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Definitions

o A graph G is an ordered pair, G = (V, E) where V = {1,2,..., n} is the set of
vertices and E C V X V is the set of edges in G.

o We write i/ ~ j to indicate that the vertices i,j € V are adjacent in G and i ¢ j
when they are not adjacent.

Figure: Graph on 6 vertices

@ The degree of the vertex i, denoted by d;, equals the number of vertices in V
that are adjacent to /.
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Subgraph

usion

A subgraph H of a graph G is a graph whose set of vertices and set of edges are all
subsets of G. J

A subgraph H of G is said to be an induced subgraph with vertex set S if H is a
maximal subgraph of G with vertex set V(H) = S.
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Connected Graph

In an undirected graph G, two vertices u and v are called connected if G contains a
path from u to v. Otherwise, they are called disconnected.

A graph is said to be connected if every pair of vertices in the graph is connected. J

Examples: Path, Cycles, Tree, Complete Graphs, Complete Bipartite Graphs.
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Ky and Km.n

A graph with n vertices is called complete, if each vertex of the graph is adjacent to
every other vertex and is denoted by K.

Uy L] uz

Figure: G = Ks V1 V2 s Vs

Figure: G = Ky 3

A graph G = (V, E) said to be bipartite if V' can be partitioned into two subsets Vi
and V5 such that E C V4 X VL. A bipartite graph G = (V, E) with the partition Vi

and V, is said to be a complete bipartite graph, if every vertex in V; is adjacent to
every vertex of V5.
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Independence Number

A set Z of vertices in a graph G is an independent set if no pair of vertices of Z are
adjacent. The independence number of G is denoted by a(G), is the cardinality of the
largest independent set in G.

An independent set of cardinality a(G) is called an a(G)-set.
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Adjacency Matrix

The adjacency matrix of G is the n x n matrix, denoted as A(G) = [aj;], where

1 ifi#j,i~jand
0 otherwise.

A(G) =

oorOoOOoOo
ooroOoOOoOo
oo OOO
OO H
HORFROOO
el NeNoNoNa}

Figure: G
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Cut Vertex and Blocks

A vertex v of a connected graph G is a cut vertex of G if G — v is disconnected. A
block of the graph G is a maximal connected subgraph of G that has no cut-vertex.

)

»

D /%

\*
I

Figure: Graph with cut-vertex.

o A block is said to be a leaf block if its deletion does not disconnect the graph.

o Given two blocks F and H of graph G are said to be neighbours if they are
connected via a cut-vertex. We write F © H to represent the induced subgraph on
the vertex set of two neighbouring blocks F and H.
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Block and Bi-block Graphs

Motivation

usion

A graph is said to be block graph if each of its blocks are complete graphs.

A graph is said to be bi-block graph if each of its blocks are complete bipartite graphs.)

For v € V, the block index of v is denoted by big(v), equals the number of blocks in

G that contain the vertex v. Here we consider the star Ki , as a complete bipartite
graph instead of a bi-block graph.
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o For any column vector X of order | V|, if x, represent the entry of X
corresponding to the vertex u € V, then X*A(G)X =23, XuXw-

o For a connected graph G on k > 2 vertices, by Perron-Frobenius theorem, the
spectral radius p(G) of A(G) is a simple positive eigenvalue and the associated
eigenvector is entry-wise positive. We will refer to such an eigenvector as the
Perron vector of G.

@ By Min-max theorem, we have

XtA(G)X 2
p(G) = max XIA(G)X = max 2Dy XeXw .
X#0  XtX XA0 3 ey X2

o For a graph G if A(G) and §(G) denote the maximum and the minimum of the
vertex degrees of G, respectively, then

5(6) < p(G) < A(G).

If G is a connected graph such that for x,y € V(G), xy ¢ E(G), then

p(G) < p(G +xy).
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Motivation
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If G is a bipartite graph with vertex partition M and N, then

a(G) = max{|M|, [N[}.
Since every bi-block graph is a bipartite graph, so given a bi-block graph G on k
vertices, the independence number «(G), satisfies

m <a(G) <k-1.

Let G be a bi-block graph. Let H be any leaf block connected to the graph G at
a cut-vertex v € V(G) and G — H be the graph obtained from G by removing
H — v. Given an a(G)-set Z, we denote

Il y={ueZI|uecV(G-H)}
We will denote the class of bi-block graphs on k vertices with a given
independence number o by B(k, «).
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Observations

Let G = (V, E) be a bi-block graph consisting of two blocks F and H connected by
cut-vertex v, i.e., G =F©® H. Let F = K(P, Q) with |P| = p, |Q| = g and

H = K(M, N) with |[M| = m, |N| = n such that QN M = {v}.

Let A be the adjacency matrix of G and (p, X) be the eigen-pair corresponding to the
spectral radius of A. Let x, denote the entry of X corresponding to the vertex u € V.
Let g,m > 2. Using AX = pX, we have px, =3, Xw = ZweMxW for all u € N.
Thus x, is a constant, whenever u € N and we denote it by a,. Using similar
arguments, let us denote

a, ifu€eN,
. — am ifueMu#v, (1)
Y7 a, ifueP,

ag ifueQu#v.
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Adjacency Relations

Now using AX = pX, we have the following identities:

(11) (g —1)ag + xv = pap.
(12) pap = pag.

(13) pap + nan = pxy.

(14) nan = pam.

(15) xv + (m —1)am = pan.

Using the identities (12),(13) and (l4), we have x, = aq + am. Substituting
Xy = aq + am in (11) and (I5), we have

(11*) qaq + am = pap,

(15*) ag + mam = pan.
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Without loss of generality if we assume that a, = 1, then

2 2 _
(16) ag = B, am = rF=pr and a, = w.
14 p n
Similarly, if we assume that a, = 1, then
2 2
n — mn — mn
(I7) am=—, ag = P ond ap = p—m
p p p
a
Moreover, since the ratio ZP is constant for the Perron vector X, so using (16) and
an

(17), we have
(18) pn = (p* = pq)(p* — mn).

If m=1and g > 1, then by choosing am = x, — aq, all the above identities are true.
Similarly, for g =1 and m > 1, we choose a5 = xy — am.
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Bi-block with 2 blocks

Let G € B(k, ). If G consists of two blocks, then p(G) < p(Ka k—a)-

Proof: Let G be a bi-block graph consists of two blocks F and H connected by the
cut-vertex v. Let F = K(P, Q), where |P| = p, |Q| = g and H = K(M, N), where
M| =m, |[N| = nsuchthat QNM = {v}. Thenk=p+qg+m+n—1.

Ifm=1and g=1,thenk=p+n+1and G= K, with independence number
a(G) = p+ n. Thus, for & = p + n the class B(k, ) consists of only the star

G = K1,p+n and hence result is vacuously true. We complete the proof by considering
the following cases.
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Case 1: If p > g and n > m, then Z = P U N is the a(G)-set. We consider the
complete bipartite graph G* = K(ﬁ, 6), where P = PUN and C~) = QU M. Thus
a(G) = a(G*) = p+ n. Since G* is obtained from G by adding extra edges, so we
have p(G) < p(G*).

Case 2: If g > pand m > n, then Z = QU M is an o(G)-set. We consider the
complete bipartite graph G* = K(ﬁ, (3), where P=PUN and @ = QU M. Thus
a(G) = a(G*) = g+ m — 1. Since G* is obtained from G by adding extra edges, so
we have p(G) < p(G*).
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Case 3: Ifg>pand n>m, thenZ=(Q\ {v})UN is an o(G)-set and hence
a(G) = g+ n— 1. Now we subdivide this case as follows:

Subcase 3.1: Let p=qg — 1. Then £L = PU N is an independent set in G and

|£] = g+ n— 1. This implies that £ is also an a(G)-set. We consider the complete
bipartite graph G* = K(ﬁ7 é) where P = PU N and 5 = QU M. Thus,

a(G) = a(G*) = g+ n— 1. Since G* is obtained from G by adding extra edges, so
we have p(G) < p(G*).
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Subcase 3.2: Let p < g — 1. In view of the a(G)-set Z = (Q \ {v}) U N, we consider
the complete bipartite graph G* = K(ﬁ, 6) where P = P UM and
Q=(Q\{v})UN. So a(G) = a(G*) = g+ n— 1. Observe that, we can obtain the
graph G* from G using the following operations:

1. Delete the edges between vertex v and the vertices of P.
2. Add edges between vertices of M and Q \ {v}.
3. Add edges between vertices of P and N.
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Let A be the adjacency matrix of G and (p, X) be the eigen-pair corresponding to the
spectral radius of A. Let A* be the adjacency matrix of G*.

1
EXt(A* —A)X = —xy Z Xw + Z XuXw + Z XuXw
wep uEM,WeQ\{v} uePweN

= —pap(aq + am) + (9 — 1)ag(aq + mam) + pnapan

= —pap(aq + am) + (¢ — 1)pagan + pnapan

= —pap(aq + am) + (¢ — 1)papan + pnapan

= pl(g —1)an + pam — (aq + am)]

p

— [p(a=1)(p* = pa) + pr(p® = pa) = n(p + p* = pq)]

p

= [ola = 1)(p* = pa) + p(p® = pa) = n(p* = pa) = (p* = pa)(p* — mn)]
2

p(p? — pq

P(p” — Pq) [p(q — 1)
pn
2

p(p* — pq

PLe” = Pa) 1,
pn

+ pn—n— (¢ = mn)]

q+n—1)—p2+n(m—1)].



Results
0000000000000 0000000000

We have p < max{p + n, q}. And using the assumption p < g — 1, we always have
qg+n—1>p.

Case 4: If p> g and m > n, then Z =P U (M\ {v}) is an a(G)-set and
a(G) = p+ m — 1. This case is analogous to Case 3 and hence proceeding similarly,
we have p(G) < p(G*).
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Bi-block with big(u) = 2 and b blocks

Let G € B(k,a). If big(u) = 2 for all cut-vertex u in G, then p(G) < p(Kqy k—«) and
equality holds if and only if G = K k—q- J

Proof:(Induction) Let H = K(M, N) with |[M| = m and |N| = n be a leaf block
connected to the graph G at a cut-vertex v. Since big(v) = 2, so there exists a
unique block F = K(P, Q) with |P| = p and |Q| = g which is a neighbour of H
connected via the cut-vertex v. Without loss of generality, we assume that

MN Q = {v}. Let Z be an a(G)-set of G, i.e, |Z| = a.
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Case : ZNP =0 and TN Q = 0. In this case, either M\ {v} CZor NCZ. We

consider the complete bipartite graph K(P Q) where P = PUN and Q QUM.

Let G* be the graph obtained from G by replacing the induced subgraph F © H with

K(P Q) Then, the resulting graph G* consists of b — 1 blocks and Z is an
a(G*)-set, i.e., G* € B(k, o).

Case 2: ZTNP=0Pand ZNQ # (. For m > n, we can assume M C Z. We consider
graph G* which is obtained from G by replacing the induced subgraph F ® H with
K(P,Q), where P =P UN and Q = Q U M, which implies that Z is an a(G*)-set.
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Case3: TNP=0and TN Q #@. For n>m, if veZ, then L= (Z|._,\{v})UN
is an independent set of G and |£| > |Z|, which leads to a contradiction. Thus v ¢ Z
and we have the following:

{ngIandI_I|G_HUN, @

a(G) = )Z|G—H‘ + n.
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Subcase 1: Suppose that all the vertices of Q are cut-vertices. Let u€ Q\ {v} be a
cut-vertex and u € Z. Since big(u) = 2, so let B = K(R, S) be the neighbour of the
block F via the cut-vertex u, where RN Q = {u}. Thus, u € Z and u € R implies that
ZNS =0. Consider the bi-block graph G* obtained from G by replacing the induced
subgraph F ® B with the complete bipartite graph K(P, Q), where P =P U S and

Q = QUR. ltis easy to see that Z is an o(G*)-set and G* € B(k, «) consists of
b — 1 blocks.
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Subcase 2: Let ¢ € Q and c is not a cut-vertex. Since ZNP =0, so c €Z. Let A be
the adjacency matrix of G and (p, X) be the eigen-pair corresponding to the spectral
radius of A. Let x, denote the entry of X corresponding to the vertex u € V. Using
AX = pX we find a few identities as follows. For m > 2, let us denote

Xy = bn !fue N, 3)
bm ifue M,u#v.

Using ¢ € Q, c is not a cut-vertex and AX = pX, we have the following identities:

(J1) pxc = ZWGPXW'

(J2) pxv = >, cpXw + nbn.

(J3) pbn = (m—1)bm + xv.

(J4) pbm = nb,.
Using indentities (J1), (J2) and (J4), we have x, = xc + bm. Thus the identity (J3)
reduces to:

(J3*) pbn = mbm + xc.
Next, if m =1, then by choosing b, = x, — xc, all the above identities are true.
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Subcase 2.1: Whenever b, > b,.

Let G* be a bi-block graph obtained from G by replacing the induced subgraph F ® H
with the complete bipartite graph K(P, Q), where P=PUM and Q = (Q\ {v})UN.
Thus, Z is an a(G*)-set and G* € B(k, ) consists of b — 1 blocks. Note that, we can
obtain the graph G* from G using the following operations:

1. Delete the edges between vertex v and the vertices of P.
2. Add edges between vertices of M and Q \ {v}.
3. Add edges between vertices of P and N.
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Let A* be the adjacency matrix of G*. Using the above identities, we have

1
EXt(A* —A)X = —xy Z Xw + Z XuXw + Z XuXw
weP u~w u~w
ueM,weQ\{v} u€EP,weN

= —(xc + bm) Z Xw + (Mmbm + xc) Z Xw + nbp Z Xw [By Eq.(3)]

weP weQ\{v} weP
—(xc + bm)pxc + (mbm + xc) Z Xw + nbppxc [Using (J1)]
weQ\{v}

—(Xc + bm)pxc + (mbm + xc) Z Xw + p2bmxc [Using (J4)]
weQ\{v}
—(xc 4+ mbm)pxc 4 (mbm + xc) Z Xw + p? bmxc
weQ\{v}

= —pzb,,xc + (mbm + xc) Z Xw + pzbmxc [Using (J3%)]
weQ\{v}

P2(bm - bn)Xc + (mbm + Xc) Z Xw -
weQ\{v}

\Y

Since bm > by, and X is the Perron vector of G, so X{(A* — A)X > 0. Thus, by
Min-max theorem, we have p(G) < p(G*) and hence the induction hypothesis yields
the result.
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Subcase 2.2: Whenever by, < bp.

For this case we partition the set N C Z as N = Ny U N> and Ny N N> = @ such that
[N1] = m and |Nz| = n — m. We consider the complete bipartite graph K(P, Q),
where P = PUN; and Q = QUMU N,. Let G* be a bi-block graph obtained from G
by replacing the induced subgraph F ® H with K(P, Q). Thus, by Eq. (2), we obtain
that 75 = Z| ._,UMU N is an a(G*)-set and o(G*) = a(G) = ’I|G_H‘ +n,
which implies that G* € B(k, ) consists of b — 1 blocks. Note that, we can obtain
the graph G* from G using the following operations:

1.
. Add edges between vertices of Ny and Q \ {v}.
. Add edges between vertices of P and Na.

o~ W N

Delete the edges between vertices of M and Nj.

. Add edges between vertices of N; and Na.
. Add edges between vertices of M\ {v} and P.



Results
000000000000 000000Oe00000

Let A* be the adjacency matrix of G*. Then,

%Xt(A* —AX =— Z XuXw + Z XuXw + Z XuXw

u~w

ur~w ur~
ueM,weN; uEN;,weQ\{v} u€N27w€P

+ Z XuXw + Z XuXw

u~w u~w
u€Ny,we N, veM\{v},weP

= —(n — m)(mbm + xc)bn + mby, Z Xw + (n— m)b, Z Xw
weQ\{v} weP
+ (n — m)ymb? + by(m — 1) Z Xw [By Eq.(3)]
weP

= —(n— m)mbmb, — (n — m)xcbp, + mb, Z xw + p(n — m)bnxc
weQ\{v}

+ (n— mymb? + p(m — 1)bmxc [Using (J1)]

= (n— m)[mbn(bn — bm) + (p — 1)xcbn] + mb, Z Xxw + p(m — 1)bmxc.
weQ\{v}

Since by, < by and p > 1 we are done.
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Case : ZTNP#APandZNQ=0. Forn>morm=n+1, we have NCZ. We
consider graph G* obtained from G by replacing the induced subgraph F © H with
K(P, Q), where P=PUN and Q = Q U M, which implies that Z is an a(G*)-set.
Thus, arguments similar to the Case 1 yields the result.
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Case 5: INP #Pand ZNQ = 0. For m > n+ 1, we have (M \ {v}) CZ. We
consider all neighbouring blocks of F = K(P, Q), say Bi = K(R;, S;) for 1 <i <,
connected via cut-vertices to the vertex partition P. Without loss of generality, we
assume S; N P # (). For any one of the such neighbour, if ZN R; = (), then we
consider the graph G* which is obtained from G by replacing the induced subgraph

F ® B; with K(P,Q), where P =P US; and Q = QUR;. SinceZNP #(, so I is an
a(G*)-set and argument similar to the Case 1 leads to the desired result. If no such
neighbours exists, then proceeding inductively we need to look for B;'s neighbours
with similar properties. Since G is a finite graph, either we will reach a neighbour with
suitable properties or reach a leaf block does not satisfies requisite properties.
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For the later case, we find a finite chain of blocks C; = K(M;, N;) for 1 < i <t
satisfying the following:

1. C; = H and C; are leaf blocks.

2. Fori=1,2,---,t—1, the blocks C; and C;;; are neighbours such that
M; N N,'+1 #* 0.
3.INN; =0 foralli=1,2,... ¢t

Since C; is a leaf block and is connected to C;— via a cut-vertex u(say) with
big(u) = 2, so it can be seen ZN N;—3 = @ and Z N N; = 0 implies that [M;| > |Ng|.
Now, if we begin with the leaf block C:, then this case is analogous to the Case 3.
Hence the desired result follows.
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If G € B(k, ), then there exists a bi-block graph G* € B(k, o) with bigx (u) = 2 for
all cut-vertex u in G* such that p(G) < p(G*).
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Proof of the Lemma

Proof: Let v be a cut-vertex of G with big(v) = t, where t > 3. Let B; = K(M;, N;);
i =1,2,3 be any three neighbours connected via the cut-vertex v such that

v € NN NN N3z. Let Z be an a(G)-set. If V(B;) NI # 0 for all i =1,2,3, then
either M NZ # () or N; N Z # 0. Thus by pigeonhole principle, there exist

i,j € {1,2,3} such that either ZNN; =@ and ZNN; =P or TN M; = and

ZN M;=0. Let us consider a bi-block graph G* obtained from G by replacing the
induced subgraph B; ® B; with K(M, N), where M = M; UM; and N = N; UN;. It is
easy to see that, Z is an a(G*)-set and big«(v) = t — 1 and we have p(G) < p(G*).
Hence proceeding inductively the result follows. If V(B )NZ =0 (ie. My NZ =0
and Njy NZ = 0) for some iy € {1,2,3}, then for j # iy and choosing K(M, N), where
M = My U M; and N = Nj; U N;, similar argument yields the desired result.
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Main Result

If G € B(k,a), then p(G) < p(Ka k—a) and equality holds if and only if G = Ky k—q-
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