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Ramsey numbers

Ramsey number r(t, to,. .., t; /)

The least n € Z* such that every (-(edge) labeling of K,
contains a monochromatic K, for some i € [/].

Diagonal Ramsey number r(t; /)

(1= =t =t)

The least n € Z* such that every (-labeling of K, contains
a monochromatic K;.

For r(t) := r(t;2),

[Erdos] (1 -+ o(l))\/_L22t/2 < r(t) < 2?* [Erdds-Szekeres]
e



Ramsey numbers

Further bounds:
> r(t; ) < 0, r(t;3) > 32
> r(t; 01+ 0p) > (r(t; 1) — 1)(r(t;62) — 1) [Lefmann]
» For ¢ > 2,

r(t:0) > (2%+C> t+o(t)

Y

where C is a constant dependent on ¢ (mod 3).

Theorem (Conlon, Ferber, 2020)
For ¢ > 3, ©
r(t; 0) > <2%+C> ° ,

where C is a constant dependent on ¢ (mod 3).



Conlon-Ferber Theorem

Theorem (Conlon, Ferber, 2020)

. t—o(t)
For ¢ >3, r(t;l)> (227{+c> , where C is a constant
dependent on ¢ (mod 3).

Follows from [Lefmann] and the following main theorem.

Theorem (Main Theorem, Conlon, Ferber, 2020)
For any prime p, r(t;p + 1) > 2t/2p3t/8+o(t),

Improvement: (= 3: from 1.732" to 1.834!
¢ =4: from 2 to 2.135¢



Main Theorem

Theorem (Conlon, Ferber, 2020)

For any prime p, r(t;p+ 1) > 2t/2p3t/8+o(t),

We need to prove that there is a (p + 1)-labeling of
K,, n = 2t/2p3t/8+o(t) that does not contain a
monochromatic K;. We will show that for a random

(p + 1)-labeling,
IP(3 monochromatic K;) < 1.

This proves the theorem.



Proof of Main Theorem

Let p be a prime and
V=_{v=(v,...,vw) €F,:vev = j+---+v} = 0} C F..

Fact. VacF, 3b,ceF,:a=>b*>+ c? Proof.

Assume p > 2. Let S, ={a?>:a € F,}. Then
5 = (p+1)/2.

Lemma. (Cauchy-Davenport Theorem) For any
A B CF, |A+ B| > min{p, |Al + |B| — 1}.

Thus [S, + Sp| > p. [ So for any vi,...,v,o € F,, there

exist v;_1, v; € IF,, such that
—(VE 4+ vi,) =vEi+ V2 Thus p=2 < V| < p.



Proof of Main Theorem

We have V = {v =€ F}:v-v =0} and p' > < |V| < p.
We now label E(Ky).

» Ifu-v=1i%#0, then set y(uv) = 1.
» If u-v =0, then set x(uv) € {p, p+ 1} independently
and uniformly at random.

Labels in [p — 1]; easy. There is no monochromatic K
with label i € [p — 1], for any s > t. This follows by taking
the vertex set {y1,...,ys} of K and observing that it is
linearly independent.



Proof of Main Theorem

Labels in {p,p+ 1}: Define X C V to be a potential
clique if | X| =t and u-v =0 for all u,v € X. Let Mx be
the matrix formed by taking vectors in X as rows of My.
Then MxMy = 0. Let X be a potential clique with rank r

and suppose the first r rows of My are linearly independent.
The number of such X is at most the number of t x t
matrices My of rank r having first r rows linearly
independent. The number of such matrices is

(H p > (t—r)r 'Dtr—(g)-&-tr—r2 — p2tr—¥+§.



Proof of Main Theorem

So the number of potential cliques N; is at most

2 2

3, P 5 ..
P25 3 < ps to®) maximizing at r = t/2.

Y

Now for n = 2t/2p3t/8+o(t) |et o = n/2|V| = np~tTOQ).
Choose a random subset of V' by picking each element of V

independently with probability ««. The expected number of
monochromatic potential cliques is

atzlf(é)Nt < p—t2+o(t2)nt2—t2/2+o(t2)p5t2/8+o(t2)

—_ (2t/2p3t/8+0(t)n>t < 1/2

So there is a choice of subset of size n such that there is no
monochromatic potential clique. ]
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