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Figure 7.25 Frequency-domain ilfustration of the system of Figure 7.24: (a) continuous-
time spectrum X;(jw); (b) spectrum after impulse-train sampling; (c) spectrum of
discrete-time sequence x,[n]; (d) Hy(e’*) and X,(&/®) that are multiplied to form

Ya(e/?); (e) spectra that are multiplied to form Yo(joo); (f) spectra that are multiplied

to form Yi(jw).
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Z-Transform

e Recall that eigenfunction property was satisfied for general complex expo-
nential signals, rather than exponential signals with an imaginary exponent.

v
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For any DT signal z[n], its z-transform is the function:

(0.9]

X(z) = Z x[n]z™".

n=—oo

The Region of Convergence of z[n] is defined to be {z |
X(z) exists, i.e., is finite} which is a subset of the complex plane.



lex 2, = e’
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z-Transform
Pm(2)
T T
e For a complex number z, let z = re’*. We have
X(z) = Z x[n](rej“)’" C/
= > Gl e

.

e Therefore, X(2) = X (re/*) = DTFT(z[n]r ).

e In particular, for 2| =7 =1, z = ¢/*, which implies X (z) = DTFT(z[n]).

e Thus, when » = 1 and we vary w, z moves on the unit circle in the complex
plane. The unit circle plays a critical role in z-transform of discrete-time
signals.

e Since X(z) = DTFT(x[n|r~"), then a point in the comBIex pljne Z lies in
the ROC if its magnitude 7 is such that the z[n|F ™" is sum 45

e Thus, the ROC is determined by the magnitude 7 rather than the phase.
Hence, the ROC mainly consists of circular regions and/or rings in the com-
plex plane.

e DTFT of z[n] exists only when the ROC of the z-transform of z[n| contains
the unit circle.
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Example 1

e What is the z-transform of x[n] = d[n] + §[n — 1]? What is its ROC?
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Example 2

e What is the z-transform of z[n] = a
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Example 3
e What is the z-transform of z[n] = —a"u|—n — 1] where a is a complex

number? What is its ROC?
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z-transform without ROC is meaningless

e What is the X (z) for z[n] = —a"u|—n — 1]7?

e Let's investigate:

X(z)=— Z z[n]z™" = — Z a"z"

:1_00 N n=—o00
a, 2

= —n;oo(;) = - ;(a)k

_ z/a

=1 2

where the last equality holds for [2] < 1. The ROC is sketched below.

e Therefore,

—a"u[—n — 1] +— -

z—a
e But X(2) = = for x[n] = a"u[n]!
e Therefore: z-transform without ROC is meaningless!

e Since it is possible that z-transforms of distinct signals would have the same
algebraic expression, it is unable to determine the inverse z-transform without
the ROC.




ROC and Pole-Zero

e Most of the time, we will encounter z-transforms that are rational functions
of z. For a z-transform of the form:

(z—=p1) - (2 — pm)

H(z) = ,
(z—q) - (z2—qn)
the roots of the numerator pq, ..., p,, are called the zeros and the roots of
the denominator ¢y, ..., g, are called the poles of H(z).

e On the complex piggn, the poles are marked by (x) and zeros are marked by
(o). plane

e It is more convenient to express X (z) as polynomials in z7*

rather than z.

e Determine the poles and zeros of X;(z) =

e Determine the poles and zeros of X5(z) =1+ % P@\eg )
- @/
e Determine the poles and zeros of X3(z) = (1_52_11_)?53.5?1). —> poles: 5 7 0.5
S
N \— 3 —_




Practice Problem

a. What is the ROC for the z-transform of z[n] = (1)"u[n] + 2"u[n]? \2\ 22
12171 ' v
b 2 e |\ —L3z" f /
= |-22°
(2)= L 41 ot |27
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b. Determine the z-transform with ROC as well as the location of poles and zeros
of the signal
x[n] = (%)nsin (%n)u[n]
Does the above signal admit DTFT?
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Properties of ROC

e Property 1: ROC is a ring on the complex ﬁa%aPlome_

imag

- AT S

— The inner circle’s radius can be 0 (e.g., z[n] = —a"u[—n — 1))

— The outer circle's radius can be oo (e.g., z[n| = a"u[n])

e Property 2: ROC does not contain any pole.
Simply because at a pole, the value of X (z) would be infinity!
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Properties of ROC

e Property 3: If x[n| is finite duration, then ROC is the whole
complex pdmin, except possibly z =0 and z = o0
— If z[n] ifonly non-zero for n = Ny, ..., Ny for N7 < N,. Then:

N,

T X(z) = Zx[n]z_”
W]y s

’I’L:Nl
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ap) 2™ = 22t il e #REC

n. L= ¢ ROC.
e Determipie whether 0 and oo belong to the ROC in the following cases.

N <0,Ny>0. nehtwes o new o belong fo ROC
— Ny > 0: pRCROC, O a ROC
_NQSO: mgwc/ a_emﬂ

e
S «[n)z = Z%ﬂn]%—w
N = b0 n
Since o eRCC’,/ we hawe Zl%[ﬂj 2Zp l £ o
O 9 1":1\]
show a2 win |2]|> (2] s am element o ROC .



;{1%1«\32 [+ Sma™l < 3 il

N =0
53\‘0\“*6 Properties of ROC < i h[’lﬂ J

\_/v\/
jﬁf(\n'k? dfce Zo€ ROC.

e Definition: We say that a signal x[n] is right-sided if z[n] =0 for alln < N
and some N.

e Property 4: If x[n] is right-sided and z, is in ROC, then z is in
ROC for all |z| > |z|, possibly excluding oco.

e The main reason is:

00 00
> ]z <Y xn]l]zo] " < o0
n=0 n=0

and if N <0, then 321\ |z[n]|]2| " < .

]['\1|7J_')_A_'4—~ﬂ—;

N

e Definition: We say that a signal z[n] is left-sided if 2[n] = 0 for all n > N
and some N.

e Property 5: If z[n| is left-sided and z; is in ROC, then z is in
ROC for all 0 < |z| < |z]-

e [he main reason is:

0 0
> lzlllle]™ < Y Jxln]ll] " < oo

n=—oo n=—oo

and if N > 0, then "N |z[n]||2] ™" < .
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Properties of ROC

e Definition: We say that a signal x[n] is double-sided if z[n] # 0 for arbitrarily
large and small n.

e Property 6: If z[n] is double-sided and zj is in ROC, then ROC
is a ring containing zj.

e Example: What is the z-transform of z[n] = b/l for |b] < 17?
- | _ 50
D ‘V], -7 (4% Y
z oM™ = 3 bl ()
N =- )= -0 n =p
St S(EY
= + —
=1 V\'-ZDC_Z
to Y (\7al T
= SO+ SEY - T
k:’o 'ﬂ:bcz

— We have:
e have — \
z[n] = b"uln] + b "u[-n — 1]. \__—_

— b"u[n] <— =— with ROC |z| > ||
— b "u[—n — 1] +— — 12— with ROC |z| < ﬁ

— Combining the two:

1 1 b2 —1 z
X — — —
S el iy o T S Sy Y oy S

for |b] < |2| < ﬁ

— If [b] > 1, there is no overlap in the ROCs of two parts, hence the
z-transform is not defined.

-
\M/7 onit- cisdde s partt 4 RoC.

> 11

N TS =



Properties of ROC

f \
e Property 7: If X(z) is rational, then RB’C{S always bjoun ed
by poles or extend to infinity.

e Definition: We say that z[n] is a causal signal if z[n] = 0 for n < 0.

e Property 8: If X(2) is rational and z|[n]| is right-sided, then ROC
is the region from the outermost pole to infinity. Furthermore,
if z[n] is causal, X (c0) exists.

~it 2,EROC, then all = witn |Z]7]20]
belomg. © ROC.

— Yoweres, ROC Must not  ponlkeuin aet yo)e
- Hence [%Ol mugt be \a‘xﬁwx Yhaww 'Lpoleﬁ)

e Definition: We say that z[n| is a anti-causal signal if z[n] = 0 for n > 0.

e Property 9: If X(z) is rational and z[n| is left-sided, then ROC
is the region from the innermost pole to zero. Furthermore, if
x[n] is anti-causal ROC includes z = 0.

12



Question

Suppose that a we know that a signal is causal and its z-transform is:
2z
(z+7)(z = J)(z = (3—4j))

X(z) =

Determine the ROC of X (2).

@E: "\]/\j/ g_,ZU

Solution: {z | |z| > 5}

13
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2 _  A-2AgT+e-L378

X(2) =2 T -
|-Lg | -22 =L\ (o o
3% (-52)0-220) AtB= )
Question 2At % =0
oles : L b
P ‘ 2 /Z B: —'6A
For the following z-transform A— é A=
1
X(z) = - . /5 )

1— 1z 1)(1— 221
(=L —2:1) % o

Determine all possible ROCs of X (z) and find the corresponding z[n| for each

of those cases.

el r 1z < 4

. <éT *E2)? 5 \-zz“’
PQ}%QZ. 2 <L 2
UL 12122

V), n
> w2 (4) = (8 upi) 1 0 uE

L ” [JE (5) %2 } sl
£ wl-n-)

5
%, G0 ) = (J_ Y w0 égz“ uln) .

Ny In) = ~L5[ Yuln) -
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z-transform, Fourier Transform, and Inverse z-transform

e We know that if zy = re/“ is in the ROC of the z-transform of z[n], then

X (re’¥) = DTFT(r "x[n]).

e Therefore, if the z-transform exists on a circle of radius r, then:

r~"x[n] = DTFT (X (re/¥)).

> real

e Therefore, x[n| = r"DTFT (X (re/v))

15



z-transform, Fourier Transform, and Inverse z-transform

e Example: We know that the z-transform of a signal z[n] is X (z) =

and the ROC is {z | |z| > 1}. What is z[n]? e
e Here are the steps to find x[n): l/\[ﬂ)
1. Pick a circle of radius r in ROC. We pick r = 2.
2. Calculate DTFT1(X (re/?)): X (2e/%) = 1_%% but:
a"u[n] «— . clbe—JW’
therefore: DTFT ! (X (re/?)) = (3)"u[n]

3. Finally: z[n] = r"DTFT (X (re/?)) = 2"(3)"u[n] = u[n]

16



Inverse z-transform: Partial Fraction Expansion

Try to write X (2) =37, —bi

=1 1—a;z

If ROC is outside the circle with radius |a;|, then use the fact that

1
aluln] «— = for |z| > |a4]

If ROC is inside the circle with radius |a;|, then use the fact that

1
1 —a;z7!

—ajul-n — 1] +—

Example 1: What is the inverse z-transform of X (z) =
ROC {z | |z] > 3}7 &

N ~

'—\

e Example 2: What is the inverse z-transform of the above X<tz if ROC |s\
{131 <lzl<3)?
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Inverse z-transform: Power Series Expansion

o If we can express X (z) = >, arz~", then we can express z[n] = >, axd[n—

e Example 1: What is the inverse z-transform of X (z) = 42 + 2+ 32! with

ROC {z | |0 < |2| < o0}? Y
_ Y (%)= afna2v
/)(ll\)'—' A}/ n=-2 ) ,,\?;-’_DQ i]%

2, N=0
>, =
@/ Oh/\a/ml:@

n+1 n

e Example 2: Recall that log(1 @ => 1 —— for JK_I.S_l Using this
fact, determine the inverse z-transform of X (2) = log(1 + az™!) with ROC

2] > |al. bo ~
— = Z (_"'D“‘H@t% J )VL
@) - v
Otln] - -, N2
v palp S l)mO‘kv’ n
o Otnexwise _ =2 >
TV

3

=)
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