
R=ow bounded
2 x[n] behg Lo
if é_Jhikl) divergeg, ™ en g (o)
gysem 1s ney BIBO s?j-ab)e‘ lzéu;:’;l_;d ; fabmo

L Left &3 exovate stape .




Wn) =0 oy N0 D Awdd SySiem.

Practice Problem

—»> defexmioe if Mme syshm & Cagal X[6¥ Stadle.

Consider the DT - LTI system .S with impulse response
n DO W
1

" =
Which one of the following statements is true: 1 _——

a. S is causal and stable. \/

b. S is causal but not stable.

c. S is not causal but is stable.

d. S is neither causal nor stable.

—1__ [ o i 2LOo

At )
=S Y NS ‘s%
\ . S I D LLaud &, & 2
hw\e«mvwmmjr; \/OC,CJ)S T 4% \/"‘W“”"Zf‘w .

Lineox
%, (H) = -4 "i't Sugpsse T apply

edickd suhpnt -

P vt
YH =5

aClueh O“J’I*:‘"

H.
%Sgg syl AW g

- Coan be T(Q,O\C‘J[U
T yeutied from Mo

defini Non



Road map

~ Convolution: its bark is worse than its bite!

NO CONVOLUTION!!!
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Key Ildea

e Suppose that we can find a rich family of signals v (¢) such that:

vk(t) h(t) )\kvk(t)

for a scalar \,, € C

e And suppose that you can write a signal z(t) as:

(0.9]

w(t) = ) apvr(t).

k=—0o0

e Then what would be the response to x(t)?

x(t) = D00 arvi(t) y(t) =302 arhui(t)

h(t)
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Eigenfunctions

e A signal (function) v(t) is an eigenfunction of a system if:

z(t) = v(t) y(t) = ()
System

for some \ € C.

e Can we find an eigenfunction for an LTI system?

%
o Let's try v(t) = 1: B =< boj‘ W xE-2)de =’£°L3('L)J T

z(t) =1 y(t) = [ h(7)ldr ‘l’
() H v+
e So, it is an eigenfunction with A = [~ h(7)dr \é-u'): H A G")
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Eigenfunctions

e Is there any other eigenfunctions?
e Conjecture: more generally z:(t) = ¢ where s € C

e Let's investigate:

T — et h 5(1‘ T d
(t) h(t) =/

e We have
y(t) = / h(r)e = dr = / h(t)ette 5 "dr
—ooOo —00 +
:eSt/ h(T)e *"dr = eas HCS>

Sdess vt depend
—4 ffooo h(7)e *Tdr is called the transeéar function of the system——| will be
[
e H(s) is also the Laplace Transform of the impulse response h(t). T AEMS&J

Fos any sigm] A() Cis Laplace Tonefowm lader
X (8) = jfx&-)es"’di: »

st

Exponentials e*" are eigenfunctions of any CT LTI system for all s € C
such that H(s) exists. In particular, for z(t) = e* the output will be
y(t) = H(s)z(t) = H(s)e.

z(t) =¢€° h(t) y(t) = H(s)e*
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Example

e Compute the transfer function of the CT integrator system. Using that,

compute the output of the system for the input :L‘(t) — el 1 et }; ‘Xec)d:c
S<‘rUPi Fiad e )mp\f\)m 'x(‘;ﬂ - de
vasponle ()
h(t)= j‘ S§lz)dz = { 1, %20 _ywh, uns
—be o , ofheruite m

Skepa: frod e Frans for o HO) e
HE)= fhct)eStAt ) j’i e S Ny

'F Rel$)>0
|ex
Chegp, . expPress 2 o8 Unesrr combinakion of ey
deS onon B 3“‘(YWLg
W)= o fett

Skep 4 fead oupwt ‘F’f ealth Oomfonmf: 1 x.C¥)
o oWt of oF — A HC[)

' Q_.!, 94‘\‘ > 6 “c({_)
chps: fod e Hraal oujry\«t'

&l 4ot u4)
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Road map: Discrete Time

e Suppose that we can find a rich family of signals vi[n] such that:

vg[n] Akvg[n]

——| hin]

for a scalar \,, € C

e And suppose that you can write a signal x[n] as:

(0.9]

x[n] = Z apvi[n].

k=—0o0

e Then what would be the response to x[n|?

a(t) = 3700 axvi[n] y(t) = 3202 arArvg[n]

hin]

e A signal (function) v[n] is an eigenfunction of a system if:

z[n] = v[n] yln] = vln]

System

for some \ € C.

e )\ is often called an eigenvalue
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Eigenfunctions

e Conjecture: z[n| = 2" where z € C is fixed, is an eigenfunction

e Let's investigate:

rinl = 2" n|l = Oo,iochk‘znfk
[n] hin] yln] = 3252 o hIK]

e We have

yln] = > h[k]z"F =" hlk]z"z7"

k=—o00 k=—00

= 2" Z hlk]z ™"

k=—00

o H(z) =" __ hlk]z7" is called the z-transform of h[n] and also called

k=—00
the transfer function of the system.

Exponentials z" are eigenfunctions of any DT LTI system for all z € C
such that H(z) exists. In particular, for x[n] = 2" the output will be

xn| = 2"

hin]

e Example: Compute the transfer function of the DT derivative (difference)
system. Using that, compute the output of the system for the input x[n| =

cos(wn). wﬂ[ﬂ_
Sdpd: Fad h(n] : afo).

X, ):n) = aB(tpw)




Shep1:

Shp2.

SoLTZON

OfL y, n=0

=1
6, Ofherwise

|')D’)]:

n=1%1

\

hE) = Vimk]i‘“ = hlol Z2° b2
K.’:

-® B i _

[

4
= 7

well defned Y.ZF0.
J\(A)YV —13(/\)\/\ - 2% n
xn) = é & 4 av"") L2V +ial
09 _‘300
z‘: 6) , 2,7¢€
2 2, —
—jwn W _Jw
L ’ — 1 e,_dw Hle )
2 2 P



Module C: Fourier Series

Exponentials e are eigenfunctions of any CT LTI system for all s € C such
that H(s) exists.

In particular, for z(t) = e the output will be y(t) = H(s)x(t) = H(s)e*,
where

H(s) = /_OO h(t)e *"dr.

o

Exponentials 2" are eigenfunctions of any DT LTI system for all z € C such
that H(z) =) ° _ x[n]z7" exists.

In particular, for z[n] = 2" the output will be y[n] = H(z)z[n] = H(z)z",
where

H(z)= )  hlk]z™.

k=—00



Practice Problems

Q?_@ompute the transfer function of the CT derivative system.

&0

et x[n] = 3" be the input to a DT LTI system with impulse response h[n]
and system function H(z). Suppose the output signal y[n] satisfies y[2] = 4.

What is y[n]7
a. yln
b. y[n] = 47!

| =

]
c. y[n] = (3") —
d. y[n] = 4(3"" 2)

e How to decompose signals into sum of exponentials (eigenfunctions of LTI
systems)?



Decomposing Periodic Signals

e The question: for what signals z(t) we can write:

(0.9]

x(t) = Z ape’™,

k=—00

where s;, € C?

e Restricted question: for what signals z(¢) we can write:

oo

x(t) = Z ape’

k=—00

where w;, € R?
e More restricted question: for what signals x(t) we can write:

./’ cos (Kwgb) +jSin Crazt)

k;——oo
where wy € R™ doesn’t depend on k?

e Answer to the last question: essentially all the periodic signals with period

T = 2 St (West)

k Wy {-,-G
At = F s | /\4 :
)Kwo'b y k2 @ ‘

Wo
Z_ o © (Q}V‘_\f

= XCH



Baseline Somly theck

Decomposing Periodic Signals

For any periodic signal x(t) with fundamental period 7" > 0, that has finite
energy over a period, we have:

(0.9]
x(t) = Z agelFot, (1)
k=—0c0
where
1 .
ap = —/a:(t)e_kaotdt (2)
T Jr
and wy = 2% and the integral is over any contiguous time interval of length
T.

e Eq. (1) is called the Fourier Series representation of x(t).
e Coefficient (2) is called the kth Fourier coefficient of z(t).

e Why ay, should satisfy (2)7 Is it unique? Answer: Yes.

T 0 m=z=-0m
m3 0!
T
sa, + O o [ e moogy SF -
a T 4 d
= ¥
2_ _.\.\]o‘k J' Q(‘\MD
0



Key Equations for CT FS

e For a periodic signal x(t) with fundamental period T and fundamental

_ 2

frequency wy = 7

e Synthesis Equation:

e Analysis Equation:

1 .
ap = T/Tx(t)eﬁk‘“otdt

e Notation
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CT Fourier Series: Example o 92

e What is the Fourier Series for the signal x(t) = 1 + cos(27t) + sin(37t)?
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