Seidel spectrum of threshold graphs

Santanu Mandal

E-Seminar on
Graphs, Matrices and Application

National Institute of Technology
Rourkela, Odisha-769008

=y

ROURKELA

May 14, 2021

Santanu Mandal ... E-Seminar on Gra Seidel spectrum of threshold graphs May 14, 2021 1/36



Introduction

@ Attention in threshold graphs gained momentum during last 40
years.

@ It has many applications in various field.
@ Threshold graphs are a special case of cographs and split graphs.

@ The motivation for considering threshold graphs comes from the
spectral graph theory.

@ An important thing is that-a threshold graph with n vertices can
always be represented by a finite binary string of length n.

@ For n > 2 there are 272 connected threshold graph on n
vertices.
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The study of threshold graphs was started with the papers by Chvatal
and Hammer [1] and Henderson and Zalcstein [2] in 1977.

@ The most complete reference on this topic is the book by
Mahadeb and Peled [3], and for basic knowledge of spectral
graph theory we refer the book by Godsil [13].

@ Bapat [5] proved that the number of negative, zero, and positive
eigenvalues of a threshold graph can be find out directly from its
binary code representation. He also calculated the determinant
value of the adjacency matrix of a generalized threshold graph
and calculated the inverse of the adjacency matrix of an
antiregular graph.

@ Sciriha et al. [4] explore the adjacency spectrum of antiregular
graphs and show common properties of a connected threshold
graph.
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@ Jacobs et al. ([6, 7, 8]), focus on eigenvalue location,
characteristic polynomial and energy of a threshold graph. They
developed an algorithm for computing the characteristic
polynomial of a threshold graph. They proved that-a threshold
graph has no adjacency eigenvalue in the interval (0, 1).

@ Banerjee and Mehatari [9] derived some results on normalized
spectrum of a threshold graphs. They characterized all the
threshold graphs with at most five distinct adjacency eigenvalue.

@ Lazzarin [11] et al. proved that no threshold graphs are
cospectral with respect to its adjacency matrix.

@ We use the concept of evaluating the determinant of a tri
diagonal matrix which is given by Mikkawy [14].
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Mathematical Setup

Suppose B = {ay, an, 3,0, . .., } is a real sequence and
Ag = () is a symmetric matrix whose entries are

a;, fori>j,
aj = aj, forj>i,

0, otherwise.

0 a a3 az -+ «p

a 0 a3 as -+

2 a3 a3 0 a -+ a
B p—

ar o4 oaa 0 -0

o, o« o o --- 0

The matrix Ag is called the threshold matrix associated with
the real sequence B.
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Definition

A P4, C4 and 2K, free graph is called a Threshold graph.
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A P4, C4 and 2K, free graph is called a Threshold graph.

That means a threshold graph does not contain:

L
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Seidel matrix

Let I' be a threshold graph with vertex set V = {v;,vs,...,v,} and
binary string b = ajazaz ... «,. Then Clearly Ag is the adjacency
matrix of [. The Seidel matrix (S) is defined by

S=J—-1-2A;g.
0 1—2a0 1—-203 ... 1-—2a,
1—2as 0 1—203 ... 1—2«a,
— S5=11—-2a3 1-—2a3 0 oo 1 —=2a,|,
1—-20, 1—20, 1—2a, ... 0
Consider 1 — 2a; = 3; for i = 2,3,...,n — 1, then S takes the form
0 B B3 ... [Bn
S — ﬁz 0 /33 /Bn 7 (1)
Bn Bn Ba ... 0
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Representation of Threshold Graph

Interesting Fact : Binary Representation of threshold
graphs
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Representation of Threshold Graph

Interesting Fact : Binary Representation of threshold

graphs

3A¢ A threshold graph can be obtained from a single vertex by
repeated performance of two operations

@ Addition of a single vertex.
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Interesting Fact : Binary Representation of threshold
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Representation of Threshold Graph

Interesting Fact : Binary Representation of threshold
graphs
3A¢ A threshold graph can be obtained from a single vertex by
repeated performance of two operations
@ Addition of a single vertex.
@ Addition of a dominating vertex.
aA¢
Notations:
o WLOG, we take b = ajanazaa ..., = 01110%21%2 ... Q1% |

e a; =0, a,=1.

Santanu Mandal ... E-Seminar on Gra Seidel spectrum of threshold graphs May 14, 2021 8/ 36



Representation of Threshold Graph

Interesting Fact : Binary Representation of threshold
graphs
3A¢ A threshold graph can be obtained from a single vertex by
repeated performance of two operations
@ Addition of a single vertex.
@ Addition of a dominating vertex.
aA¢
Notations:
o WLOG, we take b = ajanazaa ..., = 01110%21%2 ... Q1% |
e a; =0, a,=1.

@ Sets=>s,t=> t,

Santanu Mandal ... E-Seminar on Gra Seidel spectrum of threshold graphs May 14, 2021 8/ 36



Representation of Threshold Graph

Interesting Fact : Binary Representation of threshold
graphs
3A¢ A threshold graph can be obtained from a single vertex by
repeated performance of two operations
@ Addition of a single vertex.
@ Addition of a dominating vertex.
aA¢
Notations:
o WLOG, we take b = ajanazaa ..., = 01110%21%2 ... Q1% |
e a; =0, a,=1.

@ Sets=>s,t=> t,

Then s+t = n.
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Representation of Threshold Graph

Interesting Fact : Binary Representation of threshold
graphs
3A¢ A threshold graph can be obtained from a single vertex by
repeated performance of two operations
@ Addition of a single vertex.
@ Addition of a dominating vertex.
aA¢
Notations:
o WLOG, we take b = ajanazaa ..., = 01110%21%2 ... Q1% |
e a; =0, a,=1.
@ Sets=>s,t=> t,
Then s+t =n.
e Spec(W)=spectrum of a matrix W.
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Example: Construction of Threshold Graphs

b = 0011100011 = 0%130312



Example: Construction of Threshold Graphs

b = 0011100011 = 0%130312



Example: Construction of Threshold Graphs

b = 0011100011 = 0%130312



Example: Construction of Threshold Graphs

b = 0011100011 = 0%130312



Example: Construction of Threshold Graphs

b = 0011100011 = 0%130312




Example: Construction of Threshold Graphs

b = 0011100011 = 0%130312




Example: Construction of Threshold Graphs

b = 0011100011 = 0%130312

Santanu Mandal ... E-Seminar on Gra Seidel spectrum of threshold graphs May 14, 2021 9/ 36



Adjacency matrix

The adjacency matrix A and the Seidel matrix S of a threshold graph
" with binary string b = 0%11%0%21% - .. (0% 1% are the square matrices
of size n, given by

051 J51><t1 051 X So J51><t2 e J51><tk
Jt1><$1 (J - l)tl Ot1><52 Jt1><t2 e Jt1><tk
A - O$2><51 OSthz 052 J52><t2 e J52><tk
Jt2><51 Jt2><t1 Jt2><52 (J - l)t2 s Jt2><tk ’
_th><51 thXt1 thxsz Jl'k><t2 e (J - /)tk_
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Seidel matrix

-(J - /)51 _J$1><t1 J51><$2 _J51><t2 e _J51><tk
_Jt1><s1 (l - J)t1 Jt1><sz _Jt1><t2 cee _Jt1><tk
S — J52><51 J52><t1 (J - /)52 _J52><1.'2 L _Jsthk
_Jt2><51 _Jt2><t1 _Jt2><52 (l - J)tz . _Jtzxtk

L _thXS]_ _thth _thX52 _thth .. (/ - J)tk_

(2)
where, Onxn , Jmxn are all zero block matrix and all 1 block matrix
respectively of size mn.
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Quotient matrix

Let m = {1, Gy, -+, Gok} be an equitable partition of the vertex set
of I', such that, C; contains first s; vertices, G, contains next t;
vertices and so on. Then the adjacency quotient matrix(Qa) and the
Seidel quotient matrix (Qs) corresponding to the same equitable
partition 7 are the square matrices of size 2k, given by

0 ty 0 th ... [

ss t1—1 0 & ... t
Q=10 0 0 t ... ty ,

51 t S, th ... tx— 1
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Quotient matrix

_51 —1 —bh C)) —b S3 Ce —ty
—51 —(tl — 1) So —b S3 C —ty
Qs _ S1 t; Sy — 1 ) S3 ty
—S1 —t— —S —(tz — 1) S3 ... —tx
| —51 —b —S —b —S53 ... —(tk — 1)_
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Partition representation

>

Figure: b= 0011100011
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Contribution

We prove some important properties of Qs and derive the formula for
the multiplicity of the Seidel eigenvalues +1. We characterized all
the threshold graphs which have at most five distinct Seidel
eigenvalues. Finally, it is shown that the cospectrality may be
occured if Seidel matrix is considered instead of adjacency matrix.
Few results are given below.

Qs is diagonalizable. l

Sketch of proof: Consider D = diag(sy, t1, S, ta, . .., Sk, tk). Then Qs
is similar to Dz QsD"2, a symmetric matrix.

Qa4 and Qs are non singular. l

Sketch of proof: By Theorem 2.3 of Banerjee and Mehatari [9],
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Qa4 and Qs are non-singular

we have det(Qn) = (—1)sitisoty . . . Skty.
Qs is row equivalent to the following tridiagonal matrix.

1-25, 1 0 0 0 0 0 ]
1 25 -1 0 0 0 0
0 -1 —2% 1 0 0 0
T=| 0 0 1 25 -1 0 0
0 0 0 0 0 .. —25 1
0 0 0 0 0 .. 1 2t—1]

By Algorithm 2.1 of Mikkawy [14], we see that det(T) # 0.
Thus, det(Qs) # 0.
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Characteristic polynomial of S

Theorem

Let b = oy ..., be the binary string of a threshold graph and let
b, = cyapas ...« Suppose ®,(x) denote the characteristic
polynomial of Seidel matrix of the threshold graph with binary string
b,, then the characteristic polynomial, ®,(x) of the Seidel matrix S
given by (1) is obtained by the following recurrence formula

P, (x) = 2(x + Bro1)Pr_1(x) — 2(x + Br_1)?P,_o(x),

where ®1(x) = x and ®5(x) = x> — 1.
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Characteristic polynomial of S

Sketch of the proof: Here

X _62 _53 _Br
B2 x =Bz ... =B

q)r(X): _B3 _53 X _ﬁr .

_/Br _6r _/Br s X
We consider two cases.

Case l. 5, = (,_1.
Case ll. 5, = —f,_1.
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Spectrum of Qs
—1 ¢ Spec(Qg) if te > 1. l

Sketch of proof: Let us assume that Qs has the eigenvalue —1. Then
there exists a non zero vector X = (x; xa X3 ... Xax)' such that
QRsX = —X. Solving the system QsX = —X, we have x; = 0 for all
i=1,2,3,... 2k if tx #1.

If t, = 1, then —1 is a simple eigenvalue of Qs. l

Sketch of proof: Here X = (0 ... 01 s) is an eigenvector
corresponding to the eigenvalue —1.
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Spectrum of Qs
1 ¢ Spec(Qs) if sy > 1. l

Sketch of proof: Let us assume that Qs has the eigenvalue 1. Then
there exists a non zero vector X = (x; xa X3 ... Xax)' such that
RsX = X. Solving the system QsX = X, we have x; = 0 for all
i=1,2,3,....2k if s #1.

If sy =1, then 1 is a simple eigenvalue of Qs. l

Sketch of proof: Here X = (t; —10 ... 0)' is an eigenvector
corresponding to the eigenvalue 1.
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s has simple eigenvalue
All eigenvalues of Qs are simple. l

Sketch of proof: Suppose A is an eigenvalue of Qs. Let

X =(x1 x2 X3 ... xk)" be an eigenvector corresponding to A such
that x; #£ 0 and x,, = 0 for all m < [, where / is minimal. Then

I =2p,1 < p < k. We already proved that A = &1 is a simple
eigenvalue. Now we prove the theorem for A #£ +1. Then from the
relation QsX = AX, we have x;,; = ¢;;x;, where ¢, ; are the
constants depend on A. Thus we can construct X as
X=x(000...01c¢y1 2 €3 --. k)" Now if

X' = (x; X, X3 ... X,) be the another eigenvector corresponding to
), then we see that X' is a constant multiple of X. Hence the
geometric multiplicity of \ is one. Again Qs is diagonalizable. Hence
algebraic multiplicity of A is also one.
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Properties of Qs

1. Qs is diagonalizable.
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1. Qs is diagonalizable.
2. SP = PQs.
3. Every eigenvalue of Qs is also an eigenvalue of S.
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Properties of Qs

1. Qs is diagonalizable.
2. SP = PQs.
3. Every eigenvalue of Qs is also an eigenvalue of S.

4. 0 is not an eigenvalue of Qs.
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Properties of Qs

. Qs is diagonalizable.
. SP = PQs.
3. Every eigenvalue of Qs is also an eigenvalue of S.

N

4. 0 is not an eigenvalue of Qs.
. +1 ¢ Spec(Qs) if sy > 1, and t, > 1.

o1
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Properties of Qs

Qs is diagonalizable.

SP = PQ:s.

Every eigenvalue of Qs is also an eigenvalue of S.
0 is not an eigenvalue of Qs.

+1 ¢ Spec(Qs) if sy > 1, and t, > 1.
Eigenvalues of Qs are simple.

o ks W=

Santanu Mandal ... E-Seminar on Gra Seidel spectrum of threshold graphs May 14, 2021 22 /36



Properties of Qs

Qs is diagonalizable.

SP = PQ:s.

Every eigenvalue of Qs is also an eigenvalue of S.
0 is not an eigenvalue of Qs.

+1 ¢ Spec(Qs) if sy > 1, and t, > 1.
Eigenvalues of Qs are simple.

N ok w =

Eigenvalues of Qs are real.
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Multiplicity of —1

Let n_1(S) denotes the multiplicity of the eigenvalue —1 of S. Then

n(S) = {Zs,-—k, for t, > 1,

Ysi—k+1, fort, = 1.

Sketch of proof: If t, > 1, then —1 ¢ Spec(Qs). Therefore the
multiplicity of the eigenvalue —1 in S is exactly > (s; — 1).
If tx =1, then —1 € Spec(Qs) and it is simple.

Thus,
n_1(5) = ZS,‘ — k -+ 1.
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Multiplicity of +1

Let n1(S) denotes the multiplicity of the eigenvalue +1 of S. Then

n+1(5): {Zt,'—k, for s, > 1,

Sti—k+1, fors; = 1.

Sketch of proof: If we take s; > 1. Then 1 ¢ Spec(Qs). Therefore
the multiplicity of the eigenvalue 1 in S is exactly > (t; — 1).
If we take s; = 1. Then 1 € Spec(Qs) and it is simple.

Thus,
n+1(5) = Z ti — k + 1.
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Threshold graphs with at most five distinct Seidel

eigenvalue

Corollary

Let T be a threshold graph with binary string b. Then I has two
distinct Seidel eigenvalues if and only if one of the following
conditions hold.

() b=0%1, s > 1,

(i) b=01%, t; > 1.

4

Sketch of the proof: (i) Here I' is a threshold graph with binary string
b = 01 where s; > 1. Infact, this is a star graph Kjs,. It has two
distinct Seidel eigenvalues s; with multiplicity 1 and —1 with
multiplicity s;.

(ii) Here I is a threshold graph with binary string b = 01" where

t; > 1. Clearly this is a complete graph K, .1. It has two distinct

Seidel eigenvalues —t; with multiplicity 1 and 1 with multiplicity-t;.
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Threshold graphs with at most five distinct Seidel

eigenvalue

Corollary

Let T be a threshold graph with binary string b. Then ' has four
distinct Seidel eigenvalues if and only if one of the following
conditions hold.

() b=0%1%, s > 1, t; > 1,

(ii) b = 0120%1.

Sketch of the proof: Let b = 01%0%...0%1% be the binary string
of the threshold graph I'. Here k < 2.

Case l. k =1. Then b=01"%. If s; > 1,t; > 1, then the quotient
matrix Qs has two distinct eigenvalues other that +1. Therefore S
has four distinct eigenvalues —1 with multiplicity s; — 1 and 1 with
multiplicity t; — 1, and another two simple eigenvalues come from Qs.
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Threshold graphs with at most five distinct Seidel

eigenvalue

Case Il. Let k =2 then b= 0120212, Now if [ has 4 distinct
eigenvalues, then S can not have eigenvalue +1 outside of the
spectrum of Qs. Therefore 4 distinct eigenvalues is possible only if
s1 = 1 = t, and in that case eigenvalues of S are 1%, (—1)% and
(s2—t1) %4/ (52— t1)2+4(1+t1+52+2t152)

Conversely if b = 012021 or b=0"1%, sy > 1, t; > 1, then S has
four distinct eigenvalues.
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Threshold graphs with at most five distinct Seidel

eigenvalue

No threshold graph can have three distinct Seidel eigenvalues. l

Let T be a threshold graph with binary string b . Then T has five
distinct Seidel eigenvalues if and only if b= 01"0%1% with t, > 1 or
b= 0%1%0%1 with s; > 1.

Sketch of the proof: Let b= 071%0%1% ... 0%1%. Then k must be
equal to 2. Then binary string of [ is b = 0°1"0%1%. Then Qs has
four distinct eigenvalues. Now S will have five distinct Seidel
eigenvalues if +1 are eigenvalues of S and exactly one of +1 belongs

to spectrum of Qs.
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Threshold graphs with at most five distinct Seidel

eigenvalue

Case l. s; = 1,t, > 1. Then +1 belongs to the spectrum of Qs,
where as —1 is not an eigenvalue of Qs. Therefore spectrum of S is
{—1%271 1% o, B v}, where ag, 81, and 7, are the distinct
eigenvalues (other than 1) of Qs.

Case ll. s; > 1,t, = 1. Then —1 belongs to the spectrum of Qs,
where as 1 is not an eigenvalue of Qs. Therefore spectrum of S is
{=12%%2 1871 ay By 70}, where ay, 32, and v, are the distinct
eigenvalues (other than —1) of Qs.
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Two threshold graphs may be cospectral

Let us consider two threshold graphs 'y and Iy on n vertices with the
binary string b; = 0"=212 and b, = 010"31 respectively. Then I'y
and ', are always cospestral on Seidel matrix.

Sketch of proof: The characterastic equation of Qs for the binary
strings b; and b, are respectively

x* 4 (4 — n)x + (7 —3n) = 0,

O =12+ (84— n)x+(7—-3n)]=0.

Thus both the strings have same Seidel spectrum {—1"73 1, «, 8},
where «, 3 are the roots of the equation x2+ (4 — n)x+ (7 —3n) = 0.
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Example of cospectral threshold graphs

If we take n = 4 in previous theorem, we get threshold graphs I'; and
> with binary string by = 0011 and b, = 0101 respectively. In that
case, I'; and I, are not isomorphic (see Figure 2) but they both have
eigenvalues +1, +/5.

Q

C O O O
Figure: Non isomorphic cospestral threshold graphs with 4 vertices.
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That's all.
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