LECTURE 4: 1FM July 2026

EE21201: Signals and Systems
Instructor: Prof. Ashish R. Hota

e Class Hours: E4 Slot. Wednesday: 12pm - 12:55pm, Thursday: 1lam -
11:55am, Friday: 9am - 10:55am

e Venue: NR 321
e Grading Scheme: 30 % Endsem, 30 % Midsem, 10 % Attendance, 30 %
Class Tests. = 40 , Dne bQ;[-OY‘e mi{dSem , one ofdey midgem .

e Preferred Mode of Contact: Send email to ashish.hota@ieee.org with
subject containing [EE21201]. Do not forget to write your name and roll
no. Any email with a blank subject and without name and roll no. will be
ignored.

e Class handouts and other materials will be uploaded on my website at https:
//facweb.iitkgp.ac.in/~ahota/signals_systems.html

o Reference Books:

1. Primary Reference: Signals and Systems 2nd Edition, by Oppen-
heim, Willsky and Nawab

2. Principles of Linear Systems and Signals, by B. P. Lathi

e General expectation: spend 3-4 hours every week to keep up with the lecture,
spend time solving problems yourself rather than watch videos online

e TAs: Aanchal, Sai Praveen


(null)://(null)ashish.hota@ieee.org
https://facweb.iitkgp.ac.in/~ahota/signals_systems.html
https://facweb.iitkgp.ac.in/~ahota/signals_systems.html

Overview

e A signal represents information or data about a phenomenon of interest.
e A system accepts input signals and produces output signals in response.

e Examples can be found in many disciplines.
— Electrical: VUH-og@ / ceyertent
— Mechanical: FUY‘Ce/ 1—0@1\,@ , Ve,( Dﬁ,‘\(j .

— Chemical and Biological:

— Environmental: W\WMW’ "1" W 4 m‘,m
— Economic: i(\k'kﬂ‘@)){‘ ’)‘Z‘Jf, G)DP/ .-

— Social:
— Audio/Visual:

— Computing:

e In this subject, we will learn about a set of mathematical tools to represent,

analyze and design‘a class of signals and systems.
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What is a signal?

e Mathematically, a signal can be regarded as a function of one or more inde-
pendent variables.

vit)= S V . domain * R
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e Example:

— Voltage signal:

— Image signal: —>

— Video signal:
’ —_—

e In this course: we are dealing with signals that are functions of a single
independent variable (typically time). )

e Time-dependent signals can be classified into the following two sub-classes:

— Continuous Time (CT) \

— Discrete Time (DT) '
domovin ; ) TomgGL:
.t
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Continuous-time Signals

domajy : Set D;F Keal) numbers

¢ Continuous-time Signals: Any mapping from real-numbers (time variable
t) to complex numbers C—{:)
e We use notation: z(t),y(t), z(t), .. .: (X' =

——

— reserve time variable ¢ for continuous-time signals’ independent variable

— use parenthesis (+)

e Typically, physical quantities or variables are examples of continuous-time
signals.

e Examples: 7 ' \I‘&\UQ,
Examples: ? %(.5) ’\"QOJ n(j\lﬂb@{
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Discrete-time Signals

domoun —1

e Discrete-time Signals: Any mapping from integer-numbers (time variable

n) to complex numbers

e We use notation: z[n], y[n], z[n],.. .

{-'/"21_)/ 0/ ,/2'/ -

— reserve time variable n for discrete-time signals’ independent variable

— use square bracket []

e Examples: ?

"

—> sheet MUhC .

- Value at
%[B:) me&ex n=5

A[n) : Signad irgelt

e One can obtain discrete-time signals by sampling continuous-time signals.
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o.Dynamical system: any system with an internal state and a rule govering
how the state evolves in time

e Example: a car with input being acceleration a(t) and output being velocity
v(t). The evolution of speed is given by

dv
— =alt).

The output is measured by the speedometer sensor. This is an example of
a continuous-time dynamical system.

e The field of ‘signal processing studies how to extract desirable features from
given signals, often via design of filters.

e The field of “‘control systems studies how to design systems (controllers)
which produce suitable signals to steer the output of a given dynamical
system in a desirable manner.



Outline of this subject

e Classifications, transformations and basic properties of signals and systems

e Time domain analysis of Linear Time-Invariant (LTI) systems

o Erequency domair\ analysis of signals and LTI systems: decomposition and

e Sampling, quantization and associated challenges

The oher brasd claggificodion o a siomal s a8 fllows.
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LECTURE -2.: 29"3 July

Basic Notations

e Notations:

a. Z : the set of integers ..., —2,—1,0,1,2,...
b. R : the set of real numbers
c. C:={(a+jb) | a,b € R} the set of complex numbers

e A complex number can be identified as a vector on the R? plane.

e Notation j := v/ —1

e v = a + jb is Cartesian coordinate representation

o  =rel? wherer =4/a?+ b2 and 0 =7 -{—a]i.‘ (%) € [_O/ 2Tr>
is the polar coordinate representation. \ a o}
ond the S‘g” oﬂc A an
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Transformation of Signals: Time Shift

e For any ty € R and ng € Z, time shift is defined as

a(t) — a(t—t)  CT

z[n] — x[n —ny DT

e For ty > 0 (ny > 0), it is called delay and for t; < 0 (ny < 0) it is called
—_— ——
advance.

e Example: Suppose that z(t) is given by:

z(t)
21 /
: : 1 t :
-3 -2 -1 1 2 3
e What would be z(t — 1)?
\d(:ﬂ

4t =t
4(5) = XD x(D=2 T 7

Ad_(z) = ’)eC[) =1 L
%ﬁ CJ) ::‘7((}j)¢= :1

ard SO ON,

Nl
()
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Transformation of Signals: Time Reversal

e Time reversal is defined as

e Interpretation: Flipping over y-axis

e How does x(—t) look like in this example?

lef )= %) 2|
Ok = (-1) =) 1
)= % 2)=0 |
('\> = (1) = 3 2 1 B
\d( 2)= 9((27 2 g (4
o 0 O
_"z -!L _’, O‘TJ i 4>-[7
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Transformation of CT Signals: Time Scaling

For CT Signals, time-scaling by a factor a > 0 is defined as

x(t) — x(at), a>0.

If a > 1 it is called Decimation (squeezing/compression)

If 1 >a >0, it is called Expansion (enlarging)

If a < 0, we get a reversed compressed /expanded signal

Class activity: How does x(2t) and x(t/2) look like in the above example?

x(t), L+ )/%C'F) . = ;k
4= A4 oy %C’B"(xck)
)= A2 =2 1 Bl)=x =2
L(‘I(*\).—- 2(-2)=0 T F 2 - =2 (=)

—3 —2 -1 12 3 er ’
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Time Scaling: Discrete Time

e Decimation: For a DT Signal, and an integer factor M > 1, the decimated
signal is defined by:

We loSe infovmation o%
OURWU\Sr indermediate hdices.

e Expansion: For an integer L > 1, the discrete-time expanded signal (by a

factor L) is:
K [%} : n = integer multiple of L
yeln] = {O, otherwise.
N - 65454 z[n] . T 4 3 4 2.‘/&‘[”}
$1=8, e — L
| ” (i sueh

B L2)=% [%;) | e)

(e
which s Mot defioed , fo valne ”:)E de -
neadS o be  ¢peoifed in the aefinihion et
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Linear-Time Transformation

e Often we are interested in the transformation [x(t) — z(at —QI

e It is indeed a combination of time shift and time-scaling (order matters):
1. Define v(t) = x(t — b), —= shift- ’_ﬁl‘&‘)‘
2. Define y(t) = v(at) = x(at — b).—> SCM@ ‘&Q{X

e So x(t) — x(at — b) is equivalent to time-delay then scale!

e If you scale first, and then do the delay, what do you obtain?
sede finst: = o lat) (A b)) 4
shift \atoe: HU) = V& -b) = (ALt~
| K % (at-©)

e Example: Plot the signal x(—t + 2) for the signal z(t) as bellow,

gtf_i-. x(t),\lﬁ') , V&)

vih= 2 (+t2) /27\\\/
. I VA4

\&Q.})-; V(-%) ~3 2 1 1 2 3 ke
,._.qc(‘-{;+2.)

Jls (254D
s"X.(" O'S> =4

%@-g): 9(("0’§+?’>
= %x(1-5)
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Signal Categories: Even/Odd Signals

Definition 1. A CT (DT) signal x(t) (x[n]) is even if

v(=t) ==(t)  (z[=n] = z[n]),

for allt (n).

Definition 2. A CT (DT) signal x(t) (x[n]) is odd if

v(=t) = —z(t)  (2[=n] = —z[n]).

51 /
71 1 2
_5 |
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Examples of Even/Odd Signals

3

e Is x[n] = n” even or odd?

3

e Is z[n] = n® — n? — 1 even or odd?

z[n]
10 |
| | | . n
3 9 e i 9
_10 1
_20 1
_30 1
[ ]

Figure 1: Plot of signal z[n] = n3 —n? —1

e But x[n] = n® +(-n*-1).
~ ~——

Zoda[] Teven|n]

e Can we do this for any signal, i.e. write down any signal as x(t) = Zepen(t) +
ZL‘Odd(t)?
_ )= A&E) _ o f
e Answer: yes! Xa C—‘l;) = T’E > ) = ()(OC—D

Even/Odd Decomposition: For any CT signal z(t) we can write:

z(t) = ze(t) + z,(),

where x.(t) = x(t)gx(_t) is even and z,(t) = x@)_;(_t) is odd.

For any DT signal z[n] we can write:

x[n] = ze[n] + z,[n],

where x.[n| = 2121 is even and z,[n] = A= s odd.

Ay (€)= (- A (~(-£) = XD

> 15



A() =

+ T=2T ( fondamental Vem‘od), w,= 1 rod/seC

Periodic and Aperiodic Signals

3in

Azt 2T)= A(et+T)= % ()
e Continuous Time: x(t) is periodic with period 7, > 0 if x(t +T) = x(t) for
all time ¢. can be a“a “%Q nunbes

Fundamental period and frequency:

— smallest 1" > 0 that satisfies this is called the fundamental period

awau.[ﬂ'b’
— for the fundamental period T, wy = 2% is called the fundamentaIAfre—

quency. Unit:radian/second

—frequency f = 1/T has unit'second ! or Hertz (Hz)

Discrete Time: x[n] is periodic with period N > 0 if x[n + N| = x[n] for
all integer n. N needs to be an integer.

Fundamental period and frequency:

— smallest N > 0 that satisfies this is called the fundamental period

— for the fundamental period Ny, wy = 2 is called the fundamental fre-

Ny
quency.

If a signal is not periodic, we call it an aperiodic signal.

Examples: z(t) = sin(wt) and z[n] = sin(wn).—> ¢ 4 ?woqh‘c 2

16



| ECTURE -3: 2¥d Iuba_._

Periodic and Aperiodic Signals

Clicker Question: What can we say about the periodicity of the following signals:
2
)= on (T ) 12 ACH) e Pw"d‘C
5 Wit TyD beteg e
™
x[n] = cos (7> . Pevn‘od Then,

a. z(t) is periodic, but x[n| is aperiodic. ’X.C'L) - QLG:‘('T) ¥teR

b. z(t) is aperiodic, and z[n]| is aperiodic.

(t)

(t) 5 (08 s m‘t\"c £T5 ?_‘ET)
c. x(t) is aperiodic, but x[n] is periodic. C ) (_

(t)

d. x(t) is periodic, but x[n] is periodic. Tz- 2‘]]‘4:'['
= (B8 T-t + = T —

\/\/—V
tohich woodd Reguuirte

D e
e EC

~ .' muliple 030 AT
e distioke-Hve Siqual, & Similac Howavert M“Z would not be

hypodest Resulic bye ginte T %% A
VIS T‘""?‘ wgcfn'la—vs\llf“"’)ﬂ\‘ tonfinuous  varurake ,
itrtegpective 4 the Chotce
can we fod N st o T
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become  {nfegoy Tultipie A 2n ¢
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Energy and Power of a Signal

e Remember: Instantaneous power of a resistor: p(t ' lUQ

%CF)

e Energy: power consumption over time = ft

e Motivated by these: We DEFINE the energy of a CT signal =(t) over [ty to]
interval by:

to
B = [ le(oFdt 2 O

3]

where |z(t)| is the magnitude of the (complex-valued) signal at time t.

e We define the energy of a DT signal x[n] over [ny,ns] interval by:

n17n2 Z \x[n

n=ni

e We define average power of a signal:

— Continuous-time: z(t) over continuous interval (tq,t5) is

L g ! /tz (1) 2t
— = €T .
ty — 1 [t1,t2] to — t; ‘)

— Discrete-time: x[n] over discrete interval [ny, no] is:

1 1
P=——— By = ———— 2
e O R DL

e The above definitions may not always correspond to the physical notion of
energy or power, rather represent the size of the signal.

18



Total Energy of a Signal

e We define the total energy and average power of

— a continuous-time signal x(t) to be
T
E. = lim |z (t)|2dt,

T—o0 T

P tim = [ e
oo — 11ImM 2T xr ;

T—o0 -T

— a discrete-time signal z[n] to be

N
Ey = lim Z |[n]|?

N—o0

P = i
o0 leéoQNH Z [{n]

e We say that a signal is finite energy if F < oc.
e We say that a signal has finite average power if P, < c0.
e There could also be signals which have neither finite energy nor finite power.

e Example: Find the total energy and power of the signals z1(t) = 1, 25(t) = ¢,
x3(t) = e~ for t > 0 and 3(t) = 0 for t < 0, and x4(t) = e~ 1+)1?

H): ?[«,G)(Ld’r = \J‘ﬂ.cH- xr, E),o—-%"éﬂmﬂ =0

..-r T
f I’X,G)) = _L 'T ar=4 on ;03:’-?601

oAyl = g’c, £70 jg Pd = fe?*’owc

&) <0 =
/ ._2|
— J_C\—e )
Eg
o 'T)’oo (‘



Swow tat P2 =0 In s (age.

Discrete-Time: Unit Step

0 n<O

e Discrete-time case: u[n] = { 1 n>0

1.5 4

le °

0.5 1

00000

-5 )

Figure 2: Plot of step signal u[n]

e How does Y. u[n — k] look like?

20



Discrete-Time: Unit Impulse

e We define the discrete-time unit impulse as:

1, n=0

5[n]:{0 Sl R S By —"

uf), Ul

1.5

— >

—92
e Show that u[n| = ZZO:

—_—

g[ﬂ) L n

spn-y @ b

L.

N

§ fn-2) \ l I

- uln)
i}

21
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Sampling Property of §[n]

e Convention: x[n] represents the complete signal. x[k] denotes the value of
the signal at time k.

e Sampling Property
z[n]d[n — k] = x[k]d[n — K.
v —
e How to show this? 3‘:,3 ZL’.\J

e By the definition of d[n], d[n — k] = 1 if n = k, and 0 otherwise. Therefore,

) x[n], n==k
x[n]dn — k| = {0) 0tk
= z[k]o[n — k.

e Special case sampling property: When k = 0, we have z[n|d[n] = z[0]0[n]!

B K=2
L 8[nk2)

22



Shifting and Representation Properties of §[n]

Show that for any signal z[n|, we have:

(0. ¢]

> a[n]dn — k] = x[k].

n=—oo

Proof. Follows from the sampling property:

> alnldln—k = > a[k]dn — k]
@ 2 lk] ( S 5[n—k]>

Show that any signal x[n] can be expressed as:

(0.9]

zln] = ) a[k]on — k].
k=—00
Proof. Consider the sampling property:
z[n]dln — k| = x[k]d[n — k].

Instead of summing over n (shifting prolggzrty), sum over k:

> xnloln — k= ) x[k]o[n — k).

k=—o00 k=—0o0

Left side is z[n]!

23



Continuous-Time: Unit Step

e Continuous-time case: u(t) = {

e Example:

0 t<0
1 t>0

1.5 4

loe——

0.5 1

‘ n
-5 5

Figure 3: Plot of step signal u(t)

Plot z(t) = Y o u(t — k).

24
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LECTURE 445 - 24t July

Continuous Unit Impulse: Mathematical formulation

e Define §(t) to be the signal that satisfies the following properties:
a. §(t) =0 at any point t # 0

b. 6(0) = oo such that:
/ d(T)dr = 1.

oo

c. All the rules of calculus applies to it.

e a. and b. imply that ﬁf d(T)dr =1 for all t; <0 < ts.

o= %-C Ej— lo=1
" ¥ 2=4d+ S(mdr =
$ 80D = [graygz 5 ’
ke Ohen & >0, €270
=1 st

T

4 ‘2“() v 2 4

Figure 4: Representing §(t)

T eUt-2)

—
7

T

25



Unit-impulse: really, what is it?

e Define da(t) = { § :Ste_e 04 A
50
v L b
A [ 80 = ] 4
— 0 0

e For any signal z(¢) and small enough A > 0:

/_Z oa(r)dr = /OA oa(T)dr

1 A
—— | dr=1
A/o 4

e We can think of §(¢) as lima_,g 0 (7).

26



Sampling Property of §(t) ¢

Sampling Property: If () is continuous at 7, then
z(t)o(t — 1) = x(7)0(t — 7).
Proof. A g(+-1) (1')’& Sit-1)
e First: 6(t — 7) = 0 whenever t # 7. Therefore,

+o00, t=T1

:U(t)(S(t—T){O Vi

e This is the same as x(7)d(t — 7) because

+o00, t=7T

z(T)o(t —7) = {0 f

. ® Next: check the integration of z(t)d(t — 7).
Injeqrating
RS, ®

Mk at sl =l [ seodt = AD
-

27



rAG)

: H
- ol
Properties of §(t) T L
e Next: check the integration of z(t)d(t — 7). Let € > 0 be a small constant.
e There exists some o > 0 such that |z(t) —z(7)| < eforT—a <t < 7+a.
e Therefore: 0
o0 T—Q T+«
/ z(t)o(t — 7)dt = / £U<t)(5)/5')dt + / x(t)o(t — 7)dt
—00 —_— —00 o O T—« ra
4 / M P)dt— / 2(1)8(t — 7).
T+« T—Q
e Since |z(t) —z(T)| <efor T —a <t <T1+aq,
[ at @) i
ot —71)dt — x(T
2= [ xil-y
T+a /" ) UH'
—|/ )o(t — 7)dt — x(7)] T~ol

T+a
=] / —x(7))6(t — 7)dt|

< [ lole) = am)late — )i
Se/T+a It —7)dt =e.

e As this holds for every € > 0, [*°_x(t)d(t — 7)dt = z(7).
e On the other hand [~ x(7)0(t — 7)dt = x(7) [~ 0(t — 7)dt = x(T).

28



%G—\sfz)-’—Tzs(Jc-t)tZA‘r = 0 L
\M . D

+ J (_-H")F:}xample — 1

\%/e
e Example 1: Plot z(t) = (6(t — 1) + (¢t + 1))t? and 2(¢) = ffoo x(7)dr.

X()= ($0-2) 4 8le+n)¥?
Du(t) = §(t)).

_ ftood(T)dT (or, equivalently, &

e Example 2: Show that u(t) = [~
A 1\?&)
N | ..
-4 q 1 1 2 2 ’

j'%(‘})dir: "]’ oG -nLTd4+ *tbjgtbﬂ)»‘zd)-
-0 —o L
- Nd LD
11_;(+ dr [ 4
= 2

Tgc#)ﬁ 4t+a=13.
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Properties of i(¢)

e Shifting Property:

/_ T S )8(t — 7Vt = ().

e Representation Property:

UGS
/J F\,\
" s
T

Proof. Using the sampling property:

2(T)(t — 7) = 2(1)5(t — 7).

Integrating both sides:

/_ Z 2(7)5(t — T)dr — /_ oot — T)dr

o

= 2(t) /_OO 5(t — 1)dr = 2(t).

30




e Definition: A continuous-time (complex) exponential signal is a signal of the

form:
x(t) = Ce™,

for a,C € C.

e Suppose C and a are both real numbers. What are the possible trajectories
of this signal?

e Clicker Question 2: The following is the plot of Re[z(t)] for a complex
exponential signal z(t) = C’where C'is real. Which one of the following
set of parameters correspond to this plot?

20

n

2 N 2v
—920 |

a. Re[C] <0, Refa] <0 c. Re[C] > 0, Re[a] < 0
b. Re[C] < 0, Re[a] > 0 d. Re[C] > 0, Re[a] > 0

31
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Special Signals: Exponential Signals

¢ Real Exponential Signals:

— The case where a = « and C' = B are real numbers

— a > (0 exponentially increasing, o < 0 exponentially decreasing

— Note: Energy of complex exponentials (except for C' = 0) is infinity
— Example: What is the energy of z(t) = e~ (2+3)ty(¢)?

32



Exponential and Sinusoidal Signals

If C = Ae? and a = a + jwy, then x(t) = Ce® = Aettelwot+0)

oS (Wt +6)
£)sin(st tO)

Decaying exponent: real part of a

Oscillatory behavior: imaginary part of a

Phase: angle of C'

Periodic Complex Exponential:

— The case where a = jwy , \"€~/ =0

— In this case: x(t) = Ae? @t = A cos(wyt + 6) + jAsin(wot + 6)

— In this case, z(t) is periodic with the fundamental period 2%

|wol
— What if wg < 07
05\
—/z W 1 \/2
5]
_1 1

Figure 5: Plot Re[e(®*+3)7]

o If o # 0, is the signal still periodic?

e Note that periodic signals have infinite energy, but finite average power.
Determine the average power of the signal z(t) = e/(“ot+®),

T (oo 1
1. j(Watt@) 2 -
RN A

33



let T= 2T
Wwo
Sinusoids and Harmonics

e Given a complex exponential with fundamental period wgy, a harmonically
related set of complex exponentials are given by

\ éSk W, (£+T) o) = et ke 7.

T)= —_———— .

At Htdot juﬁo%, St 3 hove T a8 thely  pembd -
= € e =e

e All these signals have period T = i—z

e We can represent any sinusoid as sum of complex exponentials. E.g.,

A A .
Acos(wot + @) = Eejwo#rqb 4 Ee—j(wot—i—(b)'

34



Special Signals: Discrete-Time Exponential Signals

e Similar to CT: a discrete-time complex exponential signal is a signal of the
form:

z[n] = Ce™.
e For technical reasons, it is more convenient to study:
z[n] = Ce’™ = C2",
where z = €”.
Case 1: Real-valued exponential:
e Case where C' and z (or equivalently () are real.

e In this case if |z| < 1, the signal is exponentially decreasing,and if |z| > 1
the signal is exponentially increasing.

30 | 30 |
20 | 20 |
10 10
—2 2 —2 2
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Discrete-Time Periodic Exponential Signals

e As before, let us focus on the case where (3 is imaginary.
o If 2[n] = C'e/*™" is periodic with period N, then:

z[n + N| = xn]
:>C€]QO (n+N) Cejﬂon JOQN Ce]flon

—eIN — 1

e When is this true?

e Discrete time complex exponential signals are periodic only when € = 2%

N
for some integers k, V.

e In contrast, continuous time complex exponential signals were period for any

0y £ 0.

e Example: Determine the fundamental period of the signal z[n] = e 4ein,

‘ZTW) \)3_,’)

Q= 2T, fad ke NSt T
= éNT— 3"-'/
2% e
_ wal will he
No I, = e 5 N= K3 Sl et

7 °
N=4G , te e gmalleg}t

a[n) hs fumdamenial pemod 24 .




Discrete-Time Periodic Exponential Signals

e For a CT periodic exponential signal, increasing the frequency reduces the
period.

e However, for a DT periodic exponential signal, this is not the case.
g[n] = & = /(Qot2mn,

That is, the signal with frequency €y + 27 is the same signal with frequency
(o, and has the same period.

e Thus, all unique periodic exponential signals have periods confined to the
region [0, 27) or [—m, ).

e As before, the harmonic family of DT complex exponentials are given by
oKn| = M kel

All these signals have a common period .
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Analog and Digital Signals

e A signal is analog if z(t) € R or z[n]| € R.

e A ssignal is digital if (t) € X or z[n| € X where the set X contains a finite
number of distinct elements. Example: X = {0,1} or X = {—1,0,1}.

e Continuous-time Analog Signal: g]qCOO‘l',)
e Continuous-time Digital Signal: > Uiy 9"{19 S‘\ﬁY\VJ (AC:‘.)
e Discrete-time Analog Signal: a1n (GO‘Y\.)

e Discrete-time Digital Signal: — lLtﬂ]
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Systems

e System: any mapping from (a subclass of) signals to (a subclass of) signals

z(t) y(t)

System

e Dynamical system: any system with an internal state and a rule govering
how the state evolves in time

e Example: a car with input being acceleration a(t) and output being velocity
v(t). The evolution of speed is given by

dv

The output is measured by the speedometer sensor. This is an example of
a continuous-time dynamical system.



Continuous Time Systems: Examples

—— | System

Electrical Circuits:

Vs =40V

Flight Control: Multiple Input Multiple Output (MIMO)

=7 —— Aileron

# Ground Spoiler

" Airbrake Rudder

~ Elevator



Discrete Time Systems: Examples

——— System —

Economy:
e Input at day n = RBI interest rate

e Output at day n = inflation rate at day n

Sound Processing:
e Input z[n] = input sound

e Output y[n] = output sound




Important Mathematical Systems

—— | System

Delay: z(t) — y(t) = x(t — ty) or x[n] — y[n] = x[n — ny

Scaling: x(t) — y(t) = ax(t) or x[n] — y[n] = ax[n]

Differentiator: x(t) — y(t) = La(t) or z[n] = y[n] = z[n] — 2[n — 1]

Integrator: z(t) — y(t) = ffoo z(r)dr or z[n] — y[n] =>"_ _ x[k]

e What is the output of the DT integrator system to the input z[n| = d[n]?



Properties of Systems: Memoryless

—— | System

e We say that a system is memoryless if output at time ¢ (or n) only depends
on the value of the input at time ¢ (or n)

e In words: the mapping is instantaneous
e Example 1: Is y(t) = 2*(t) memoryless? Nes

e Example 2: Is y[n] = z[n — 1] memoryless?  NO-



Properties of Systems: Causality

——— System —

e A system is causal if output at time ¢ (or n) only depends on the input at
time s <t (or k < n)

e Example 1: Is the delay system y(t) = x(t — t;) causal? when 12O -
0nerwite, mo.

e Example 2: Is the integrator system y(t) = ffoo x(7)dr causal? Y3

e Example 3: Is y[n| = z[—n| causal?  @0O.

%]‘:g]:‘x\:s] which violates Qamo\m\d,



Properties of Systems: Invertible

let  Xt) poduce  YLb as owtpit
%Cf)  produce 8;,0}) 4 O“tf)”""

YD EYH > Y By e[

#4)=9(%)

e A system is invertible if distinct inputs produce distinct outputs

Equivalently: A system is invertible if from the output one knows the input

— To show that a system is invertible: construct the inversion

— To show that a system is not invertible: show two signals map to the
same output

Example 1: Is y(t) = z(2t) invertible? €3 2(k)= ‘6( )
‘d[ﬂ]: 0(.[‘2,\0) ? NO

Example 2: Is the system y[n| = z[n| + y[n — 1] invertible? \IQS

)iyl yle). TYpo)e 2 <LK

Example 3: Is y(t) = 2*(t) invertible? [

Example 4: Is y[n] = x[2n] invertible?

-~



Bounded Inpub Boxended Oudbpuds

Properties of Systems: BIBO Stable

—— | System ———

e Definition: We say that a signal is bounded by B > 0 if |x(¢)] < B (or

|z[n]| < B) for all t (or n) ._5)1 -} 9.)an«l-
atte LM
tmat dwes nof depand v

e Example: Is x(t) = tu(t) bounded? What about x[n| = ¢/"?
o Ne

yes.

e BIBO Stability: We say that a system is Bounded-Input Bounded-Output
(BIBO) stable if all the bounded inputs result in bounded outputs.

o Example 1: Is y(t) = 222(t — 1) + 2(2t) bounded I i) fs bourded 2
[460) ¢ 2 |kl 4 (h) | g 2858

e Example 2: What about the integrator system y[n] = >/ x[k]?

SNot BJBo Stable .



Properties of Systems: Time-Invariant (TI)

z(t) y(t) x(t — to) y(t —to)

—— System ——— —— > System ———
z[n] y[n] z[n — no) y[n — no

e We say that a system is Tl if for all inputs z(t) (or z[n]) and all time-shifts
to (or mg) the output to z(t — ty) (or z[n —nyg)) is y(t — to) (or y[n — ngl)

when apud is X (%) the aCiuel owtput Sta (204 ~h)
Shiftiyg previows ow&p\fdcba o ofiedds  gig (A kb)) .

e Example 1: Is y(t) = sin(xz(t)) Time-Invarying? Bon ane epsv\}\L .
Yente, hwme - vadawt.

2 Chees, owiput when  an)={[n].
e Example 2: Is the system y[n| = nx[n| TI?

when vapuk s X[ -o) | achuga]  owipwt ‘6[1\) =N [n —f)_oj
Shified ?r(em‘owg b wipwdt @__ No) % [n ~Ny) X

e Example 3: Is the system y[n| = x[n|x[n — 3] TI?

e Example 4: Is the system y(t) = x(5t) TI?



