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Z-Transform

Recall that eigenfunction property was satisfied for general complex expo-
nential signals, rather than exponential signals with an imaginary exponent.

h[n]
x[n] = z

n
y[n] = H(z)zn

H(z) =
1X

n=�1
h[n]z�n

For any DT signal x[n], its z-transform is the function:

X(z) =
1X

n=�1
x[n]z�n.

The Region of Convergence of x[n] is defined to be {z |
X(z) exists, i.e., is finite} which is a subset of the complex plane.

1



z-Transform

For a complex number z, let z = re
j!. We have

X(z) =
1X

n=�1
x[n](rej!)�n

=
1X

n=�1
(x[n]r�n)e�j!n.

Therefore, X(z) = X(rej!) = DTFT(x[n]r�n).

In particular, for |z| = r = 1, z = e
j!, which implies X(z) = DTFT(x[n]).

Thus, when r = 1 and we vary !, z moves on the unit circle in the complex
plane. The unit circle plays a critical role in z-transform of discrete-time
signals.

Since X(z) = DTFT(x[n]r�n), then a point in the complex plane z̄ lies in
the ROC if its magnitude r̄ is such that the x[n]r̄�n is summable.

Thus, the ROC is determined by the magnitude r̄ rather than the phase.
Hence, the ROC mainly consists of circular regions and/or rings in the com-
plex plane.

DTFT of x[n] exists only when the ROC of the z-transform of x[n] contains
the unit circle.
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Examples

Example 1

What is the z-transform of x[n] = �[n] + �[n� 1]? What is its ROC?

Example 2

What is the z-transform of x[n] = a
n
u[n] where a is a complex number?

What is its ROC?
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Example 3

What is the z-transform of x[n] = �anu[�n � 1] where a is a complex
number? What is its ROC?
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z-transform without ROC is meaningless

What is the X(z) for x[n] = �anu[�n� 1]?

Let’s investigate:

X(z) = �
1X

n=�1
x[n]z�n = �

�1X

n=�1
a
n
z
�n

= �
1X

n=�1
(
a

z
)n = �

1X

k=1

(
z

a
)k

= � z/a

1� z
a

,

where the last equality holds for |za | < 1. The ROC is sketched below.

Therefore,

�anu[�n� 1] ! z

z � a
.

But X(z) = z
z�a for x[n] = a

n
u[n]!

Therefore: z-transform without ROC is meaningless!

Since it is possible that z-transforms of distinct signals would have the same
algebraic expression, it is unable to determine the inverse z-transform without
the ROC.
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ROC and Pole-Zero

Most of the time, we will encounter z-transforms that are rational functions
of z. For a z-transform of the form:

H(z) = a
(z � p1) · · · (z � pm)

(z � q1) · · · (z � qn)
,

the roots of the numerator p1, . . . , pm are called the zeros and the roots of
the denominator q1, . . . , qn are called the poles of H(z).

On the complex plain, the poles are marked by (x) and zeros are marked by
( ).

It is more convenient to express X(z) as polynomials in z
�1 rather than z.
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Determine the poles and zeros of X1(z) =
z

z�a .

Determine the poles and zeros of X2(z) = 1 + 1
z .

Determine the poles and zeros of X3(z) =
1�3z�1

(1�5z�1)(1�0.5z�1) .
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Practice Problem

a. What is the ROC for the z-transform of x[n] = (12)
n
u[n] + 2nu[n]?

b. Determine the z-transform with ROC as well as the location of poles and zeros
of the signal

x[n] =
�1
3

�n
sin

�⇡
4
n
�
u[n].

Does the above signal admit DTFT?
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Properties of ROC

Property 1: ROC is a ring on the complex plain.

real

imag

– The inner circle’s radius can be 0 (e.g., x[n] = �anu[�n� 1])

– The outer circle’s radius can be 1 (e.g., x[n] = a
n
u[n])

Property 2: ROC does not contain any pole.

Simply because at a pole, the value of X(z) would be infinity!
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Properties of ROC

Property 3: If x[n] is finite duration, then ROC is the whole

complex plain, except possibly z = 0 and z =1.

– If x[n] is only non-zero for n = N1, . . . , N2 for N1  N2. Then:

X(z) =
N2X

n=N1

x[n]z�n.

Determine whether 0 and 1 belong to the ROC in the following cases.

– N1 < 0, N2 > 0:

– N1 � 0:

– N2  0:
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Properties of ROC

Definition: We say that a signal x[n] is right-sided if x[n] = 0 for all n < N

and some N .

Property 4: If x[n] is right-sided and z0 is in ROC, then z is in

ROC for all |z| > |z0|, possibly excluding 1.

The main reason is:
1X

n=0

|x[n]||z|�n 
1X

n=0

|x[n]||z0|�n <1

and if N < 0, then
P�1

n=N |x[n]||z|�n <1.

Definition: We say that a signal x[n] is left-sided if x[n] = 0 for all n > N

and some N .

Property 5: If x[n] is left-sided and z0 is in ROC, then z is in

ROC for all 0 < |z| < |z0|.

The main reason is:

0X

n=�1
|x[n]||z|�n 

0X

n=�1
|x[n]||z0|�n <1

and if N > 0, then
PN

n=1 |x[n]||z|�n <1.
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Properties of ROC

Definition: We say that a signal x[n] is double-sided if x[n] 6= 0 for arbitrarily
large and small n.

Property 6: If x[n] is double-sided and z0 is in ROC, then ROC

is a ring containing z0.

Example: What is the z-transform of x[n] = b
|n| for |b| < 1?

– We have:

x[n] = b
n
u[n] + b

�n
u[�n� 1].

– b
n
u[n] ! 1

1�bz�1 with ROC |z| > |b|
– b
�n
u[�n� 1] ! � 1

1�b�1z�1 with ROC |z| < 1
|b|

– Combining the two:

X(z) =
1

1� bz�1
� 1

1� b�1z�1
=

b
2 � 1

b

z

(z � b)(z � b�1)
,

for |b| < |z| < 1
|b| .

– If |b| > 1, there is no overlap in the ROCs of two parts, hence the
z-transform is not defined.
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Properties of ROC

Property 7: If X(z) is rational, then ROC is always bounded

by poles or extend to infinity.

Definition: We say that x[n] is a causal signal if x[n] = 0 for n < 0.

Property 8: If X(z) is rational and x[n] is right-sided, then ROC

is the region from the outermost pole to infinity. Furthermore,

if x[n] is causal, X(1) exists.

Definition: We say that x[n] is a anti-causal signal if x[n] = 0 for n > 0.

Property 9: If X(z) is rational and x[n] is left-sided, then ROC

is the region from the innermost pole to zero. Furthermore, if

x[n] is anti-causal ROC includes z = 0.
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Question

Suppose that a we know that a signal is causal and its z-transform is:

X(z) =
2z

(z + j)(z � j)(z � (3� 4j))
.

Determine the ROC of X(z).

Solution: {z | |z| > 5}
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Question

For the following z-transform

X(z) =
1

(1� 1
3z
�1)(1� 2z�1)

.

Determine all possible ROCs of X(z) and find the corresponding x[n] for each
of those cases.
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z-transform, Fourier Transform, and Inverse z-transform

We know that if z0 = re
j! is in the ROC of the z-transform of x[n], then

X(rej!) = DTFT(r�nx[n]).

Therefore, if the z-transform exists on a circle of radius r, then:

r
�n
x[n] = DTFT�1(X(rej!)).

real

imag

r

Therefore, x[n] = r
nDTFT�1(X(rej!))
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z-transform, Fourier Transform, and Inverse z-transform

Example: We know that the z-transform of a signal x[n] is X(z) = 1
1�z�1

and the ROC is {z | |z| > 1}. What is x[n]?

Here are the steps to find x[n]:

1. Pick a circle of radius r in ROC. We pick r = 2.

2. Calculate DTFT�1(X(rej!)): X(2ej!) = 1
1� 1

2e
�j! , but:

a
n
u[n] ! 1

1� ae�j!
,

therefore: DTFT�1(X(rej!)) = (12)
n
u[n]

3. Finally: x[n] = r
nDTFT�1(X(rej!)) = 2n(12)

n
u[n] = u[n]
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Inverse z-transform: Partial Fraction Expansion

Try to write X(z) =
Pn

i=1
bi

1�aiz�1

If ROC is outside the circle with radius |ai|, then use the fact that

a
n
i u[n] !

1

1� aiz
�1 , for |z| > |ai|

If ROC is inside the circle with radius |ai|, then use the fact that

�ani u[�n� 1] ! 1

1� aiz
�1

Example 1: What is the inverse z-transform of X(z) =
3� 5

6z
�1

(1� 1
4z

�1)(1� 1
3z

�1)
with

ROC {z | |z| > 1
3}?

Example 2: What is the inverse z-transform of the above X(z) if ROC is
{z | 1

4 < |z| < 1
3}?
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Inverse z-transform: Power Series Expansion

If we can expressX(z) =
P

k akz
�k, then we can express x[n] =

P
k ak�[n�

k].

Example 1: What is the inverse z-transform of X(z) = 4z2 +2+ 3z�1 with
ROC {z | |0 < |z| <1}?

Example 2: Recall that log(1 + ⌫) =
P1

n=1
(�1)n+1⌫n

n for |⌫| < 1. Using this
fact, determine the inverse z-transform of X(z) = log(1 + az

�1) with ROC
|z| > |a|.
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