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INTRODUCTION

o In graph spectra, we can find various relations between the spectrum and the
structure of a graph.

o In 1931, E.Huckel discussed the idea of spectral graph theory in which the
eigenvalues of graphs are used to represent the levels of energy of certain
electrons.

@ Let GG be a bipartite graph. Then the eigenvalues of G are symmetric with
respect to the origin.

o The multiplicity of the zero eigenvalue of the Laplacian matrix is equal to the
number of connected components of the graph, and the multiplicity of the zero
eigenvalue of the signless Laplacian matrix is equal to the number of bipartite
connected components of the graph.

o Graph G is connected if and only if the second smallest Laplacian eigenvalue
of G (called algebraic connectivity of G) is positive.
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INTRODUCTION

e Eigenvalues.Z(G) lie in the interval [0, 2].

o Multiplicity of 0 is number of components.

o Multiplicity of 2 is number of bipartite components.

e G is bipartite if and only if for each \;(.Z), the value 2- \;(.Z) is also an
eigenvalue of G.

©

The stability of the molecules and other chemically important facts are closely
related with the spectrum and the eigenvectors of the corresponding graphs.
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DEFINITION O.1.

A graph G is said to be regular if all of its vertices have the same degree.

DEFINITION 0.2.

The line graph of a graph G is the graph [(G) with the edges of G as its vertices,and
where two edges of G are adjacent in I(G) if and only if they are incident in G.
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DEFINITION 0.3.

Let G be a simple graph of order p and size ¢ . Then the adjacency matrix
A(G) = [aij] of the graph G is a square matrix of order p whose (7, ) entry is
defined by
{1, if v; and v; are adjacent,
(073 g =

0, otherwise.

@ A is a real symmetric matrix.

Laplacian matrix of G is L(G) = D(G) — A(G), where D(G) is a diagonal
matrix with vertex degrees.

Signless Laplacian matrix of G is Q(G) = A(G) + D(G).

The adjacency matrix of the complement of a graph G is

AG) = J, — I, — A(G).
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DEFINITION 0.4.

The normalised Laplacian matrix.Z(G)=(.Zj;) of G is defined as

1, if i = j and deg(v;) # 0,
L= _W7 if i # j and v; is adjacent to v; ,
i j
0, otherwise.

Let G be a gra]loh without isolated vertices, then normalized Laplacian matrix of G

is Z(G) = D™2(G)(D(G) —A(G))D‘l(G) =1I,— D"3(G)A(G)D"2(G)
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EXAMPLE

The normalized Laplacian matrix of K33 is

T e i |
o o 1 _t 13
LEKss)=1_1 1 1 P o
_i _i _i 0 1 0
2 I i A
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©

©

©

Trace (A(G))=0.

L(G) and Q(G) are real and symmetric and their eigenvalues are real and
positive semi-definite , Trace(L(G)) = 2¢ and Trace Q(G) = 2q, where ¢ is the
number of edges.

Z(G) is positive semi- definite and Trace.Z(G) = p.
Let G be an r-regular graph. Then L(G) = rZ(G) =rI — A(G)
If G has exactly three distinct .Z-eigenvalues, then the diameter of G is 2.
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The characteristic polynomial of the p x p matrix M of G is defined as
&(M,z) = |xl, — M|, where I, is the identity matrix of order p. The matrices
A(G), L(G) and Q(G) are real and symmetric matrices, its eigenvalues are real.
The eigenvalues of A(G), L(G) and Q(G) are denoted by

MZX2 . 2X00=u <pu <. <pp v >v> ... >, and

0 =1 < o < ... < iy respectively.

Let G be an r regular graph, then p; = r — A;.

Let G be an r regular graph, then f; =1 — A1 <i<p.

r

°
°
o Two regular graphs are .Z-cospectral if and only if they are cospectral.
°

The number of walks of length & in G from v; to v;, is the (i,7)t" entry of A*.

@ A connected graph with diameter d has at least d + 1 distinct eigenvalues.

P p
D A=0,) N =2
i=1 i=1
p
° Z v; = 2q,
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Let G be a (p,q) graph . Then the incidence matrix of a graph G, I(G) is the p x g
matrix whose (i, ) entry is 1 if v; is incident to e; and 0 otherwise.

I(G)I(G)" = A(G) + D(G)
I(G)I(G)T = A(G) + rl,, G is an r-regular graph
° I(G) I(G) = A(l(G)) + 21,

s
I
—
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o Let G be a graph with p vertices. Then the characteristic polynomial of G is
A(G,A) = MNP + ) WP 4 coAP72 f e\ 3 L+ ¢p. Then
cp = B(—1)E)+e(H)oe(H) where ¢ (H) and ¢(H) are the number of
components in a subgraph H (with k vertices) of G which are edges and cycles
respectively.

o c; =0.

@ —cg is the number of edges of G.

@ —cj3 is twice the number of triangles in G.
o If cop11=0,k = 0,1, ..., then G is bipartite.
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o If A1, Ao, ..., \; are the distinct eigenvalues of G, then the spectrum of G is
Spec(G) = (/\1 Ay . N

, where m; indicates the algebraic multiplicity
mi1 Mmoo ... My

of the eigenvalue A\j, 1 < j <t of G.
o A graph G is bipartite if and only if the Laplacian spectrum and the signless
Laplacian spectrum of G are equal.

o Two non-isomorphic graphs G and H are said to be cospetral(.Z-cospectral) if

A(GQ) (Z(G)) and A(H) (Z(H)) have the same spectrum.
P

o The energy of the graph G is defined as ¢(G) = Z\/\ |
1=1
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@ The Normalized Laplacian energy of the graph G is defined as
P

NLE(G) = Yl — 1]
=1

Dr. CHITHRA.A.V.(NITC) IIT KHARAGPUR Ocrt 22, 2021 12 / 69
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Figure 1: A-cospectral graphs

ITHRA.A.V.(NITC) IIT KHARAGPUR



REFERE}

Figure 2: L-cospectral graphs
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Figure 3: Q-cospectral graphs
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Figure 4: Z-cospectral graphs
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o The Kemeny’s constant K (G) of a graph G is defined as K(G) =37 _, ﬁ
o The degree Kirchhoff index of G is defined as

Kf*(G) =24 315 7 =24K (G)
e Two graphs G; and Gy are said to be equienergetic if e(G1) = (Ga).
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DEFINITION 0.6.

The subdivision graph of a graph G is obtained by inserting new vertices between
every edges of G. It is denoted by S(G).
The adjacency matrix of S(G) is

Opey  1(G)
AlS(@) = [(I(G))T 0} |

Dr. CHITHRA.A.V.(NITC) IIT KHARAGPUR Oct 22, 2021 18 / 69
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DEFINITION 0.7.

Let G be a simple graph with p vertices and ¢ edges. The central graph of G,
denoted by C(G) is obtained by subdividing each edge of G exactly once and
joining all the nonadjacent vertices in G.

Let V(G) = V(C(G)) — V(G), be the set of vertices in C(G) corresponding to the
edges of G.

The number of vertices and edges in C'(G) are p+ ¢ and ¢ + p(pigl) respectively.
The adjacency matrix of C'(G) can be written as

AC@) = [1GH Gpon)

Dr. CHITHRA.A.V.(NITC) IIT KHARAGPUR Oct 22, 2021
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DEFINITION 0.9.

The Kronecker product of two graphs G1 and Gy is the graph G7 x G5 with vertex
set V(G1) x V(G2) and the vertices (z1,z2) and (y1,y2) are adjacent if and only if
(x1,y1) and (x2,y2) are edges in G and Gy respectively.

DEFINITION 0.10.

Let A and B be two matrices of same order. Then the Hadamard product A o B of
A and B is a matrix with same order and entries are given by
(Ao B);j = (A)i;.(B)sj (that is entry wise multiplication).
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DEFINITION 0.11.

The join of two graphs G and G2, G1 V G2 is obtained from G U Gy by joining
every vertex of G1 with every vertex of Gs.

ProPoOSITION 0.12.

If G1 is an ri-regular graph with n; vertices and Go is an ro-regular graph with no
vertices, then the characteristic polynomial of G; V G4 is given by

¢ G1,$ ¢ G2>$

H(G1V Ga,z) = (G1,2)9(G2, 7)

(x —1)(x—1r9)

[(x —r1)(z — 7r2) — ning).
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REFERENCES

LEMMA 0.13.
Let U, V,W and X be matrices with U invertible. Let
5= (U V) .
W X
Then det(S) = det(U)det(X — WU1V).

If X is invertible, then det(S) = det(X)det(U — VX 1W).
If U and W are commutes, then det(S) = det(UX — WV).
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LEMMA 0.14.

Let G be a connected r-regular graph on p vertices with an adjacency matriz A

having t distinct eigenvalues r = A1, A2, ..., \¢. Then there exists a polynomial
P(z) = (x — A2)(x — A3g)...(x — >\t).

(r—X2)(r—As)...(r — \p)

such that P(A) = Jp, P(r) = p and P(X\;) =0 for A\; # 7.
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DEFINITION 0.15.

The M-coronal xp(z) of n x n matrix M is defined as the sum of the entries of the
matrix (xl, — M)~! (if exists), that is,

xm(x) = ngl(xjn - M)_ljnxl-
xm(x, @) = JL (@l — Mo (ady + (1 — a)I,)) "t dux, if @ =1, then xps(z,1) is

n
the usual M-coronal s (z) .
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LEMMA 0.16.

Let G be an r-reqular graph on p vertices, then x ¢(q) (v, o) = Jﬁ

For any real number k
Xk2(6)(T) = Xg2(@)(T)
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LEMMA 0.17.

Let A be an n x n real matriz. Then det(A + aJy,) = det(A) + aJl, jadj(A)Jnx1,
where « is a real number and adj(A) is the adjoint of A .

COROLLARY 0.18.

Let A be an n X n real matriz. Then

det(zl, — A — aJy) = (1 — axa(x))det(zl, — A).

LEMMA 0.19.

For any real numbers a,b > 0, (al, — an)_l =17 + ﬁ‘]”'

T a
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PRroPosSITION 0.20.

Let A, B € R"™ ™. Let A be an eigenvalue of matrix A with eigenvector x and p be
an eigenvalue of matrix B with eigenvector y, then Ay is an eigenvalue of A ® B
with eigenvector x ® y.
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THEOREM 0.21.

Let G be an r-regular graph with n vertices. Then the normalized Laplacian
characteristic polynomial of central graph of G is

H(Z(0(@),z) =(x - 1>m—”ﬁ <(w ~1){@-1)- PW;—_ll— A (A +r>) |

=il
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COROLLARY 0.22.

Let G be an r-regular graph on n vertices. Then the normalized Laplacian spectrum
of C(G) consists of

QO 1 repeated m — n times .

@ Two roots of the equation (x — 1) ((m -1+ ”;i?) = ﬁ = 0.

@ Two roots of the equation (x — 1) ((:E -1+ 1}:1)‘75) - éz\;:?) =0fori=2,..,n.
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ExAMPLE 0.23.

Let G = K,,,,.Then the adjacency eigenvalues of G are 0 (multiplicity 2p — 2) and
+p. Therefore, the normalised eigenvalues of C(G) are 0,;’2—:},1 (repeated p? — 2p
times), roots of the equation (2p — 1)z? + (1 — 3p)z + p = 0 and roots of the

equation (4p — 2)x? — (8p — 2)x + 3p = 0 (each root repeated 2p — 2 times).

DEFINITION 0.24.

Let G and G5 be any two graphs on ni,ny vertices and mq, mo edges respectively.
The central vertex join of Gy and Gs is the graph G1VGs, is obtained from C(G)
and G9 by joining each vertex of Gy with every vertex of Gs.

Note that the central vertex join G1VGs has mq + nq + no vertices and

mi + mg + ning + W edges.

Dr. CHITHRA.A.V.(NITC) IIT KHARAGPUR
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DEFINITION 0.25.

Let G; be any two graphs with n; vertices and m; edges respectively for i = 1, 2.
Then the central edge join of two graphs G and G» is the graph G Y Gs is
obtained from C(G1) and G2 by joining each vertex corresponding to edges of G
with every vertex of Gs.

Note that the central edge join G1 Y G has my + ny + no vertices and

my + mg + ming + w edges.
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ExXAMPLE 0.26.

Figure 6: P,V P
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ExXAMPLE 0.27.

Figure 7: P3VP,




ExAMPLE 0.28.

)

Figure 8: P,V P3
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ExAMPLE 0.29.

Figure 9: P Y P,
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THEOREM 0.30.

Let G; be an ri-reqular graph with n; vertices and m; edges for i=1,2. Then the
normalized Laplacian characteristic polynomial of G1VGs is given by

f(Z(Gl\./GQ),x)
=<x—1>W"1H(<:c— ™y ™ m(@))

o ro + Ny ro + Ny
i 2 T (I+7r)(z—1)
) [<x_r2+”1> <(x_1) - (n1+mn2—1)  mitng—1 )
_ mang(z — 1) —ni(z — L)(zng +arz — m)]
(n1 +ng—1)(n1 +1r2)
% H <(l’ . 1)2 _ ( T1 (1 +7“1)(.%' = 1) n Tlﬁi(Gl) n ?“1(.1‘ — l)lui(

n1+n2—1) ni+ng —1 2(?11—1—712—1) n1 +Hng —
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COROLLARY 0.31.

Let G; be an ri-reqular graph with n; vertices and m; edges for +=1,2. Then the
normalized Laplacian spectrum of G1VGa consists of

o 1 repeated m1 — ny times.

e Roots of the equation,
n T2 . .
T — — i(Go) =0 for i = 2, ..., no.
( ro +nq T2 —l—nlul( 2) 2

o Three roots of the equation,
Pp— (z—1)% - = - (1+r1)(m—1)>
r9 + Ny ny+ng —1 ny+ng — 1
B <n1n2(x — 1) —ny(x —1)(zny + ary — n1)> o
(n1 +mn2 — 1)(n1 + 72) '

o Two roots of the equation,

(r—1)2— 1 _(1+7“1)(33*1)Jr r1fii(G1) +T1($*1)H1(G1) _
(nl—l—n2—1) ny+ng —1 2(n1—|—n2—1) ny+mne —1

Dr. CHITHRA.A.V.(NITC) IIT KHARAGPUR
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Let G1 = Kj,, and G2 = K».

Normalised Laplacian eigenvalues of G are 0,1(repeated 2p — 2) and 2.

Normalised Laplacian eigenvalues of Go are 0 and 2.
Normalised Laplacian eigenvalues of G1VGy are 0,%,
Roots of the equation (4p% + 4p + 1)z — (10p? + 11p + 3)x + (6p% +6p +2) = 0,
Roots of the equation (4p + 2)x? — (6p + 6)x + 2p + 4 = 0 and roots of the equation
(4p + 2)z% — (8p + 6)z + 3p + 4 = O(each root repeated 2p — 2 times).

1 (repeated p? — 2p times),

Dr. CHITHRA.A.V.(NITC) IIT KHARAGPUR Oct 22, 2021



THEOREM 0.33.

Let G; be an r;-reqular graph with n; vertices and m; edges for i=1,2. Then the
normalized Laplacian characteristic polynomial of G1 Y Go is given by
n2
= mq T2 ~
L(GLY Gy),z) = (x—1)m—m—l — ny — ——— (G
F2(61¥ 6. = @ (o T~ @)
ﬁ [(m _1)2 g (-1-r+mna(Gr)(z—-1) (2rn— Tlﬁi(G1>):|
i=2 ni—1 (n1 —1)(n2 +2)
—1—r))(z—-1) 2rq
X - 1)+ (1 =
K(x ) i — 1 (n1 — D)(nz + 2)
2
mq noMmy narini
(€= —oye-1)- ) - |
9 + My (712 + 2)(7"2 + 'ml) (m 1)(712 + 2) (?”2 -+ ml)
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COROLLARY 0.34.

Let G; be an r;-reqular graph with n; vertices and m; edges for i=1,2. Then the
normalized Laplacian spectrum of G1VGo consists of

o 1 repeated m1 —ny — 1 times.

o Roots of the equation,
m1 2 = .
T — — i(Go) =0 for ¢ =2,...,n9.
( T2+m1) 1"2—|—m1'u2( 2) 2

o Four roots of the equation,

((w—1)2+ (m—-1-r)@-1) - )

ny —1 (77,1 = 1)(n2 + 2)
2
mi noMmy narini
(@- =2o)e-1)- ) -
T2 4+ 1M1 (n2 +2)(r2 +m1) (n1 —1)(n2 +2)2(r2 + my
o Two roots of the equation,
(w—1)2+ (Fl-m+nmG))(@=1) @n-ni(Gl) _ e . _ 9 .

ny —1 (m = 1)(TL2 + 2)
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EXAMPLE 0.35.

Let G1 = Kj,p, and G2 = K».

Normalised Laplacian eigenvalues of G are 0,1(repeated 2p — 2) and 2.
Normalised Laplacian eigenvalues of G2 are 0 and 2.
Normalised Laplacian eigenvalues of G1VGo are 0, g zﬁ,l (repeated p® —2p — 1
times), roots of the equation (32p® — 16p? + 32p — 16)z3 + (—112p> + 48p? — 80p +
32)x? + (120p> — 40p? + 56p — 16)x + 8p? — 40p> — 8p = 0, roots of the equation
(2p — 1)z% — (3p — 1)z + p = 0 and roots of the equation

(8p — 4)x? — (16p — 4)z + Tp = O(each root repeated 2p — 2 times).
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THEOREM 0.36.

Let Gy and Gy (not necessarily distinct) be £ -cospectral reqular graphs, Hy and Ho
(not necessarily distinct) are another £ -cospectral reqular graphs. Then

L (G1VHy) and £ (GoV Hs) (respectively, £ (G Y Hy) and £ (G2 Y Hs)) are
Z-cospectral non-reqular graphs.
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Consider two regular .#-cospectral graphs H andF'(see Figs.6,7).
Graphs C'(H) and C(F') are shown in Figs.8,9.

Graphs (HVK3) and (FVK3) are non-isomorphic.

Then, (HVK3) and (FVK>) are non-regular .Z-cospectral graphs.
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Figure 10: H
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Figure 11: F
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THEOREM 0.38.

Let G be an r-regular graph of order n and size m. Then
n

n—1 2(2714-)\2'—1)
K = — i E SERT AT
(C(@) " n+n—1+r+i:2 2n+ X —r ]
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THEOREM 0.39.

Let G; be an ri-reqular graph with n; vertices and m; edges for 1=1,2. Then
. n1(2n1 +3ng +1r1 + 7’2) + 2n9r9 — 2n1 — 9 — r1T9
K(G1VG2) = |m1 —n1 + +
( ! 2) [ ! ! nl(nl + 2n9 — 2) =+ noro

n2 ni

Z T2 + 1 +22(—Tlﬂi(G1)+2n1+2n2+7’1 -1)
n1 + r2fi;(G2) 2n1 4 2ng — r1/1;(G1)

=2 1=2
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THEOREM 0.40.

Let G; be an ri-reqular graph with n; vertices and m; edges for 1=1,2. Then
ro(4ning — n3 + 6nary + 4ng — 4ng + 4r; — |4
K(G1!G2):[m1—n1—1—|— 22< 172 2 271 L 2 L )2
m1(2n5r1 + 2ning + 6ngry + 4ng + 2ng) + 2ngry 4 nan
n%(nlrg + 2nymy + 2rire + 3mary) + my(10n1ng — 2n% 4+ 10n97r1 + 12n7 — 10n9|+ 87
mi (2n%7“1 + 2ning + 6neory + 4ng + 27%2) + 2n9r1 + n%T’ﬂ“Q

ni

i 9 + M1 n Z —ngrlﬂ,;(Gl) — 27‘1,&1‘(G1> + 2ning + nory + 4ny — ng 4 2r;
my + 72/t (Ga) ning + nor1 + 2ng — narifii(Gi) — 3r1ii(Gr)

1=2 =2
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Thank You



PROOF

Let I(G) be the incidence matrix of G and A(G) be the adjacency matrix of
complement of graph G. Then the adjacency matrix of C(G) is
_(AG) 1(G)
ac@n=(jsh o).
The degree matrix of C'(G) is
_ ((n=1)I, Onxm

Then the normalized Laplacian matrix of C(G) is

L(C(G)) = Lpsn—D"3(C(G)) A(C(G))D~

N[
—
Q
A
Q
N—
SN—
Il
~
~
S
|
3=
s
=
S
|
N’

2(n—1)
Using Lemmas ?? and ??, we have the normalized Laplacian characteristic

polynomial of C(G) is
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Let I(G1) be the incidence matrix of G;. Then by a proper labeling of vertices, the
adjacency matrix of G1VGy can be written as
A(G1)  I(G1)  Jnyxng
A(Gl\/GQ) - I(GI)T Om1 Xm1 Om1 XN
J'I’LQan On2><m1 A(GQ)

The degree matrix of G1VGy is
(nl + ng — 1)In1 On1 Xmq On1 X1ng
D(G1VG2) — Om1 X171 QIml Om1 X1n9
Ong X Ong Xmq (TQ + nl)Ing
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_ I
(n1+n2—1)
_1 . Im
D 2(G1\/G2) = Om1 XN 721 Oml Xn2
I7L2

Ong XN On2 Xm1 \/ﬁ

On1 Xmi On1 Xn2

Then the normalized Laplacian matrix of G1VGs is

I _ _AG) __I(Gy) _ Iny xng
o nl—HTLQ_l V2(n1+n2—1) v (n1+na—1)(n1+r2)
. 1(G
L(G1VGo) = —\/ﬁ In, Oy s
— ng Xnj Onzxm1 In2 — M
\/(n1+n2*1)(n1+7‘2) (n1+mr2)
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In1 _ Lél) _ I(G1) . JInqg xng

nit+n2—1 \/2(n1+n2—1) \/(n1+n2—1)(n1+r2)
c _ _ (G1)
g(Gl\/GQ) — \/29114_7”2_1) Iml Om1 Xng 9
\/(n1+n271)(n1+r2) Ongxm1 X(GQ) ° B
where B = +n1 Jng - r2+n1 Iy, .

Using Deﬁnltlon ??, Lemmas 77,77, 7?7 and Corollary 7?7, we have the normalized
Laplacian characteristic polynomial of G1VGy is
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(@ — Vo, + A(Gh) ffEh) Jny xno

T”1+”2—1 V2miAna—1)  /(nitna—D)(ni+r2)

. I(G

F(L(G1VGa), z) =det N (& — 1)L, Ormy s
(/- Iy, — (Z(G2) o B)

nog Xnij

\/(n1+n2—1)(n1+7“2)
=det <:1cln2 — (Z(Gy) o B)> det S,
(@ — DI, + 2C0 1(G1) Ty
where S = ( 1 B G [(\/(”14‘712—1)(”1‘*‘7"2)) (xlny —

I(G1)T
-~ AewE (z — 1)L,

1/ 2(n1+n2—1)

Om1 X1

Jn2><n1
o <\/<m+nzfl>(m+rz> O"”"“”

Dr. CHITHRA.A.V.(NITC) IIT KHARAGPUR Oct 22, 2021 56 / 69



REFERENCES

(x _ 1)[n1 + A(é1) Jnl Xng (x[nz _ (X(GQ) o B))—l Jn2><n1

B nifna—1 V(nitnz—1)(n1+r2) (n1+n2—1)(n1-
= _ Gyt
2(n1+n271)
AGY) X2(Gy) (@) 1(G1)
_ (z — 1)1, + nitng—1 (n1+n271)(?211+;”2) . 2(n1+n2—1)
% (iL’ — 1)Im1

2(ni1+nz2—1)
Therefore,
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B AGL) | Xz @) 1(Gy)
det(S) — det (:C 1)In1 + ni1+ng—1 (n1+n2—1)(7211+142) ny 2(n1tna—1)
LAl (x—1)I
2(n1+na—1) m1
A(Gh) Xg(GQ)(UC, %) I(Gy)
—(z — )™det | (z —1)I, - TR S
(w = 1) de ((m ) 1+n1+n2—1 (n1+n2—1)(n1+r2) " 2(n1 +ne
A(Gh) X2(G2) (s 557
—(z — 1)™det( (z — 1)1, = EERLL g
(x—1) e((:c ) 1+n1+n2_1 o+ 5~ D(ny £y ™
_ 1 i r1Z(Gh) >
(i +n2—D(@—1) """ 20+ 12— 1)(z - 1)
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Iy —Iny —A(G1) Xz i)

=(z — 1)m1det<(:r -1, +

ni+ng —1 (n1+n2—1)(n1+7"2) "
_ ™ I + Tlf(Gl) )
(m+n—1)-1)" " 2(ni+ng—1)(z—1)
Iy, — In, — 11, +r11.2(Gh) X2(G2) (T, )

—(z — 1)™det( (z — 1)1, L ! _ ot/
(SC ) € <(:C ) o ny+ng —1 (n1—|—n2—1)(n1—|—r2)
_ r1 . r1Z(Gh) >

(n1+n2—1)(x—1) " 2(ny +ng —1)(z — 1)
R X2@) (@ i) 1
(ni+na—1(n1+r2) ni+mne—1
1 r1 o 14n
SR | (mi+nz—1)(x—1) nitng—1
1 Z(G
xdet | [z —1— 1 = IRE Iy, AF nZ(G1) +
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It is easy to see that

da@mw_uﬂcgom>:dd<@—

ni
ny
r9 + 1 ro + Ny

( T9 > )
x, = o
Xg(GQ) TQ + nl T = 1 + T2"l‘2’l’L1

r1 1+rm ) ni

1 _
XkZ(G1) <$ (n1 + ng — 1)(56 — 1) ni+ng —1

z-1l- GrmnET -

Therefore,

Dr. CHITHRA.A.V.(NITC) IIT KHARAGPUR Oct 22, 2021 60 / 69



det(S) = (l‘ _ 1)m1—n1 (1 _ < Xif(GQ)(x7 ,;;_72”1) 1 )
(

ni +ng — 1)(ng +r2) i+ ng—1

nq
X r—1— r1 14
(n14+n2—1)(z—1) ni+nz—1

2 r1 (1+Tl)($— 1) 7”13((?1) 7‘1(1‘
— — = I
xdet(((x b (n1+ng —1) ny+ng —1 n1+2(n1+n2—1) o ny

f(Z(G1VGs), x) = det <$In2 — (Z(Gs) o B)) det S

= et (o= M, (@)

T2 + Ny ro + nq

_ m2
z—1+-—2 1

(n1 +ng —1)(n1 +12) Cnitng—1

x (z —1)™—m [1 -
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na
_ iy (] -
—(z—1)mm — I, — i@
=m0 - 2o, - —2 )

n1 2 1 (1+r)(x—1)
. [<$_7“2+n1> <(x_1) S (mitne—1)  nit+na—1 )
5 ning(z — 1) — ny(z — 1)(zny + xre — nl)}
(n1 + ng — 1)(%1 aF T2)
r (L+r)(z—1) N r1fii(Gr) " ri(z — )G

H((w—l)Q— -
=2 (n1+n2—1) ny+ng —1 2(ny +ng — 1) ni+mng —1

ni
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Let I(Hj) be the incidence matrix of Hy. Then by a proper labeling of vertices,
adjacency matrix of H; Y Hy can be written as
A(Hl) I(Hl) On1><n2
A(Hl ¥H2) — I(H1>T Om1Xm1 Jm1><n2
Ongxnl Jnaxmy A(H2)

The degree matrix of Hy Y Hj is

(nl - 1)In1 Onl Xmq On1 XNa
D(Hl L HQ) = Oml XM (n2 + 2)Im1 Om1 Xn2
Ongxn1 Ongxml (TZ + ml)Inz
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I,
! Onl Xm1 O’nl Xn2
(n1—1)
_1 Inm,
D2 (Hl v HQ) = Om1><n1 e Om1><n2

Vno+2
O O "2
na2 Xni n2 Xmji \/m
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Then the NL matrix of Hy Y Hy is

_ A(ﬁl) _%
In1 "1;1 (n1—1)(n2+2) Onlxn2
I(Hl) Jml Xng
’ e _ Imyxng
ZL(H1Y Hy) = (n1—-1)(n2+2) JIml (n2+2)((r2+)m1)
—_dngxmy _ _Al)
Onzxml (n2+2)(ra+m1) Ing (ma+rz)
_ A(I—il) _%
In1 n1—1 (n1—1)(n2+2) Onlan
B [ {€:5) I ___Imxnyg
= (n1—1)(n2+2) Jml (n2+2)(r2+m1)
o Ingxmy
O, L ZL(Hy)oC

— T2 mi
where C = 22— Jn, + 54— 1n,.

Using Definition ?? and Lemmas 77,77, 7?7 we have the NL characteristic
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polynomial of Hy VY Hy is

_ A(Hy) I(H,)
(J) 1)In1 1‘ ni—1 (nl—l)(n2+2) ?nl Xng
. I(Hl) _ mp Xng
f(Z(H1 Y Hy),x) =det N COECYS)] (x — 1)1y, Tt ot
On2><m1 —Tngxmy___ xIm = (Dg(HQ) © C)

(n2+2)(ra+m1)

— det (ﬂm — (L(Hs) 0 c>) det S,

— A(Hy) I(H,)
where S = <(x 1)1”1 i i (n11)(n2+2)) _ |: < ?nl X1ng )
J W (€ Vi e

(n1—1)(n2+2) (@ = 1)y na+2)(ra+m1)

% (21, — (L(Hsz) 0 C))~ (mel
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A(Hy) I(Hy)
g (x 1)5211; L o (n1—1)(n2+2) »
-1 t2) (@ = 1)y — (2 +2)(r2+m1) (21n, — (Z(Hz) 0 0)) N
(o= D, + 505 Vo=l
\ s U R
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By using Lemma ??, Corollary ?? and equation (?7) we have

— DI, A(Hl) _ Iy
det(S) —det (x ) T (n1—1)(n2+2)
= ( )T (m _ 1)[ _ X}f(HZ)( ’T2+ml)J—
(n1—1)(n2+2) ™1 (n2+2)(r2+ma)
X2 (Hs) (T 7o) 3 A(Hy)
=det <( — 1y — (2 + 2)(ra + ml)J det|(z — 1)1, + e—1
_ _ XX(HQ)( ] T2+m1) J I(Hl)T
\/(nl — 1 )(n2 + 2) e e ey V1 — D) (ny + 2)
Xf (H2) $, r2+m1) myq Jn1 — Inl - A(Hl)
=(z — — 1)1,
(=™ <1 (ng+2)(ro +my) = —1 det|(z = 1) In, + ng —1
I(H) L o B J > I(H,)"
V(i =1)(na+2) \(z—1) M E-D@-1-mpB) ™ (n1 —1)(ng +:
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Where B = M
ml ma Jn1 — Inl — A(Hl) _ I(Hl)l(l
6138 =l = ( 1) [ np — 1 (x —1)(ng —
_ < I ) I(H,)" ]
nl—l n2+2 x — 1)( $_1_m15) \/(nl—l)(n2+2)
~o =)™ (155 ) det| (@ - 1)1y, + T AL

5 I(Hy)I(Hy)" B B I(Hl)JmJ(Hl)T]
(z—1)(n1 —1)(n2+2) (x—1)(x—1-—m1fB) (n1 —1)(ng + 2)

=(z-1)™ (1 — 69577111) det [(x — 1), + o = Zl__lA(Hl)
» I(Hy)I(Hy)" 5 BriJn, ]
(—=1)n1—1(n2+2) (z—1)(xz—1-—m1f)(n1 —1)(n2+2)
o 1ym M ’ Iny, — I, — A(Hy) _ I(Hy)I(1
=(z—1) <1 Bx ) d t[( -1, + — RN
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