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Laplacian eigenvalues of graphs and Brouwer’s conjecture

ADJACENCY MATRIX
The adjacency matrix of a graph G is the n x n matrix A = A(G) = (aj;), where

o — 1, ifvi~y,
YT 0, if v
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Laplacian eigenvalues of graphs and Brouwer’s conjecture

ADJACENCY MATRIX
The adjacency matrix of a graph G is the n x n matrix A = A(G) = (aj;), where

o — 1, ifvi~y,
YT 0, if v

LAPLACIAN MATRIX
The matrix L(G) = D(G) — A(G) is known as Laplacian matrix and its spectrum is the
Laplacian spectrum of the graph G. L(G) can also be defined as L(G) = (/;;), where

di, ifvi=y;,
= =1, ifvi~y,
0, if v = vj.
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Similarly, the matrix L(G) = D(G) + A(G) is known as signless Laplacian matrix of G.
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Similarly, the matrix L(G) = D(G) 4+ A(G) is known as signless Laplacian matrix of G
3
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SIGNLESS LAPLACIAN MATRIX
Similarly, the matrix L(G) = D(G) + A(G) is known as signless Laplacian matrix of G.

DEGREE BASED MATRICES
The diagonal matrix D(G) is D(G)=Diag(2,2,2)

0 1 1 2 -1 -1 2 1 1
AG =1 0 1|,6)=[-1 2 -1],Q6)=[(1 2 1
1 1 0 -1 -1 2 1 1 2
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Let M,(C) be the set of all square matrices of order n with entries from complex field
C. For M € M,(C), the square roots of the eigenvalues of MM* or M* M, where M*
is the complex conjugate of M are known as singular values. As MM* is positive
semi-definite, so singular values of M are non negative, denoted by

si(M) > (M) > -+ > sp(M).
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Let M,(C) be the set of all square matrices of order n with entries from complex field
C. For M € M,(C), the square roots of the eigenvalues of MM* or M* M, where M*
is the complex conjugate of M are known as singular values. As MM* is positive
semi-definite, so singular values of M are non negative, denoted by

si(M) > (M) > -+ > sp(M).

SCHATTEN P-NORM
The Schatten p-norm of a matrix M € M,(C) is the p-th root of the sum of the p-th
powers of the singular values, that is

IM]lp = (sP(M) + SE(M) + - - + sB(M)),

where n > p > 1.
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Let M,(C) be the set of all square matrices of order n with entries from complex field
C. For M € M,(C), the square roots of the eigenvalues of MM* or M* M, where M*
is the complex conjugate of M are known as singular values. As MM* is positive
semi-definite, so singular values of M are non negative, denoted by

si(M) > (M) > -+ > sp(M).

SCHATTEN P-NORM

The Schatten p-norm of a matrix M € M,(C) is the p-th root of the sum of the p-th
powers of the singular values, that is

1
IMllp = (sf (M) + s§(M) + - - + sf(M))7,
where n > p > 1.

The Schatten 1-norm is the sum of all singular values and is known as trace norm or
nuclear norm of M.

Ky FAN K-NORM

The sum of first k singular values is the Ky Fan k-norm, that is for p = 1 and
n >k > 1, we have

M|« = s1(M) + 2(M) + - - + sk (M).

|[M]|1 is the largest singular value of M and is called spectral norm.
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The matrices L(G) and Q(G) are real symmetric and positive semi-definite, so their
eigenvalues are ordered as 0 = pp < pp—1 < <ppand 0=¢gn < gp—1 < --- < q1,
where w1 and g are their spectral radii, respectively.
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The matrices L(G) and Q(G) are real symmetric and positive semi-definite, so their
eigenvalues are ordered as 0 = pp < pp—1 < <ppand 0=¢gn < gp—1 < --- < q1,
where w1 and g are their spectral radii, respectively.

For k =1,2,...,n, let

k k
S(G)=>_"m and  SH(G) =D g
i=1 i

i=1

be the sum of the k largest Laplacian eigenvalues and the sum of first k largest
signless Laplacian eigenvalues of G. The parameter Si(G) is also of great importance
in the well known theorem by Grone-Merris (1994) [12], a nice proof of which is due
to Bai (2010) in [1], its statement is given in the following theorem.
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The matrices L(G) and Q(G) are real symmetric and positive semi-definite, so their
eigenvalues are ordered as 0 = pp < pp—1 < <ppand 0=¢gn < gp—1 < --- < q1,
where w1 and g are their spectral radii, respectively.

For k =1,2,...,n, let

k k
S(G)=>_"m and  SH(G) =D g
i=1

i=1

be the sum of the k largest Laplacian eigenvalues and the sum of first k largest
signless Laplacian eigenvalues of G. The parameter Si(G) is also of great importance
in the well known theorem by Grone-Merris (1994) [12], a nice proof of which is due
to Bai (2010) in [1], its statement is given in the following theorem.

GRONE-MERRIS-BAT THEOREM
If G is any graph of order n and k, 1 < k < n, is any positive integer, then

k
Sk(G) < > d*(G), where d*(G) = [{v e V(G):dy, > i}|, fori=1,2,...,n.
i=1
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Analogous to Grone-Merris-Bai Theorem, Brouwer [2] conjectured the upper bound for
Sk(G), which is known as Brouwer's conjecture, and is stated as follows.

CONJECTURE 1.1 (BROUWER’S CONJECTURE (2008))
If G is any graph with order n and size m, then

k+1
Sk(G)Ser( J2r ), for any k € {1,2,...,n}.
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m Mayank (2010) proved the conjecture for split graphs and the cographs.




m Mayank (2010) proved the conjecture for split graphs and the cographs.
m Haemers et al. (2010) verified the conjecture for k = 2, showed true for all trees.
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m Mayank (2010) proved the conjecture for split graphs and the cographs.
m Haemers et al. (2010) verified the conjecture for k = 2, showed true for all trees.

m Du and Zhou (2012) proved that the conjecture is also true for unicyclic and
bicyclic graphs.
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Mayank (2010) proved the conjecture for split graphs and the cographs.

Haemers et al. (2010) verified the conjecture for k = 2, showed true for all trees.

Du and Zhou (2012) proved that the conjecture is also true for unicyclic and
bicyclic graphs.

m Rocha and Trevisan (2014) proved that the conjecture is true for all k with
1< k < |£], where g is the girth of the graph G.
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m Mayank (2010) proved the conjecture for split graphs and the cographs.
Haemers et al. (2010) verified the conjecture for k = 2, showed true for all trees.

m Du and Zhou (2012) proved that the conjecture is also true for unicyclic and
bicyclic graphs.

m Rocha and Trevisan (2014) proved that the conjecture is true for all k with
1< k < |£], where g is the girth of the graph G.

m Ganie, Alghamdi and Pirzada, (2016) obtained upper bounds for Sx(G) in terms
of various graph parameters, which improve some previously known upper bounds
and showed that Brouwer’s conjecture is true for some new families of graphs.
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m Mayank (2010) proved the conjecture for split graphs and the cographs.

m Haemers et al. (2010) verified the conjecture for k = 2, showed true for all trees.

m Du and Zhou (2012) proved that the conjecture is also true for unicyclic and
bicyclic graphs.

m Rocha and Trevisan (2014) proved that the conjecture is true for all k with
1< k < |£], where g is the girth of the graph G.

m Ganie, Alghamdi and Pirzada, (2016) obtained upper bounds for Sx(G) in terms
of various graph parameters, which improve some previously known upper bounds
and showed that Brouwer’s conjecture is true for some new families of graphs.

m Chen (2018) proved conjecture with some restriction on the parameter m
involved in the conjecture.
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m Mayank (2010) proved the conjecture for split graphs and the cographs.

m Haemers et al. (2010) verified the conjecture for k = 2, showed true for all trees.

m Du and Zhou (2012) proved that the conjecture is also true for unicyclic and
bicyclic graphs.

m Rocha and Trevisan (2014) proved that the conjecture is true for all k with
1< k < |£], where g is the girth of the graph G.

m Ganie, Alghamdi and Pirzada, (2016) obtained upper bounds for Sx(G) in terms
of various graph parameters, which improve some previously known upper bounds
and showed that Brouwer’s conjecture is true for some new families of graphs.

m Chen (2018) proved conjecture with some restriction on the parameter m
involved in the conjecture.

Next we obtained upper bounds for Si(G) of graph G.

THEOREM 1.2

Let G be a connected graph of order n > 4 and size m having clique number w > 2. If
H = G\ K., is a graph having r non-trivial components Ci, G, ..., C,, each of which
is a c-cyclic graph and p > 0 trivial components, then

ww=1)4+n—p+2r(c—1)+2k, ifk>w-—1,
Sk(G)S{ k(w+2)+n—p+2r(c—1), ifk <w-—2. )
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Bounds for 5,(G)

Similar to Theorem 1.2, we have following result for complete bipartite graphs [9]

THEOREM 1.3

Let G be a connected graph of order n > 4 and size m. Let Ks; s,, 51 < 5o > 2, be the
maximal complete bipartite subgraph of the graph G. If H = G \ Ks, s, is a graph
having r non-trivial components Cy, Cy, ..., C;, each of which is a c-cyclic graph and
p > 0 trivial components, then

251 +n— p+2r(c — 1) + 2k, ifk>s +s;—1,
Sk(G)S{ So+ kst +n—p+2r(c—1)+2k, ifk<s +s —2. @

LHilal A. Ganie, S. Pirzada, Bilal A. Rather and V. Trevisan, Further developments on Brouwer's conjecture for
the sum of Laplacian eigenvalues if graphs, Linear Algebra Appl. 588 (2020) 1=18.
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Truth of Brouwers conjecture

THEOREM 1.4

Let G be a connected graph of order n > 4 and size m having clique number w > 2. If
H = G\ K., is a graph having r non-trivial components Ci, C, ..., C,, each of which
k(k+1
is a c-cyclic graph, then Si(G) < m+ % for all k € [1,A1] and k € [B1, n],

where Ay = min{w — 2,7}, 1 = 2w+3ﬂ/16«;+8r(c71)+9 and

3+4/4w? —4w+8r(c—1)+9
B1= > (c=1)+9
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Truth of Brouwers conjecture

THEOREM 1.4

Let G be a connected graph of order n > 4 and size m having clique number w > 2. If
H = G\ K., is a graph having r non-trivial components Ci, C, ..., C,, each of which

k(k+1
is a c-cyclic graph, then Si(G) < m+ % for all k € [1,A1] and k € [B1, n],
2w+37x/16;+8r(c71)+9 and

where A1 = min{w — 2,v1},11 =

3+4/4w? —4w+8r(c—1)+9
f = S/ AT RIS

For graphs, having Ks s, as the maximal complete bipartite subgraph. we have the
following.

THEOREM 1.5

Let G be a connected graph of order n > 4 and size m and let Ks s, s > 2 be the
maximal complete bipartite subgraph of graph G. If H= G \ Kss is a graph having r
non-trivial components Cy, G, ..., C., each of which is a c-cyclic graph and p > 0

5+/8r(c—1)+34
2

trivial components, then for s >

/ar(c— , .
and for s < w, Brouwer’s conjecture holds for all k € [x1, n] and for all
254-3+4/20s—4s2+8r(c—1) 25+3—1/205s—4s2+8r(c—1)+9
2 2 :

, Brouwer's conjecture holds for all k;

k € [1,y1] , where x; = *9 and y1=
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Chen [4] verified that Brouwer’s conjecture is true for graphs in which the size m is
restricted.

THEOREM 1.6

[4] Let G be a connected graph with n > 4 vertices and m edges having p > 1
pendent vertices.

(i) fp< 5 andm> % (n=3)p 3)p then Brouwer's conjecture holds for
ke, 5.

(i) Ifp> 3 and m > 0171)&%71) (n=3)p 3)p , then Brouwer’s conjecture holds for
k € ["gl , n].

2Implroved results on Brouwer’s conjecture for sum of the Laplacian eigenvalues of a graph, Linear Algebra Appl.
557 (2018) 327-338.
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Now, let the graph G have p vertices each of degree r. The following theorem verifies
Brouwer’s conjecture under certain restrictions on the size m of G.

THEOREM 1.7

Let G be a connected graph with n > 4 vertices and m edges having p > 1 vertices of
degree r > 1.

(i) Ifm> (2"72;1)', then Brouwer’s conjecture holds for k € [1,r].

(i) Ifp< 3 and m> ("71)23"71) = ("71272r)p, then Brouwer's conjecture holds for
kelr+1, ”51].

(iii) Ifp> 5 and m > ("_l)gn_l) - ("_I;Qr)p, then Brouwer's conjecture holds for

k e ["gl,n].

3Hilal A. Ganie, S. Pirzada, Bilal A. Rather and R. U. Shaban, On Laplacian eigenvalues of graphs and Brouwer's
conjecture, J. Ramanujan Math. Soc. 36(1) (2021) 1-9.
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THEOREM 1.8
Let G be a connected graph with n > 4 vertices, m edges and having p > 1 and
q > 1(q # p) vertices of degrees r and s (s > r > 1), respectively.

(i) Ifm> M then Brouwer’s conjecture holds for k € [1, r].

(ii) /f”>P+5+% andm2w+pr;orn<p+r+%and

m > (Hl)(%;ﬂ + pr, then Brouwer's conjecture holds for k € [r + 1, s].
(n—=1)(38n—-1) (n72r71)p7 (n—2s—1)

(i) fp+qg< 3 andm> q, then Brouwer's

2
conjecture holds for all k, s +1 < k < (n—1)/2.
(iv) Ifp+gq > 1 and m> (n—=1)(8n—-1)  (n— 2r71)p_ (n722571)
conjecture holds for all k, (n—1)/2 < k < n.

q, then Brouwer'’s
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THEOREM 1.8
Let G be a connected graph with n > 4 vertices, m edges and having p > 1 and
q > 1(q # p) vertices of degrees r and s (s > r > 1), respectively.

(i) Ifm> w then Brouwer’s conjecture holds for k € [1, r].

@ii) Ifn>p+s+3andm> 2r=2p=s"1)
i > (r+1)(2n722p7r72)

+pr;orn<p+r+% and
+ pr, then Brouwer's conjecture holds for k € [r + 1, s].
(n—=1)(38n—-1) (n72r71)p7 (n—2s—1)

(i) fp+qg< 3 andm> :
conjecture holds for all k, s +1 < k < (n—1)/2.
n—1)(3n—-1) _ (n— 2r71) (n—2s—1)
pP= "

q, then Brouwer’s

(iv) Ifp+q> 5 and m > (
conjecture holds for all k, (n—1)/2 < k < n.

q, then Brouwer’s

In case G has p > 1 pendent vertices and g > 1 vertices of degree two, we have the
following consequence of Theorem 1.8.
COROLLARY 1.9
Let G be a connected graph with n > 4 vertices and m edges having p > 1 pendent
vertices and q > 1 vertices of degrees 2.

(I) lprrq < g 213 (7 Z (n—1)(3n—1) . (n—3)p (n 5)

holds for all k, 3 < k < (n—1)/2.
(n—1)(3n—1) _ (n73)p7 (n 5)

q, then Brouwer's conjecture

(i) fp+q> 35 and m > 5
holds for all k, (n—1)/2 < k < n.
Bilal Ahmad Rather University of Kashmir
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If G is any graph with order n and size m, then
k+1
sHe) <m+( ;’ ), forany ke {1,2,...,n}.
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CONJECTURE 1.10 (ASHRAF’S CONJECTURE (2013))

If G is any graph with order n and size m, then
k+1
S:(G)Sm—&—( ; ), for any k € {1,2,...,n}.

m Ashraf’s conjecture is true for all graphs of order at most 10, besides it holds for
ke{l,n—1,n}.

m Ashraf et al. (2013) proved the conjecture for k = 2 and for regular graphs.

Bilal Ahmad Rather University of Kashmir
On the sum of first k largest Laplacian (signless) eigenvalues of graphs



LAPLACIAN EIGENVALUES OF GRAPHS AND BROUWER’'S CONJECTURE LAPLACIAN ENERGY CONJECTURE OF TREES BIBLIOGRAPHY

CONJECTURE 1.10 (ASHRAF’S CONJECTURE (2013))

If G is any graph with order n and size m, then

k+1
S:(G)Sm—&—( ; ), for any k € {1,2,...,n}.

m Ashraf’s conjecture is true for all graphs of order at most 10, besides it holds for
ke{l,n—1,n}.

m Ashraf et al. (2013) proved the conjecture for k = 2 and for regular graphs.

m Yang et al. (2014) determined various upper bounds for S;(G) and showed that
the conjecture is valid for unicyclic graphs, bicyclic graphs and tricyclic graphs
(except for k = 3).
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CONJECTURE 1.10 (ASHRAF’S CONJECTURE (2013))

If G is any graph with order n and size m, then

k+1
S:(G)Sm—&—( ; ), for any k € {1,2,...,n}.

m Ashraf’s conjecture is true for all graphs of order at most 10, besides it holds for
ke{l,n—1,n}.

m Ashraf et al. (2013) proved the conjecture for k = 2 and for regular graphs.

m Yang et al. (2014) determined various upper bounds for S;(G) and showed that

the conjecture is valid for unicyclic graphs, bicyclic graphs and tricyclic graphs
(except for k = 3).

m Pirzada and Hilal (2015) obtained upper bounds for S;"(G) in terms of various
graph parameters, which are better than some previously known upper bounds on
S:(G). They also showed that the conjecture is true for several classes of graphs.

m Chen (2018) verified the conjecture for k = n— 2 and some new families of graphs
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Laplacian energy conjecture of trees

LAPLACIAN ENERGY
The Laplacian energy LE(G) [14] of a graph G as

k]

LE(G):im—H

i=1

where d is the average of the Laplacian eigenvalues of G.
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Laplacian energy conjecture of trees

LAPLACIAN ENERGY
The Laplacian energy LE(G) [14] of a graph G as

LE(G) = im—aj,
i=1

where d is the average of the Laplacian eigenvalues of G.

n—1
Using the fact that Y p; = 2m, from [6], we have
1=i

o k
LE(G)—Z(ZM,’—Ud) =2 max <Zu;—kd> , 3)
i=1 =FE1 =

where o is the number of Laplacian eigenvalues greater than or equal to the average
degree d. By the definition of Laplacian energy, we see that LE(G) is precisely the
trace norm of the matrix L(G) — dl,, where I, is the identity matrix.
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LAPLACIAN ENERGY CONJECTURE

Radenkovi¢ and Gutman [25] (2007) studied the correlation between the energy and
the Laplacian energy of trees and they computed the energy and Laplacian energy of
all trees up to 14 vertices. They formulated the following conjecture.

CONJECTURE 2.1 (LAPLACIAN ENERGY CONJECTURE)

If T is a tree of order n, then

LE(P,) < LE(T) < LE(S,).
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LAPLACIAN ENERGY CONJECTURE

Radenkovi¢ and Gutman [25] (2007) studied the correlation between the energy and
the Laplacian energy of trees and they computed the energy and Laplacian energy of
all trees up to 14 vertices. They formulated the following conjecture.

CONJECTURE 2.1 (LAPLACIAN ENERGY CONJECTURE)

If T is a tree of order n, then

LE(P,) < LE(T) < LE(S,).

e Trevisan et al. (2011) proved that Conjecture 2.1 is true for all trees of diameter
3, and further by direct computations they showed that Conjecture 2.1 is true for
all trees up to 18 vertices.
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LAPLACIAN ENERGY CONJECTURE

Radenkovi¢ and Gutman [25] (2007) studied the correlation between the energy and
the Laplacian energy of trees and they computed the energy and Laplacian energy of
all trees up to 14 vertices. They formulated the following conjecture.

CONJECTURE 2.1 (LAPLACIAN ENERGY CONJECTURE)

If T is a tree of order n, then

LE(P,) < LE(T) < LE(S,).

e Trevisan et al. (2011) proved that Conjecture 2.1 is true for all trees of diameter
3, and further by direct computations they showed that Conjecture 2.1 is true for
all trees up to 18 vertices.

e Fritscher et al. (2011) proved that the right inequality of Conjecture 2.1 is true
for all trees of order n.
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LAPLACIAN ENERGY CONJECTURE

Radenkovi¢ and Gutman [25] (2007) studied the correlation between the energy and
the Laplacian energy of trees and they computed the energy and Laplacian energy of
all trees up to 14 vertices. They formulated the following conjecture.

CONJECTURE 2.1 (LAPLACIAN ENERGY CONJECTURE)

If T is a tree of order n, then

LE(P,) < LE(T) < LE(S,).

e Trevisan et al. (2011) proved that Conjecture 2.1 is true for all trees of diameter
3, and further by direct computations they showed that Conjecture 2.1 is true for
all trees up to 18 vertices.

e Fritscher et al. (2011) proved that the right inequality of Conjecture 2.1 is true
for all trees of order n.

e Chang and Deng (2012) verified the conjecture 2.1 for trees of diameter 4 and 5
with perfect matching.
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LAPLACIAN ENERGY CONJECTURE

Radenkovi¢ and Gutman [25] (2007) studied the correlation between the energy and
the Laplacian energy of trees and they computed the energy and Laplacian energy of
all trees up to 14 vertices. They formulated the following conjecture.

CONJECTURE 2.1 (LAPLACIAN ENERGY CONJECTURE)

If T is a tree of order n, then

LE(P,) < LE(T) < LE(S,).

e Trevisan et al. (2011) proved that Conjecture 2.1 is true for all trees of diameter
3, and further by direct computations they showed that Conjecture 2.1 is true for
all trees up to 18 vertices.

e Fritscher et al. (2011) proved that the right inequality of Conjecture 2.1 is true
for all trees of order n.

e Chang and Deng (2012) verified the conjecture 2.1 for trees of diameter 4 and 5
with perfect matching.

e Rahman, Ali and Rehman (2019) proved conjecture for some families of trees of
diameter 4.
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Proof of Conjecture for an arbitrary tree

THEOREM 2.2

Let T be a tree of order n > 4 and let P, be the path graph on n vertices. If T has s
internal (non-pendent) vertices, then

LE(T) > LE(Py),

™

provided that s < % ((L*2>n2 — 2n>.
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Proof of Conjecture for an arbitrary tree

THEOREM 2.2

Let T be a tree of order n > 4 and let P, be the path graph on n vertices. If T has s
internal (non-pendent) vertices, then

LE(T) > LE(Pn),

™

provided that s < % <<u>n2 — 2n>.

Let T be a tree of order n > 4 having s internal (non-pendent) vertices. Then
following holds,

(i) If s =1, then Conjecture 2.1 holds for all n > 9;
(ii) If s =2, then Conjecture 2.1 holds for all n > 12;
(iii) If s = 3, then Conjecture 2.1 holds for all n > 14;
(iv) If s = 4, then Conjecture 2.1 holds for all n > 17;
(v) If s =5, then Conjecture 2.1 holds for all n > 20;

(viii) If s < g—g — 2, then Conjecture 2.1 holds for all n.
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FIGURE: Double broom of diameter 4 and the tree T(4;2a, 2b)
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The following results are used in establishing conjecture for tress of diameter at most
4.

LEmMMA 2.3
[31] If P, is a path on n vertices, then

4
LE(P)) <2+ 2.
™

LEMMA 2.4
[11] Let L(G) be the Laplacian matrix of G. Then (di,d, . ..,dn) = (1, p2, - - -, fn),
that is;
k K
> ui>14> di forall k=1,2,...,n—1.
i=1 i=1

The next lemma can be seen in [30].

LEMMA 2.5

The number of Laplacian eigenvalues less than the average degree 2 — % of a tree T
of order n is at least | 3 |.
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THEOREM 2.6
If T is a tree of diameter 3. Then conjecture 2.1 is true for all n.

Let 7,(d) be the family of trees each of diameter d and order n > 3.

THEOREM 2.7

Conjecture 2.1 is true for all trees of diameter 4, that is, for all trees of the family

Tn(4).
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THEOREM 2.6
If T is a tree of diameter 3. Then conjecture 2.1 is true for all n.

Let 7,(d) be the family of trees each of diameter d and order n > 3.

THEOREM 2.7
Conjecture 2.1 is true for all trees of diameter 4, that is, for all trees of the family

Tn(4).

Now, we obtain a lower bound for the Laplacian energy of a tree T in terms of the
sum of k; largest Laplacian eigenvalues of T;, where T;, for i = 1,2, are the
components of T obtained by deleting any non-pendent edge.

THEOREM 2.8

Let T be a tree of order n > 8 and let e be a non-pendent edge of T. Let

T —e= T1UT; and let o be the number of Laplacian eigenvalues of T — e which are
greater than or equal to the average degree d(T — e). Then

4o
LE(T) > 254, (T1) +25,(T2) — 40 + -
where ki, kp are respectively, the number of Laplacian eigenvalues of Ty, T, which are
greater than or equal to d(T — e) with ki + ko = o and Sk(T) is the sum of k largest

Laplacian eigenvalues of T.
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Assume Conjecture 2.1 holds for two components obtained by deleting a non-pendent
edge of a tree T. Also, for both the components, let the number of Laplacian
eigenvalues greater than or equal to the average degree be equal to their number of
non-pendent vertices. Then Conjecture 2.1 holds for T, as can be seen as below.

THEOREM 2.9

Let Ty be a tree of order ny having ri non-pendent vertices and let T, be a tree of
diameter at most 3 having order ny with n; > n, > 6. Let o1 be the number of
Laplacian eigenvalues of Ty greater than or equal to the average vertex degree
E(Tl) =2 — % Let T=T1UToU{u,v}, whereu € Ty and v € Ty. Ifo1 = 1,

then Conjecture 2.1 holds for T, provided that LE(T1) > 2 + 4%.

Bilal Ahmad Rather University of Kashmir

On the sum of first k largest Laplacian (signless) eigenvalues of graphs



LAPLACIAN EIGENVALUES OF GRAPHS AND BROUWER’S CONJECTURE LAPLACIAN ENERGY CONJECTURE OF TREES BIBLIOGRAPHY

CONCLUSION

In order to prove the conjecture in general, one must be aware of the distribution of
Laplacian eigenvalues of trees around the average degree. The graph invariant o plays
a fundamental role in finding the lower bounds of Si(G), which in turn may help in
proving the Laplacian energy conjecture. Thus to prove the Laplacian energy
conjecture, we must study o of the trees and use the gained information in verifying
the Laplacian energy conjecture. Some tree transformation as in [30] can also help in
verifying the Laplacian energy conjecture.

Bilal Ahmad Rather University of Kashmir

On the sum of first k largest Laplacian (signless) eigenvalues of graphs



LAPLACIAN EIGENVALUES OF GRAPHS AND BROUWER’'S CONJECTURE LAPLACIAN ENERGY CONJECTURE OF TREES BIBLIOGRAPHY

REFERENCES 1

[1]
2]

[6]

[7]

H. Bai, The Grone-Merris conjecture, Trans. Amer. Math. Soc. 363 (2011)
44634474,

A. E. Brouwer and W. H. Haemers, Spectra of graphs. Available from:
http://homepages.cwi.nl/aeb/math/ipm.pdf.

A. Chang and B. Deng, On the Laplacian energy of trees with perfect matchings,
MATCH Comm. Math. Comp. Chem. 68 (2012) 767-776.

X. Chen, Improved results on Brouwer's conjecture for sum of the Laplacian
eigenvalues of a graph, Linear Algebra Appl. 557 (2018) 327-338.

X. Chen, Note on a conjecture for the sum of signless Laplacian eigenvalues,
Czechoslovak Math. J. DOI:10.21136/CMJ.2018.0548-16

E. Fritscher, C. Hoppen, |. Rocha and V. Trevisan, On the sum of the Laplacian
eigenvalues of a tree, Linear Algebra Appl. 435 (2011) 371-399.

H. A. Ganie, A. M. Alghamdi and S. Pirzada, On the sum of the Laplacian
eigenvalues of a graph and Brouwer’s conjecture, Linear Algebra Appl. 501
(2016) 376-389.

Bilal Ahmad Rather University of Kashmir

On the sum of first k largest Laplacian (signless) eigenvalues of graphs



LAPLACIAN EIGENVALUES OF GRAPHS AND BROUWER’'S CONJECTURE LAPLACIAN ENERGY CONJECTURE OF TREES BIBLIOGRAPHY

REFERENCES 11

(8]

[12]

[13]

(14]

Bilal Ahmad Rather

H. A. Ganie, S. Pirzada and Vilmar Trevisan, On the sum of k largest Laplacian
eigenvalues of a graph and clique number, Mediterranean J. Math. 18(15) (2021)

Hilal A. Ganie, S. Pirzada, Bilal A. Rather and V. Trevisan, Further developments
on Brouwer's conjecture for the sum of Laplacian eigenvalues of graphs Linear
Algebra Appl. 588 (2020) 1-18.

Hilal A. Ganie, S. Pirzada, Bilal A. Rather and R. U. Shaban, On Laplacian
eigenvalues of graphs and Brouwer's conjecture, J. Ramanujan Math. Soc. 36(1)
(2021) 1-9.

R. Grone, Eigenvalues and the degree sequences of graphs, Linear Multilinear
Algebra 39, (1995) 133-136.

R. Grone and R. Merris, The Laplacian spectrum of a graph Il, SIAM J. Discrete
Math. 7 (1994) 221-229.

R. Grone, R. Merris and V. S. Sunder, The Laplacian spectrum of a graph, SIAM
J. Matrix Anal. Appl. 11 (1990) 218-238.

I. Gutman and B. Zhou, Laplacian energy of a graph, Linear Algebra Appl. 414
(2006) 29-37.

On the sum of first k largest Laplacian (signless) eigenvalues of graphs

University of Kashmir



LAPLACIAN EIGENVALUES OF GRAPHS AND BROUWER’'S CONJECTURE LAPLACIAN ENERGY CONJECTURE OF TREES BIBLIOGRAPHY

REFERENCES III

[15] W. H. Haemers, A. Mohammadian and B. Tayfeh-Rezaie, On the sum of

[16]

(17]
[18]
[19]

[20]

[21]

Laplacian eigenvalues of graphs, Linear Algebra Appl. 432 (2010) 2214-2221.

C. Helmberg and V. Trevisan, Spectral threshold dominance, Brouwer's
conjecture and maximality of Laplacian energy, Linear Algebra Appl. 512 (2017)
18-31.

R. Horn and C. Johnson, Matrix Analysis, Cambridge University press, 1985.
X. Li, Y. Shi and |. Gutman, Graph Energy, Springer, New York, 2012.

Mayank, On variants of the Grone-Merris conjecture, Master's thesis, Eindhoven
University of Technology, Department of Mathematics and Computer Science,
Eindhoven, The Netherlands, November 2010.

S. Pirzada and H. A. Ganie, On the Laplacian eigenvalues of a graph and
Laplacian energy, Linear Algebra Appl. 486 (2015) 454—-468.

S. Pirzada, Bilal A. Rather, H. A. Ganie and R. U. Shaban, On generalized
distance spectral radius of a bipartite graph, Matematicki Vesnik, 72,4 (2020)
327-336.

Bilal Ahmad Rather University of Kashmir

On the sum of first k largest Laplacian (signless) eigenvalues of graphs



LAPLACIAN EIGENVALUES OF GRAPHS AND BROUWER’'S CONJECTURE LAPLACIAN ENERGY CONJECTURE OF TREES BIBLIOGRAPHY

REFERENCES IV

[22] S. Pirzada, Bilal A. Rather, H. A. Ganie and R. U. Shaban, On A, energy of
graphs, AKCE J. Graphs Combinatorics (2021), Inpress

[23] S. Pirzada, Bilal A. Rather, M. Aijaz and T. A. Chishti, Distance signless
Laplacian spectrum of graphs and spectrum of zero divisor graphs of Z,, Linear
and MultiLinear Algebra (2020) DOI:10.1080/03081087.2020.1838425.

[24] S. Pirzada, Hilal A. Ganie, Bilal A. Rather and R. U. Shaban, On the generalized
distance energy of graphs, Linear Algebra and its Applications 603 (2020) 1-19.

[25] S. Radenkovi¢ and |. Gutman, Total m—electron energy and Laplacian energy:
How far the analogy goes? J. Serb. Chem. Soc. 72 (2007) 1343-1350.

[26] J. U. Rahman, U. Ali and M. Rehman, Laplacian energy of diameter 4 trees, J.
Discrete Math. Sci. Cryp. (2019) DOI:10.1080/09720529.2019.1670943.

[27] Bilal A. Rather, S. Pirzada, T. A. Naikoo and Y. Shang, On Laplacian
eigenvalues of the zero-divisor graph associated to the ring of integers modulo n,
Mathematics 482 9(5) (2021) DOI:10.3390/math9050482.

[28] Bilal A. Rather, S. Pirzada and Z. Goufei, On distance Laplacian spectra of
power graphs of certain finite groups, preprint.

Bilal Ahmad Rather University of Kashmir
On the sum of first k largest Laplacian (signless) eigenvalues of graphs



LAPLACIAN EIGENVALUES OF GRAPHS AND BROUWER'S CONJECTURE LAPLACIAN ENERGY CONJECTURE OF TREES BIBLIOGRAPHY

REFERENCES V

[29] I. Rocha and V. Trevisan, Bounding the sum of the largest Laplacian eigenvalues
of graphs, Discrete Applied Math. 170 (2014) 95-103.

[30] C. Sin, On the number of Laplacian eigenvalues of tree less than the average
degree, Discrete Math. 343 (2020) 111986.

[31] V. Trevisan, J. B. Carvalho, R. R. Del Vecchio, and C. M. Vinagre, Laplacian
energy of diameter 3 trees, Applied Math. Letters 24 (2011) 918-923.

[32] J. Yang and L. You, On a conjecture for the signless Laplacian
eigenvalues, Linear Algebra Appl. 446 (2014) 115-132.

Bilal Ahmad Rather University of Kashmir
On the sum of first k largest Laplacian (signless) eigenvalues of graphs



THANK YOU

P AF > «E>» «E» = o>




	Laplacian eigenvalues of graphs and Brouwer's conjecture.
	Laplacian energy conjecture of trees

