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Notations and Definitions

Let G = (V(G), E(G)) be a finite, simple, connected graph with V(G) as the set of
vertices and E(G) C V(G) x V(G) as the set of edges in G.

o We simply write G = (V/, E) if there is no scope of confusion.
o We write i ~ j to indicate that the vertices i, j € V are adjacent in G.

o The degree of the vertex i, denoted by J;, equals the number of vertices in V that
are adjacent to i.
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Notations and Definitions

Definition
Let G be a graph with n vertices. The adjacency matrix of G is an n X n matrix, denoted
as A(G) = [aj], where
{1 if i #j,i~jand
aj =

0 otherwise.

A(G) =
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Notations and Definitions

Definition
Let G be a graph with n vertices. The Laplacian matrix of G is an n X n matrix, denoted
as L(G) = [l;], where

L(G) = 6(G) — A(G),

where §(G) = diag(d1, 02, ,0n).

1 0 0 -1 0 o0
O 1 0 -1 0 o0
0o 0 1 -1 0 o0
Ley= 1 -1 -1 4 -1 o
o 0 0 -1 2 -1
o 0 0 o0 -1 1
o <o =, «z=» = .
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Notations and Definitions

Definition

Let G be a graph with n vertices. The Laplacian matrix of G is an n X n matrix, denoted

as L(G) = [l;], where
L(G) = 6(G) — A(G),

where §(G) = diag(d1, 02, ,0n).

L(G) =

Figure: G

Note that, L(G) is a symmetric, positive semi-definite matrix. The constant vector 1 is
the eigenvector of L(G) corresponding to the smallest eigenvalue 0 and hence satisfies

L(G)1=0and 1'L(G) = 0
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Notations and Definitions

A connected graph G is a metric space with respect to the metric d, where d(i, ) equals
the length of the shortest path between vertices i and j.
Definition

Let G be a graph with n vertices. The distance matrix of graph G is an n x n matrix,
denoted by D(G) = [dj], where

g JdG) i eV,
"7 o ifi=j ijeV.

02 2 1 2 3
2 0 21 2 3
2 2 01 2 3
b(e) = 111 01 2
2 2 2 1 01
33 3 2 10

Figure: G
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Results on Distance Matrix for Tree

Theorem|[Graham et. al., 1971]

Let T be a tree on n vertices. The determinant of the distance matrix of T is given by

det D(T) = (—1)""(n—1)2" 2.
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Results on Distance Matrix for Tree

Theorem|[Graham et. al., 1971]

Let T be a tree on n vertices. The determinant of the distance matrix of T is given by

det D(T) = (—1)""(n—1)2" 2.
Theorem[Graham et. al., 1978]

Let T be a tree on n vertices and D(T) be the distance matrix of T. Then the inverse of
the distance matrix of T is given by

D(T) ™ =~ L(T) +

= 1)7'7'
where 7 = (2 — 01,2 — 82,...,2 — §,)" is a column vector.
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Results on Distance Matrix for Tree

Figure: T
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Cut Vertex and Block

Definition
A vertex v of a connected graph G is a cut vertex of G if G — v is disconnected. A block
of the graph G is a maximal connected subgraph of G that has no cut-vertex.
?\ Iw
T/ / .\\o
B4:
?\ B3 : /
T e TR
/ PR .
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Few Graphs of Our Interest
Definition

A graph with n vertices is called complete, if each vertex of the graph is adjacent to
every other vertex and is denoted by K.

i ii i “ Uy U3
Y1 va v3 va

Figure: Ks

Figure: K3 4

Definition

A graph G = (V/, E) said to be bipartite if V' can be partitioned into two subsets V4 and
V> such that E C Vi x V5. A bipartite graph G = (V/, E) with the partition Vi and V, is
said to be a complete bipartite graph, if every vertex in V; is adjacent to every vertex of
Vo, If |Vi] = n1 and | V2| = ny, the complete bipartite graph is denoted by Ka, n,.

(IISER, Thiruvananthapuram) Distance Matrix 9/25



Few Graphs of Our Interest

Definition

For m > 2, a graph is said to be m-partite if the vertex set can be partitioned into m
subsets V;, 1 < i< mwith |Vi|=n;and |V|=3" nisuchthat ECJi; Vix V. A
i

m-partite graph is said to be a complete m-partite graph, denoted by Kj, n,,... if every
vertex in V; is adjacent to every vertex of V; and vice versa for i # j and

ihj=1,2,....,m

sMm
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Existing Results and Our Aim

In literature the following graphs has been studied.

Qo

Qo

Block graph (Bapat et. al., 2011) [each of its blocks is a complete graph].
Cycle-clique graph (Hou et. al. 2015) [each of its blocks is either a cycle or a
complete graph].

Cactoid graph (Hou et. al. 2015) [each of its blocks is a oriented cycle].

Bi-block graph(Hou et. al. 2016) [each of its blocks is a complete bipartite graph].

Weighted cactoid graph (Zhou et. al. 2019) [each of its blocks is a oriented
weighted cycle].
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Existing Results and Our Aim

In literature the following graphs has been studied.

Qo

Qo

Block graph (Bapat et. al., 2011) [each of its blocks is a complete graph].
Cycle-clique graph (Hou et. al. 2015) [each of its blocks is either a cycle or a
complete graph].

Cactoid graph (Hou et. al. 2015) [each of its blocks is a oriented cycle].

Bi-block graph(Hou et. al. 2016) [each of its blocks is a complete bipartite graph].

Weighted cactoid graph (Zhou et. al. 2019) [each of its blocks is a oriented
weighted cycle].

Our Aim: To compute the determinant and inverse of the distance matrix for graphs
where each of its block is a complete m-partite graph; m > 2, we call such graphs
multi-block graph.
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A Rough Sketch of the Main Result

Given an n X n matrlx B, we define B(i | j) to be the matrix obtained from B by deleting
the i row and j™ column. For 1 < i,j < n, the cofactor cjj is defined as

ci = (1) det B(i | j).

We use the notation cof B to denote the sum of all cofactors of B, i.e.,

cof B = Z Cjj.

1<ij<n

Theorem(Graham et. al., 1977)
Let G be a connected graph with blocks Gi, Ga,--- , Gp. Then

b
cof D(G) = [ ] cof D(G))

det D(G) = ZdetD G) [ ] cof D(G;
J#i
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A Rough Sketch of the Main Result

Theorem|[Graham et. al., 1978]

Let T be a tree on n vertices and D(T) be the distance matrix of T.

Then the inverse of
the distance matrix of T is given by

D(T) ' = f%L(T) + ﬁwﬁ

where 7 = (2 — 61,2 — 02,...,2 — 6,,)T is a column vector.
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A Rough Sketch of the Main Result

Theorem|[Graham et. al., 1978]

Let T be a tree on n vertices and D(T) be the distance matrix of T. Then the inverse of
the distance matrix of T is given by

D(T) ' = f%L(T) + ﬁwﬁ

where 7 = (2 — 61,2 — 02,...,2 — 6,,)T is a column vector.

Our Aim:
Let G be a multi-block graph. Then, the inverse of the distnce matrix of G is given by
-1 1 ¢
D(G) " =—-Ls+ N Heke
G
where

o The matrix £ satiesfies £1 = 0 and 1°L¢ = 0 and is a called Laplacian-like matrix.

o i is a column vector

o Ag a suitable constant.
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A Rough Sketch of the Main Result

We need to find Lg, 6, A satisfying the following.
@ det D(G) # 0 iff \¢g # 0.
@ D(G)uc = Ael.

@ LoD(G)+ 1= pelt

(IISER, Thiruvananthapuram)

Distance Matrix

DA

14 /25



A Rough Sketch of the Main Result

We need to find Lg, 6, A satisfying the following.
@ det D(G) # 0 iff \¢g # 0.
@ D(G)uc = Ael.
@ LcD(G)+ 1= pclt

By (1) and (2), we have ucl" = 3-pcuGD(G). Next by (3), we have
1
LeD(G)+1= TGMGNED(G)
1 1 ¢
= Lc+D(G)" = —neke
A

_ 1
= D(G) ! :7CG+E/AG/J€;.

Given a connected graph G, we are looking for a tuple (D(G), L, f16, A¢) satisfies the
above conditions.

G— (D(G)7EG7“G7)‘G)’
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A Rough Sketch of the Main Result

Theorem[Zhou et. al., 2017]

Let G be a connected graph with blocks Gi, Ga, -+, Gp. For 1 < t < b,, we search of
Gt — (D(G‘[—),EGH/AGt7 >\Gr) Wlth ].t/.,LGt = 1
Then
where

G — (D(G), Ls, pa, Aé)s

b
Ae = e,
t=1

b
ue(v) = Z/,L(;r(v) — (k — 1), if vertex v belongs to k many blocks of G.
t=1
b
Le=) L.
t=1
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A Rough Sketch of the Main Result

Theorem(Graham et. al., 1977)
Let G be a connected graph with blocks Gi, Go, -+, Gp. Then

cof D(G) = ﬁcof D(Gj)

det D(G) = ZdetD G) ][] cof D(G)

#i

Observe that, if cof D(G;) # 0 for all t =1,2,..., b, then

det D(G) = [idew(@) ﬁcof D(G) = [i )\Gt] x cof D(G).

— cof D(Gy) t=1
Define A¢ = 30, Ag, with A, = 5 gﬁg{;
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A Rough Sketch of the Main Result

Theorem
Let D(Kny,ny,--- ,n,,) be the distance matrix of complete m-partite graph Ku; ny,... ,n,, ON
V| =37, ni vertices. Then
det D(Kny - n) = (27" | S [ m [ J(m ~2) +H(n, ~2)
=1 J#i
cof D(Kym,- ) = (=)™ IS i [J(n - 2)
i=1 j#i

Let G = Ko ,ny,-- ,nm- Then

et D(G)
¢ = of D(G)’ whenever cof D(G) # 0.
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A Rough Sketch of the Main Result

Let n; € N, 1 </ < m and let us denote

ﬁnanW,,m = Z n; H(nj — 2) + H(ni - 2)7
i=1

=1 j#i

Bﬁi = 5"1"2“‘"[71"(41'“","-

and "
Yosmonm = 1 | [(n; = 2).
i=1 i

YAy = Yninye--ni_1nig1-eonm

The inverse in m x m block form is given by D(Kn,.ny.... o)~ " = [Dj], where

2085 — Vi . .
(5, ’y')Jn,v*llni if i =J;

2By nm 2
Dy =
’ [T -2
1#i,j P .
- Joxn; if i .
ﬁnlnz»-»nm P #J
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A Rough Sketch of the Main Result

Let G = Koy ny, o snms M > 2. Let V., 1 < i < m denote the m-partitions of the vertex
set V of G.

o We define a matrix L = [Lu/], called Laplacian-like matrix of Kp, n,,... ,n,, Where
ni — 1 o 2 ,’,7 . .
% ifu=viue V,, for 1<i<m;
2Ynynp---npm
 Ba . o
Lo = if u#v,u,ve Vy,for 1 <i<m
2'7111"2
j\n— 2 . .o
M if u~v,ue V,,veVy,, for 1<ij<m
7”1"2"'”;77
o We define a |V|-dimensional column vector p¢ as follows:
pe)= > 3 [l -2)
Yniny--nm i=1 VEV,, J#i
20/25
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Other Results

Theorem

Let D(Kny,n,,

V| =>"", nj vertices. Then

) be the distance matrix of complete m-partite graph Kp, n,,
det D( ny,nz,:

) = (=2)IVIEm

- nm ON

J#i

Z n,H(nj -2) +H(n, -2)

m

cof DKy, nn) = (=2)77 |3 | mi [ [(n; = 2)

i=1 J#i
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Other Results

Theorem

Let D(Kny,ny, - ,n,,) be the distance matrix of complete m-partite graph Kp; ny,... ,n,, ON
V| =37, ni vertices. Then

det D(Kny.ny... o) = (=2)IVI7™ zm: n [J(n = 2) +H(n,72

i=1 J#i
cof D(Kaym. ) = (=2)17" 1> " | i [ [(mi = 2)
i=1 J#i

If nj > 2, forall i =1,2,..., m, then both det D(G) and cof D(G) # 0
For 1 < < m, if atleast two n;'s are 2, then det D(G) = cof D(G) = 0.
For 1 < i < m, if exactly one n; is 2, then det D(G) = cof D(G) # 0.

If nj=1,foralli=1,2,...,m, then G = K, and for m > 1,
det D(G), cof D(G) # 0.

Ll
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Other Results
Theorem

Let m> 2 and G = Ky ny,... ,np- Then, det D(G) = 0 if and only if either of the following
holds:

(1) at least two n;j's are 2 for 1 < i < m,
m+1 3m+1
2

(2) there exists | € N with <1< 1 such that n; =1 for 1 </ </ and

ni>2forl+1<i<mwith

m

=2/~ (m+1).
i T

Theorem

Let m > 2 and G = Ky, ;- Then, cof D(G) = 0 if and only if either of the
following holds:

(1) at least two ni's are 2 for 1 < i < m,

(2) there exists | € N with g << 3Tm such that nj=1for 1 </ </and n; > 2 for
I+1<i< mwith

m

22 ni1_2:2/—m.

i=I+1
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Other Results

o There are infinitely many complete multipartite graphs G with cof D(G) # 0
satisfying A¢ < 0.

o Similar assertion is true for A\¢ > 0 and as well as for A\¢ = 0.
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Other Results

Given a multi-block graph G with blocks G;; 1 < t < b. Recall that, if cof D(G;) # 0;

1 <t<b., then
b
Ao =D e
t=1

and
det D(G) # 0 iff A # 0.
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Other Results

Given a multi-block graph G with blocks G;; 1 < t < b. Recall that, if cof D(G;) # 0;

1 <t<b., then
b
Ao =D e
t=1

and
det D(G) # 0 iff A # 0.

o We find multi-block graph G with blocks G; with cof D(G;) # 0 and det D(G;) # 0;
1<t <b, but det D(G) = 0.
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Other Results

Given a multi-block graph G with blocks G;; 1 < t < b. Recall that, if cof D(G;) # 0;
1 <t<b., then

b
A6 =Y A
t=1

and
det D(G) # 0 iff A # 0.

o We find multi-block graph G with blocks G; with cof D(G;) # 0 and det D(G;) # 0;
1<t <b, but det D(G) = 0.

o Infinitely many such multi-block graphs can be constructed.
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Other Results

Given a multi-block graph G with blocks G;; 1 < t < b. Recall that, if cof D(G;) # 0;
1 <t<b., then

b
Ao =2 A
t=1

and
det D(G) # 0 iff A # 0.

o We find multi-block graph G with blocks G; with cof D(G;) # 0 and det D(G;) # 0;
1<t <b, but det D(G) = 0.

o Infinitely many such multi-block graphs can be constructed.

J. Das and S. Mohanty. Distance Matrix of Multi-block Graphs: Determinant and Inverse
preprint: https://arxiv.org/abs/1910.01367 J
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