
Properties of z-transform

Suppose that x1[n]  ! X1(z) with ROC R1 and x2[n]  ! X2(z) with ROC
R2

Linearity: a1x1[n] + a2x2[n]  ! a1X1(z) + a2X2(z) with ROC containing
R1 \R2

Time-shifting: x1[n � n0]  ! z
�n0X1(z) with ROC R1 except possible

addition or removal of 0 or 1

Frequency Scaling: zn0x1[n] ! X1

⇣
z
z0

⌘
with ROC |z0|R1.

Time-reversal: x1[�n] ! X1(
1
z) with ROC 1

R1

Conjugation: x⇤1[n] ! X
⇤
1(z
⇤) with ROC R1
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Properties of z-transform

Suppose that x1[n]  ! X1(z) with ROC R1 and x2[n]  ! X2(z) with ROC
R2

Convolution: x1[n]⇤x2[n] ! X1(z)X2(z) with ROC containing R1\R2.

Example: For the DT integrator system, Y (z) = 1
1�z�1X(z)

Di↵erentiation in z-domain: nx1[n] ! �z d
dzX1(z) with ROC R1.

Example: If X(z) = log(1 + az
�1) with |z| > |a|, then determine x[n].

20



Properties of z-transform

Initial value theorem: For a causal signal, x[n] = 0 for n < 0, we have
x[0] = limz!1X(z)

For this class of signals, the number of finite zeros cannot be greater than
the number of finite poles.

For this class of signals, degree of numerator of X(z) is at most the degree
of denominator of x(z).
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z-transform properties
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z-transform pairs
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Evaluation of DTFT from Pole-Zero Plots

From the pole-zero plot of the z-transform, we can graphically evaluate the
DTFT when the unit circle contained in the ROC.

Let h[n] = a
n
u[n] with |a| < 1.

What happens when there are multiple zeros and poles?
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System Properties through ROC

Causality: an LTI system is causal when its impulse response h[n] = 0 for
n < 0. In other words, h[n] is a causal signal.

Thus, the z-transform of h[n], denoted H(z) has ROC as the exterior of a
circle including 1.

The radius of this circle is larger than the maximum value of the magnitude
of its poles.

Since the ROC includes 1, the order of the numerator is less than or equal
to the order of the denominator.

Stability: an LTI system is BIBO stable i↵
P1

n=�1 |h[n]| <1.

In other words, the ROC of the z-transform of h[n] includes the unit circle.

A causal system with rational H(z) is stable if and only if all the poles
are inside the unit circle.

Example: Is a causal system with the transfer function H(z) = 1
z�2j stable?
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Examples

Consider the following z-transforms of impulse responses of several LTI systems.
Determine if these systems are stable, causal, both or neither for di↵erent possible
ROCs.

H1(z) =
z
3 � 2z2 + z

z2 + 0.25z + 1/8

H2(z) =
1

1� 0.5z�1
+

1

1� 2z�1

H3(z) =
1

1� 2r cos(✓)z�1 + r2z�2
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LTI Systems - Linear Constant Coe�cient Di↵erence

Equations

Consider the following general form of linear di↵erence equation:

NX

k=0

aky[n� k] =
MX

k=0

bkx[n� k]

where x[n] is the input and y[n] is the output.

Then, we have

H(z) =
Y (z)

X(z)
=

PM
k=0 bkz

�k
PN

k=0 akz
�k

.

The ROC is determined from whether the system is stable, causal, etic.
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Examples

Consider a LTI system whose input and output satisfy

y[n]� 0.5y[n� 1] = x[n] +
1

3
x[n� 1].

Determine its impulse response for di↵erent possible ROCs.
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Example 10.26
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Example 10.27
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