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Introduction

H-join operation of graphs
Fiedler's lemma
Main function of a matrix

-join operation of graphs

., v} and let F = {Gy, Gy, ..

.., G, denoted by \/ JF, is obtained by replacing the vertex v; of H
H

by the graph G; for 1 < i < k and every vertex of G; is made adjacent with every vertex of G;, whenever v; is

adjacent to v; in H.

Let H be a graph with vertex set {vq, v, ..
the H-join operation of the graphs Gy, G, .

., G} be a family of graphs. In [4],

k

Precisely, \/ F is the graph with vertex set V/( \/ ) = U V(Gj) and edge set

H
k
E(VFA) =(UEG)u( U

i=1 vivj EE(H)

H i=1

{xy: x € V(G;),y € V((;j)})
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Introduction
H-join operation of graphs
Fiedler's lemma

Main function of a matrix

Consider the graphs H = P3, G; = P3, G = Ky 3 and Gz = K> U K as follows.
H
— o ——————
vi v2 v3
2)
v
V{l) v1(3)
2]
N
G : G: Gy:
¥ ¥e)
¥
(1)
W o P
v
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Introduction

H-join operation of graphs
Fiedler's lemma
Main function of a matrix

Let 7 = {Gy, Gy, G3}. Then the H-join graph G = \/]—" is given as
H
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Introduction
H-join operation of graphs
Fiedler's lemma

Main function of a mat

In [21], the H-join operation of the graphs was initially introduced as generalized composition by Schwenk,
denoted by H[Gy, Gy, . .., Gi]. Also, the same operation is studied in some other names as generalized

lexicographic product and joined union in [23, 19, 22]. When all G;'s are equal to the same graph G, it is called the
lexicographic product[15], denoted by H[G].

In [21] it is remarked by Schwenk, that “In general, it does not appear likely that the characteristic polynomial of
the generalized composition can always be expressed in terms of the characteristic polynomials of
H, Gy, Gy, ..., G".
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Introduction
H-join operation of graphs
Fiedler's lemma

Main function of a matrix

In this work, we prove that it is possible to express the characteristic polynomial of H-join operation of graphs (i.e.
generalized composition) in terms of

@ the characteristic polynomials of G1, Gy, ..., G
@ the ‘main’ functions of Gy, G, . . ., G
@ and another function obtained from the adjacency matrix of H.

Moreover for the H-join operation of any graphs, we obtain the characteristic polynomial and the spectrum of its
universal adjacency matrix.
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Introduction

H-join operation of graphs
Fiedler's lemma
Main function of a matrix

Lemma [12, Lemma 2

Let A be a symmetric m X m matrix with eigenvalues a1, a, ..., am and B be a symmetric n X n matrix with
eigenvalues 31, B2, ..., Bn. let u be an eigenvector of A corresponding to a; and v be an eigenvector of B
corresponding to 31 such that ||u|| = ||v|| = 1. Then for any constant p the matrix

| A puvt
P

has eigenvalues v, ..., am, B2, ..., Bn, ¥1, ¥2 Where 1 and -y, are the eigenvalues of the matrix
¢ al 4
€= .
{ p 51]
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Introduction
H-join operation of graphs
Fiedler's lemma

Main function of a matrix

In [3, 4], this lemma is called Fiedler's lemma. It is easy to see that, this lemma can be used to find the spectrum
of H-join of regular graphs when H = Kj.

Theorem[4]

Let M; be a symmetric matrix of order n; and u; be an eigenvector of M; corresponding to the eigenvalue «;, such
that |lu;|| = 1 for 1 < i < k. Let p; ; be a collection of arbitrary scalars such that p; ; = p; ; for
1 < i < j < k. Considering

M = (M, Mp, ..., Mi),u = (ur,up, ..., ug)
as k-tuples, and
= (P12« - =5 P1,ks P235 -+ - s P2,k> - - + Pk—1k)
k(k=1) . . )
as T-tuple, the following matrices are defined.

(To be Cont.)
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Introduction
H-join operation of graphs
Fiedler's lemma
Main function of a matrix

Theorem[4](Cont.)

My . pr ULy e py Ul
p2,1U2U; Mo N1 R
A(M, u, p) := . . . . and A(M, u, p) :=
ot ot M
Pk,1UKU]  Pk,2UkU k
a1 P2t Pk
p2,1 Q2 pPak
Pk Pk2 e o
Then spec(A(M, u, p)) = (Uff:1 (SPeC(MI)\{D‘i})> U spec(A(M, u, p)).
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H-join operation of graphs
Fiedler's lemma
Main function of a matrix

Adjace i in of graphs

Consider a graph H on k vertices and a family of graphs F = {Gy, Gp, ..., G }. Let G = \/]—" be the H-join of
H

graphs in F, and let n;, A; and D; be the number of vertices, the adjacency matrix and the degree matrix of the
graph G; respectively, for 1 < i < k. Also let p; ; be the scalars defined by p; ; = p; ; = 1if jj € E(H) and
0 otherwise, for 1 < i, j < k and i # j. Then the adjacency matrix of the graph G can be written as

t t
AL . Pr2ln 1, e P1,k1n11gk
p2,11ny 15 Az s p2ulng 1y
AG) = . . . . . (1)
pk,1lny 15,1 Pk,21n 152 6co Ak
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H-join operation of graphs
Fiedler's lemma
Main function of a matrix

Theorem[4] Spectrum of H-join of regular

raphs

Let H be a graph with vertex set {vi, vy, ..., v} and let 7 = {Gy, Gy, ..., G} be a family of graphs. Let
G = \/]—' be the H-join of graphs in F. Suppose the graph G; is rj-regular for 1 < i < k on n; vertices. Then
H

spec(A(G)) = (

C»

(spec(G)\173) ) U spec(A(G))

i=1
n Vmmpi2 v VMnikpP1 k
_ \V/Nn2nip2;1 n T VMg P2,k
where A(G) . . .
VKM Pkl \/NkMmpPk2 k
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H-join opera of graphs
Fiedler's lemma

Main function of a mat

o I, Io- ldentity matrix
@ J, J,- All one matrix
@ 1,- All one vector

Dr. M. Saravanan iedlers lemma and H-join



Introduction
H-join operation of graphs
Fiedler's lemma
Main function of a matrix

Main eigenvalues and Main angles

Suppose A(G) has spectral decomposition A(G) = Xf-‘zl 0;Eg,, where 0;'s are distinct eigenvalues of G and Eg, is
the orthogonal projection on the eigenspace of 6;, £(0;) = ker(A(G) — 6;l,).
@ An eigenvalue 0; is called a main eigenvalue if the corresponding eigenspace £(0;) is not orthogonal to 1,.
@ The cos{nes of the angles between 1, and the eigenspaces of A are known as main angles of G, given by
Bi = ﬁ
@ So 6; is a main eigenvalue if and only if 8; # 0.

For more on the main angles and main eigenvalues, we refer [20] and references therein.

l1Eg, 1nll, for 1 < i < k.
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H-join operation of graphs
Fiedler's lemma

Main function of a matrix

Consider the field of rational functions C(\). The det(A/ — A) is a non-zero element of C(\) and hence the
matrix Al — A is invertible over C(\).

In [17], the function 1% (X1, — A(G)) ™11, is introduced in the name of coronal of G and is used to find the

characteristic polynomial of the corona of two graphs. Since Eg‘ = E9’., it is easy to see that
i
1tEy.1 |Eo. 1,2 nB2
(A, — AG) M, =k 0% gk JOT gk i ()
A —0; A —0; A —0;

in which only non-vanishing terms are those terms corresponding to main eigenvalues.
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H-join operation of graphs
Fiedler's lemma

Main function of a matrix

Because of this relationship among main eigenvalues, main angles, and coronal of the graph G, we prefer to call
1 (N — A(G)) 11, the main function of the graph G, and denote as I'¢ ().
Moreover for any vectors u and v, and a matrix M of the same dimension, we introduce the following notions.

Main function of a matrix

Let M be an n X n complex matrix, and let u and v be n X 1 complex vectors. The main function associated to
the matrix M corresponding to the vectors u and v, denoted by 'y (u, v), is defined to be

Ta(u, vi A) = vE(A — M)~y € C(X). When u = v, we denote Tpy(u, v; ) by Tpy(u; A).
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H-join opera of graphs
Fiedler's lemma

Main function of a matrix

A generalization of Main eigenvalue

Let M be an n X n normal matrix over C and let u be an n X 1 complex vector. An eigenvalue A of M is called as
u-main eigenvalue if the corresponding eigenspace £)/(\) is not orthogonal to the vector u. In the case of u = 1,
the all-one vector, we don't specify the vector and call eigenvalue A of M as the main eigenvalue of M.
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Introduction

H-join opera of graphs
Fiedler's lemma
Main function of a matrix

Some results on Main function

@ Let Mbea complex normal matrix of order n and let u be any n X 1 vector. Then the poles of
ut (M — M)~y are the u-main eigenvalues of M and are simple.

@ Let M be a matrix of order n with an eigenvector u corresponding to the eigenvalue p1. Then
2
ey =
M\, = ..°
A—p
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Generalization of Fiedler's Lemma Main Theorem
Univ | adjacency mat

zed Corona

Now we can state our main result, a new generalization of Fiedler's lemma.

Main theorem: Generalization of Fiedler's lemma

@ Let M; be a complex matrix of order n;, and let u; and v; be arbitrary complex vectors of size n; X 1 for

1<i<k Letn= zf'(:ﬂ’i- Let p; ; be arbitrary complex numbers for 1 < i, j < k and i # j.
@ Foreachl < i< k, let ¢pj(\) = det(Alp; — M;) be the characteristic polynomial of the matrix M; and
Ti(A) = Tag; (uj, vis A) = v (Al — M) Lu;.

@ Let M be the k-tuple (Mg, Ma, ..., M), u be the 2k-tuple (uy, vi, Uz, va . . . , U, vk) and p be the

k(k — 1)-tuple (p1,2,P1,2 « - - s P1, ks P2,15 P235+ - s P2, ks« - - 3 Ph,1s Pk,25 -+ - 3 Pk—1k)-
(To be Contd.)
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Generalization of Fiedler's Lemma

Generalization of Fiedler's lemma(Cont:

Main Theorem
Universal adjacency matrix
Generalized Corona

Considering M, u and p, the following matrices are defined:

(To be Contd.)

My

p2,1”2‘/1t
AM, u, p) =

"
Pk,1UkVy

()
—p2,1
and A(M, u, p) :=

—Pk,1

Dr. M. Saravanan

p1,2u1v5 P1,kULV]
M, Cee P2 kt2V
L :
Pk,2UkVy M
—p1,2 —P1,k
i —
[EYe)) P2,k
1
Pk,2 (%)
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Generalization of Fiedler's Lemma Main Theorem

Unive | adjacency matrix
ralized Corona

Main theorem: Generalization of Fiedler's lemma(Contd.)

Then the characteristic polynomial of A(M, u, p) is given as

det(Aly — A(M, u, p)) = <”f5:1¢f(>\)ri(>\)> det(A(M, u, p)). (3)
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Generalization of Fiedler's Lemma Main Theorem
Univ | adjacency mat

zed Corona

Previous generalization as Corollary of Ma eorem

Consider the notations defined in Main theorem. Suppose u; = v; is an eigenvector of M; corresponding to an

eigenvalue a; with ||uj|| = 1, then the characteristic polynomial of A(M, u, p) is
& 5
S(AM, u, p)) = xH= <22 P det(A(M, u, p))
A—o1  —p12 - —P1,k
_ —p2,1 A—ay - —P2,k
where A(M, u, p) =
—Pk,1 —Pk2 Aoy
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Generalization of Fiedler's Lemma Main Theorem
Unive | adjacency matrix
ralized Corona

Proof of Main theorem by induction

@ A Lemma:
det(A — A+ auvt) = (1 + al)det(\ — A) = (1 + al)pa(N)

@ Wwe prove the result of main theore by using induction on k.

@ For convenience, we take I'; = I';()\). The base case k = 1 is clear.

@ Wwe prove the result also for k = 2 for the sake of understanding.
Moy — My —p1omvh

—p2,1t2v  Alpy — My

= det(Xpny — My) det(Xpn — My — p1 202 1M2u1vf)
= ¢1¢2(1 — p1,2p2,1T2M1)

_ —p1,2M1
= $1¢2 1

—p2,12
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Generalization of Fiedler's Lemma Main Theor
Universal adjacency matrix
Generalized Corona

Spectrum
Suppose the matrices M;'s are normal and {61,603, .. ., 9m’.} is the set of distinct u;-main eigenvalues of M;, for
1 < i < k. Then we can write
fi =i
I = — where g; = H(/\ —6;). (4)
&i j=1
Hence by the Main theorem,
$1 Pk
det(A — A(M, u, p)) = (22) ... (Z)e(x) ®)
81 8k
a1(A) —p12fi(A) o —p1kfi(N)
—p2,1H(X) &2(X) s —pokh(X)
where ®(\) =
=Pk 1fk(A)  —pr2fk(N) - &rk(N\)
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Generalization of Fiedler's Lemma Main Theorem
Unive | adjacency mat

zed Corona

So we can describe the spectrum of A(M, u, p) as follows.

Main Theorem(Spectrum version)

Consider the notations defined above. Suppose the matrices M;’s are normal, then

)

)

Every eigenvalue, which is not a u;-main eigenvalue of M;, say A with multiplicity m()) is an eigenvalue of
A(M, u, p) with multiplicity m(\).

Every uj-main eigenvalue of M;, say A with multiplicity m(\) is an eigenvalue of A(M, u, p) with
multiplicity m(X) — 1.

Remaining eigenvalues are the roots of the polynomial ®(\).
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Generalization of Fiedler's Lemma Main Theorem
Universal adjacency matrix

Generalized Corona

The universal adjacency matrix of a graph G is defined as follows:

ersal adjace

@ Let A(G), I, J, and D(G) be the adjacency matrix of G, the identity matrix, the all-one matrix, and the
degree matrix of G, respectively.
@ Any matrix of the form U(G) = aA+ Bl + vJ + 6D where v, B,v,8 € R and o # 0 is called the

universal adjacency matrix of G.

Many interesting and important matrices associated to a graph can be obtained as special cases of U(G). For

example, we get
adjacency matrix A(G),

Laplacian matrix L(G) = D(G) — A(G),

signless Laplacian matrix Q(G) = D(G) + A(G), and
Seidel matrix S(G) = J — | — 2A(G)

by taking appropriate values for «, 3, v, and 6.
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Generalization of Fiedler's Lemma Main Theorem
Universal adjacency matrix
Generalized Corona

Let H be a graph with vertex set {vq,..., v} and F = {Gy, Gy, ..., G} be a family of k graphs such that
V(G) = {Vl(l), RN V;(1;-)} for 1 < i < k. Then the degree of the vertex v}') inG = \/_F is given by
H

degg(v)) = degg, () + wi 1 < i < k1< < my

where w; = Z n .

VI ENR (vi)
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Generalization of Fiedler's Lemma e
Universal adjacency matrix
Gen d Corona

UA matrix of H-join

Let H be a graph on k vertices and F = { Gy, Gp, ..., G} be a family of any graphs. Consider the graph
G = \/_F Let ¢;(\) be the characteristic polynomial of U; and I;(\) = rul_(l,,l.; A). Then we have the
H

following.
i) The characteristic polynomial of the universal adjacency matrix U(G) is

bue)(N) = (n,-k:m,-u — Sw)li(x — aw,»>> det(U(G))
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Generalization of Fiedler's Lemma Main Theorem
Universal adjacency matrix

Generalized Corona

UA matrix of H-join

m *(01,2104+’Y) oo =(prkex+ )
N —(p2,100 + ) [pee=y) oo —(p2kat )
where U(G) = . 5 . . (©)
(k1o +7) (k2 +) ey
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Generalization of Fiedler's Lemma Main Theorem
Universal adjacency matrix

Gen zed Corona

ii) We define f;, gj, and ®(\) corresponding to the main eigenvalues of U; for 1 < i < k. Then the universal
spectrum of G is given as below.

@ For every eigenvalue p of U; with multiplicity m(g), which is not a main eigenvalue, p + dw; is a universal
eigenvalue of G with multiplicity m(u).

@ For every main eigenvalue p of U; with multiplicity m(u), i + Swj is a universal eigenvalue of G with
multiplicity m(p) — 1.

@ Remaining eigenvalues are the roots of the polynomial ().
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Generalization of Fiedler's Lemma Main Theorem
Universal adjacency matrix

Generalized Corona

Apart from adjacency matrix, we can deduce many results from the previous theorem. So our work can be
considered as a generalization of following works.

Generalization

@ In [4, Theorem 8], the authors obtained the Laplacian spectra of H-join of any graphs.

@ In [23, Theorem 2.4], the authors obtained the characteristic polynomial of Lexicographic product H[G’]
and investigated the spectrum in various cases.
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Generalization of Fiedler's Lemma Main Theorem
Universal adjacency matrix
Generalized Corona

Generalization

@ The generalized characteristic polynomial of a graph G is introduced in [9]., as the bivariate polynomial
defined by ¢ (A, t) = det(Al — (A(G) — tD(G))) where A(G) and D(G) are the adjacency and the
degree matrix associated to the graph G.

@ In [8, Theorem 3.1] the authors obtained a generalization of Fiedlers lemma, for the matrices with fixed
row sum and as an application, they obtained the generalized characteristic polynomial of H-join of regular
graphs.

@ In [16] the universal adjacency spectra of the disjoint union of regular graphs is obtained.
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Generalized Corona

In [13, Theorem 3.1], the generalized corona product is defined as below and its characteristic polynomial is
obtained. We can deduce this result also. This is done by viewing the corona product as the H-join of suitably
chosen graphs.

| A\

Definition

Let H' be a graph on k vertices. Let Gy, Gy, . . ., Gy be graphs of order ny, ny, ..., ny respectively. The
generalized corona product of H' with G, Gy, . . ., Gy, denoted by H’ 6/\;(:1 Gj, is obtained by taking one copy of
graphs H', G1, Gy, . . ., Gy, and joining the ith vertex of H’ to every vertex of G;.
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Unive | adjacency matrix

Generalized Corona

Generalized Corona as H-join

Let H=H’ o K. Let Vit be the new vertex in H attached with the vertex v; in the copy of H' for1 < i< k.
Let F = {K1, K1, ...,K1,G1,Gp, ..., Gc}. Then we get the following visualization of generalized corona as
H-join of graphs in F.
~ak
(H'3NL,G) = (\ F)
H

That is, each v; is replaced by Kj and v ; is replaced by G; in H, to form the H-join.
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Univer:

2r C
Generalized Corona

Characteristic polynomial of Generalized Corona

Let H' be a graph with vertex set V(H') = {v1, v, ..., v}. Let Gi, Gy, ..., G be any graphs. pij = 1if
vivj € E(H') and 0 otherwise. The characteristic polynomial of the generalized corona product G = H'(")/\ff:1 G;
is given by

b6(\) = (n,ilaac,.u)) det(A(H'))

A=Tg () —p1,2 °oo —P1,k
_ —p2,1 A=Tg(A) - —P2,k
where A(H') =
—Pk,1 —Pk,2 e A=Tg (V)
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Cospectral graphs

Cospectral graphs

@ Two graphs are said to be cospectral if their (adjacency) spectrum are equal. In general, for any matrix say
M(G) for a given graph G, two graphs are said to be M-cospectral if their M-spectrum is equal.

@ In [2], the author questioned the existence of non-regular graphs, which are cospectral with respect to the
adjacency, the Laplacian, the signless Laplacian, and the normalized Laplacian spectrum simultaneously.

@ In [8, Theorem 3.7], the authors affirmatively answered the question by the construction of such graphs
using the H-join of regular graphs. We prove that those graphs are U-cospectral too. In particular, those
graphs are cospectral with respect to the Seidel spectrum also.
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Cospectral graphs

Cospectral graphs

Let F = F1 = {G1, Gy, ..., Gy} and Fp = {G{, G}, ..., G/} be two families of graphs.

(i) If G; and G/ are cospectral regular graphs on n; vertices for 1 < i < k, and H is an arbitrary graph on k
vertices, then \/ F1 and \/ F> are U-cospectral.
H H
If H; and H, are cospectral rj-regular graphs on k vertices and every G; is ry-regular on m vertices for
1 < i < k, then \/]—' and \/]—' are U-cospectral.
Hy Ha
(iii) If Hy and H, are cospectral ri-regular graphs on k vertices and, G; and G,-' are cospectral ry-regular graphs

on m vertices for 1 < i < k then \/]-'1 and \/]—'2 are U-cospectral.
Hy Ha

(i)
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H-generalized join operation constrained by vertex subsets

Let H be a graph with vertex set {v1, va, ..., v} and let F = {Gy, Gy, ..., G} be a family of graphs. Now

by considering a family of vertex subsets S = {51, Sy, ..., Sk} where S; C V(G;) foreach1 < i < k, a

generalization of H-join operation, known as H-generalized join operation constrained by vertex subsets, \/ Fis
H,S

introduced in [5] as follows:
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H-generalized join operation constrained by vertex subsets

k

k
vV A =Uve)adE(N F)=(UJEG)U( U {v:xeS,yes).

H,S i=1 H,8 i=1 vivj EE(H)

If we take S; = V/(G;) for each 1 < i < k, then the H-generalized join operation \/ F coincides with the H-join
H,S
operation of the graphs G, Gy . .., Gi.
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H-generalized join operation constrained by vertex subsets

Consider the graphs H = P3, G; = P3, G = Ky 3 and Gz = K> U K as follows.
H
— o ——————
vi v2 v3
2)
v
V{l) v1(3)
2]
N
G : G: Gy:
¥ ¥e)
¥
(1)
W o P
v
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H-generalized join operation constrained by vertex subsets

Consider H and F as in Example 3. Let 5; = {v{l), vél)}, Sy = {V§2), v§2), V§2)} and S3 = {v§3), v3('3)}4 Then

the H-generalized join graph G = \/ F is given as
ZS5)
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H-generalized join operation constrained by vertex subsets

The characteristic vector of a subset

Let G be any graph with vertex set {vy, v, ..., vp}. For any subset S C V(G), the characteristic vector of S,
denoted by g, is defined as the 0-1 vector such that o place of x5 is 1 if and only if the vertex v; € S.

By the definition of V(H,S) JF, its adjacency matrix can be given as

A PL2XS XS, T PLKXS XS,
P2,1XS, Xgl Ay St P2,kXS, ng
A(G) =
Pk,1XS) stl Pk,2XS) stz 000 Ax
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H-generalized join operation constrained by vertex subsets

Theorem on H-generalized join

Consider a graph H of order k and a family of graphs F = {Gj, ..., G, }. Consider also a family of vertex
subsets S = {S1,...,Sc}, such that S; C V(G;) for1 < i < k. Let G = \/ F. Let n; and A; be the number
ZS5)

of vertices and the adjacency matrix of the graph G; respectively for 1 < i < k. For 1 < i,j < k, let p; ; be the
scalars defined by p; ; = 1if ij € E(H) and 0 otherwise. Then we have the following.
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H-generalized join operation constrained by vertex subsets

% —P1,2 T —P1,k
—P2,1 G T —P2,k
where A(G) = . (7)
: . <
—Pk,1 —Pk,2 T W

where ¢;(X) = det(Aln; — A(G;)) and (X)) = FAI_(XS’,; A)
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H-generalized join operation constrained by vertex subsets

ii) Analogous to the Equations (4) and (5), we define f;, g; and ®(\) corresponding to the Xs;-main eigenvalues of

G; for 1 < i < k. Then the spectrum of G is given as below.

)

)

Every eigenvalue p of A; with multiplicity m(x), which is not Xsl_—main eigenvalue, is an eigenvalue of G
with multiplicity m(p).

Every Xsl,-main eigenvalue p of A; with multiplicity m(p), is an eigenvalue of G with multiplicity

m(p) — 1.

Remaining eigenvalues are the roots of the polynomial ®(\).
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A Recent work

D. M. Cardoso, H. Gomes, S. J. Pinheiro, The H-join of arbitrary families of graphs, arXiv: arXiv:2101.08383.
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