LECTURE —40, 29 Octobers

Properties of z-transform

Suppose that z1[n] <— X;(z) with ROC Ry and xzs[n] <— Xs(z) with ROC
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Properties of z-transform

Suppose that z1[n] <— X;(z) with ROC Ry and xzs[n] <— Xs(z) with ROC
Ry

e Convolution: z[n|*xs[n] +— X;(2)Xs(z) with ROC containing RN R;.
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e Example: For the DT integrator system,|Y (2

o Differentiation in z-domain: nz[n] +— —z-£ X, (z) with ROC R;.
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Properties of z-transform prm\g\m S

e Initial value theorem: For a causal signal, z[n] = 0 for n < 0, we have
-—_————>

z[0] = lim, o X(2) o -V
X(2) = i x[n)2
h?o}r «0)) fx[

e For this class of signals, the number of finite zeros cannot be greater than
the number of finite poles.
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e For this class of signals, degree of numerator of X(z) is at most the degree
of denominator of z(z2).
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z-transform properties

TABLE 10.1 PROPERTIES OF THE z-TRANSFORM
Section Property Signal z-Transform ROC
x[n] X(2) R
X |[l’l] X ](Z) Rl
x[n] XZ(Z) R,
10.5.1 Linearity axi[n] + bx,[n] aX,(2) + bX,(2) At least the intersection of R, and R,
1052 Time shifting x[n = ny) 77" X(2) R, except for the possible addition or
deletion of the origin
10.5.3 Scaling in the z-domain e x[n] X(e i z) R
Zaln] x(2) uR
a"x[n] X'z Scaled version of R (i.e., [a|R = the
set of points {|alz} for z in R)
1054 Time reversal x[—n] Xz Inverted R (ie., R™! = the set of
points z™!, where z is in R)
. : x[rl, n=rk . . .
1055 Time expansion xpln] = for some integerr  X(z¥) R (i.e., the set of points z"/*, where
0 n=rk zisinR)
1056  Conjugation | HW)) [ X(@) R
10.5.7 Convolution xi[n]* xy[n] X1 (9)X:(2) At least the intersection of R, and R,
10.5.7 First differenci x[n] = x[n—1] (1-zNX(@) At least the intersection of R and
2| >0
10.5.7 Accumulation D e Xl I _1 —X(2) At least the intersection of R and
¢ [z>1
10.5.8 Differentiation nx[n] —zt%izz R
in the z-domain
105.9 Initial Value Theorem

If x[n] = O for n < 0, then
x[0] = !il’rﬂch(Z)
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z-transform pairs

TABLE 10.2 SOME COMMON z-TRANSFORM PAIRS

Signal Transform ROC
1. 8[n] 1 Allz
1
2. uln] - |z > 1
1
3. —u[-n—1] T Izl <1
4. 8[n — m] z" All z, except
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A/ é\\,d(), x (if m < 0)
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n ]
6. —a"u[—n-—1] l_—azl IZI < |a|
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1 — [coswo]z™"
9. [cos wynlu[n] [~ Boosarlz ' ¥ 27 |2l > 1
. [sinwO]z"
10. [sin won]uln) [ Gosale 727 |z > 1
n 1 — [rcoswg)z '
L, [ coswonluln] o lz| > r
1
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LECTURE 4| : 20 0Gtobes

Evaluation of DTFT from Pole-Zero Plots

e From the pole-zero plot of the z-transform, we can graphically evaluate the
DTFT when the unit circle contained in the ROC.
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System Properties through ROC

e Causality: an LTI system is causal when its impulse response h|n] = 0 for
n < 0. In other words, h[n] is a causal signal.

e Thus, the z-transform of h[n], denoted H(z) has ROC as the exterior of a
circle including oc.

e The radius of this circle is larger than the maximum value of the magnitude
of its poles.

e Since the ROC includes oo, the order of the numerator is less than or equal
to the order of the denomlnator
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) Stablhty an LTI system is BIBO stable iff 3> |h[n]| < o0.

n=—oo

e In other words, the ROC of the z-transform of h[n] includes the unit circle.

A causal system with rational H(z) is stable if and only if all the poles
are inside the unit circle.

e Example: Is a causal system with the transfer function H(z) = ﬁ stable?
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Examples

Consider the following z-transforms of impulse responses of several LTI systems.
Determine if these systems are stable, causal, both or neither for different possible
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e ®>1,  ROC, = Qausal, but not olable, ReC: %ﬁd
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LTI Systems - Linear Constant Coefficient Difference
Equations

e Consider the following general form of linear difference equation:

N
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k=0

where x[n] is the input and y[n| is the output.
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Examples

e Consider a LTI system whose input and output satisfy
1
y[n] — 0.5y[n — 1] = z[n] + gzc[n —1].

Determine its impulse response for different possible ROCs.
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Example 10.27
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