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Hypergraphs

o A hypergraph H(V/, E) is consists of a vertex set V and an edge set E, where
E C P(V)\{¢}.
o m-Uniform Hypergraph.
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Hypergraphs

A hypergraph H(V/, E) is consists of a vertex set V and an edge set E, where
E C P(V)\{¢}.
o m-Uniform Hypergraph.

Degree of a vertex.

o Regular Hypergraph.

Paths in hypergraphs is a sequence vieivaes ... vie of distinct vertices and edges satisfying
Vi, Vi1 € €.

o Connected Hypergraph.
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Adjacency Matrix

o Let H(V, E, W) be a hypergraph with the vertex set V = {1,2,..., n}, the edge set E and
with an weight function W : E — R defined by W(e) = we for all e € E. The adjacency
matrix Ay of H is defined as

A= 3 oy

ecE;i,jce

This definition is adopted from the definition of the adjacency matrix of an unweighted
non-uniform hypergraph defined in In Press, Linear Algebra and its Applications, 2020. DOI:
10.1016/j.1aa.2020.01.012.

1
@ Thus for an m-uniform hypergraph H we have (Ay)j = —— > we. If we take
m-—1 ecE,i,jee

d..
we = 1, then (A’H)U = y
m—

1 where dj; is the codegree of the vertices /,j, i.e., the number

of edges containing both the vertices i and j.
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Equitable partition for hypergraphs

Let H(V, E, W) be an m-uniform weighted hypergraph with n vertices.

o We say a partition m = {Cy, Cp, ..., Gk} of V is an equitable partition of V if for any
p,q € {1,2,...,k} and for any i € Cp,

Z (A’H)ij = bpq7

Jj€Cq

where bpq is a constant depends only on p and q.
For an equitable partition with k-number of cells we define the quotient matrix B as
(B)pg = bpg, for 1 < p,q < k.

@ The characteristic matrix P of order n x k as follows

1 if vertex ic C;,
(P)ij = . !
0 otherwise.

e We have Ay P = PB and so A%, P = PB* for any k € N. Therefore f(Ay)P = Pf(B), for
any polynomial f(x). If f(A%)=0, then Pf(B) = 0 and which gives f(B) = 0. Again Ay
being a real symmetric matrix, is diagonalizable. So minimal polynomial of A4, is product of
linear polynomials. Hence minimal polynomial of B is also product of linear polynomials.
Therefore B is also diagonalizable.

o For each \ € spec(B) with the multiplicity r, A € spec(Ay) with the multiplicity atlest r.
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Weighted joining of hypergraphs

Let H1(Va, Ex, W1) and Ha( Va2, Ea, W) be two m-uniform hypergraphs. The join

H(V,E, W) :=Hi ®"12 Hy of H1 and Ha is the hypergraph with the vertex set V = V; U V5,
edge set E = U2 E;, where Eg ={e C V :|e| =m,en V; # ¢,Vi = 1,2} and the weight
function W : E — R>¢ is defined by

Wl(e) ifee E17
W(e) = Wh(e) ife€ B,
wio otherwise,

where wy2 is a real non-negative constant.
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Weighted joining of a set of uniform hypergraphs

Let S = {H;(V;,E;,W;): 1 < i<k}, |Vi| =n;, be a set of m-uniform hypergraphs, k < m.
Using the set S, of hypergraphs we construct a new m-uniform hypergraph H(V, E, W) where
V=U LV, E=USE Bb={eCV:enV,#¢Vi=1,2,...,k|e[=m} and
W : E — Rxq defined by
W(e) = {W,-(e) if e € Efori=1,2....k,
Ws otherwise,

where ws is a real non-negative constant. The resultant hypergraph H is called the join of a set S
of m-uniform hypergraphs H;'s and it is denoted as H := &7 _H,.
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Adjacency matrix of the join H

The adjacency matirx Ay of H can be expressed as

(AHP)ij + Wsdpp(,m) ifi,j € va i # ],

(An)ij =40 i=]
M%q%m) if i € WMjG Mhp7éq

where

1 . .

dg,sm) = (number of new edges containing two fixed vertices /1, b from V)
et = D SRR (9 [V BN Ca [ [Van B VY
M=l ez 1R -1 ip ip+1 i«
iptig+- e tig=m—2
1 . .
d,‘fém) = 1(number of new edges containing two fixed vertices one from V,, and another from
m—

el SD DR (5 (o B o TG 16l
m—1. . : . it/ \ia/ " \ip_y i ipr1/
ipsig=>0,i;>1,(j#p,q) P P pt
i1 +i2+-tig=m—2

G G- (G

Iq

Amitesh Sarkar, Anirban Banerjee ( IISER k Join of hypergraps and their spectra Date: 26.11.2021.



Weighted jooining of uniform hypergraphs on a backbone hypergraph

Let H(V, E, W) be an m-uniform hyperghraph. We call the hypergraph
Hp(Vp, Ep, Wp), Vi, ={1,2,...,n} as a backbone of H if H can be constructed by a set
S ={Hi(V;, E;,W;): i =1,2,...,n}, of m-uniform hypergraphs, (m > max{]|e| : e € Ep}) with
the following operations :
© Replace vertex i of Hp by H;, for i =1,2,...,n.
© For each edge e = {j1,j2,...,jk} € Ep, take Se = {H;, : i = 1,2,...,k} and apply the
operation EB?:"(G) defined above.

We call the hypergraphs H;’s as participants on the backbone #, to form the hypergraph H.
Thus the adjacency matrix for H can be written as

(Ar)i+ X Wale)dos'™ ifij € Vp, i #],

e€Ep,pEe
(An)j =40 if i =j,
Se P .
> Wb(e)dpq(m) ifie Vp,jeVg,p#aq.
e€Ep,p,q€e
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Perron-Frobenius and Schur Complement

@ A matrix A is called reducible if there exists a permutation matrix P such that

PAPt — {(B)kxk c }
0 (D) (n—kyx (n—k)
otherwise A is said to be irreducible.
@ H is connected iff Ay is irreducible.
Perron-Frobenius Theorem Let A be a non-negative irreducible matrix. Then
@ A has a positive eigenvalue )\ with positive eigenvector.
@ )\ is simple and for any other eigenvalue p of A, |u| < .

Schur complement
Let A be an n X n matrix partitioned as

A1 Ar2
A=
|:A21 Azz]

where Aj;1 and Azp are square matrices. If A11 and Apz are invertible, then

det(A) = det(An)det(A22 — A12A1_11A21) (1)
= det(Azz)det(An — A21A;11A12). (2)
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Theorem

Let Hp(Vp, Ep, Wp) be a hypergraph with the vertex set Vj, = {1,2,...,n} and let

{Hi(Vi, E;,W;): i =1,2,...,n} be a collection of regular m-uniform hypergraphs

(m>{le| : e € Ep}). Let H(V, E, W) be the m-uniform hypergraph constructed by taking H, as
backbone hypergraph and H;’s as participants. Then for any non-Perron eigenvalue A of Ay,
with multiplicity I, X — > Wb(e)ds;(m) is an eigenvalue of Ay, with the multiplicity atleast

ecEp,,pce
l.

A

Proof.

Let (A, ) be an eigenpair of A3, such that f is orthogonal to the constant vector
[1,1,1,...,1]". We define f* : V — R by

0 otherwise.

F(v) = {f(v) if vV,

Thus * is an eigenvector of Ay, corresponding to the eigenvalue A — > wed,‘f;(m). Since

ecEp,pce
Z,-evp f(i) = 0, thus the proof folows. O

A\
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When H;(V;, E;, W;)'s are regular, the partition 7 = {V4, Va,..., V,} forms an equitable
partition for H. In particular if H;'s are r; regular then the quotient matrix B is as follows

t(np—1) X Wy(e)ds™ ifp=aq,

B — ecEp,pce 3
(B)eq ng wb(e)dgg(m) otherwise. )
e€Ep,p,q€e
Let {gi|i =1,2,...,n} be a set of linearly independent eigenvectors of B. Then
{Pgili =1,2,...,n} is also a set of linearly independent eigenvectors of Ay,. Now from the proof

n
of Theorem 1 we have N := 37 n; — n linearly independend eigenvectors {f*|i =1,2,..., N} of
i=1
n
Ay. So we have a set {Pg;|i =1,2,...,n} U{f*|i=1,2,...,N} of 3 n; eigenvectors of Ay,.
i=1

Now we show that this set is linearly independent. Here for all i,

< f*,Pg > = Z( Z 7 (k))C, [. Pgj(k) = Cj,, constant for all k € V]

p=1 keV,
=0 [+ Y (k) =0]
kEV,

Therefore in Theorem 1 the remaining n eigenvalues of Ay can be obtained from B.
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Corollary

Let S = {H;(Vi,Ei,W;) :1 < i< k < m} be a set of m-uniform hypergraphs where H,; are
ri-regular. Let H = 697":5_65?-[,-. Then for any non-perron eigenvalue )\ of Ay, with the multiplicity

I, A — wsd,.?(m) is an eigenvalue of Ay, with multiplicity atleast |.

Note that the remaining k eigenvalues can be obtained from the quotient martrix B defined as

S(m)

rp+(np—1)wsd5;5m) ifp=g,
(B)pq = .
NgWsdpg otherwise.

Example

Take H;i =K, , 1<i<k<m S={H;:i=1,2,... k} and ws = 1. Then
EB%L—ESH" = K/ na,...,n,» Which is the weak m-uniform k-partite complete hypergraph. Using the

above corollary we get that for any i =1,2,..., k; fdg,sm) is an eigenvalue of AK;;; S with
SN2y nye
the multiplicity atleast (n; — 1) for i =1,2,..., k. The remaining eigenvalues of AK';ri nas.on, M€

the eigenvalues of the quotient matrix B, defined as

S(m q
(B) _ (nP - l)dpig ) if p=gq,
- Ngdpq otherwise.

-
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@ In the above example, if we take k = m, we have 0 as an eigenvalue of AKﬁ'{ - with the
il R /]

m

multiplicity atleast > n; — m. Here, the quotient matrix formed by the equitable partition
i=1

w = {V1, Va,..., Vm} and which is given by

0 S1 e S1 S1

1 25 0 - s s
B=——— ,
m—1
Sm Sm -+ Sm O
m
where s; =[] n;.
J=1,j#i

o Note that o 0) € spec(K[ ., . )ifand only if r" 1o € spec(KD, ny. ) for r e N.
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o Let H= K@, ny,... ni,na,na,..., np Where i +h = m. Then the quotient matrix B for
Iy I
the equitable partition formed by the m-parts of H can be written as B = ﬁBC where
B’ is given by

[51 (I — 1) s1dyxh
2, <y s2(dp = 1Ip)]”’

where s; = n/11—1n£z’ S = ni‘ ngz_l.
o We have the characteristic polynomial of B’ as follows
fgr(x) = det(B’ — xI)
= det (SQJ/2 — (52 — X)I) det (SlJ/1 — (51 + X)I — 51$2J/1></2 (SzJ/z — (52 + X)/)ilJ/_‘,X/1

= (D)2 (x 4 s)E et 2)2 M x - a ) (x - a7,

1
where a* = > [51(/1 — D4 sb—1)t/{s1(h—1)+ (b —1)}2 + ds155(h + b — 1)].

Si

+
with the multiplicity ;; — 1 for i = 1,2 and ——— with
1 m—1

Thus the eigenvalues of H are

the multiplicity 1
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Using a result (1) from R. B. Bapat, M. Karimi. Integral complete multipartite graphs. Linear
Algebra and its Applications, 549: 1-11, 2018 we have the following result

Proposition
g o 2 i—1 m—i
Characteristic polynomial of K7 . . is x Z s (m 1)'0i(sl’52’ e, Sm)X
m m
where n= 3" n;, si= [] njandoi(s1,s2,...,5m) = > S}y Sjp - Sj;-
i=1 J=1,j#i 1<j1 <jp<-+-<ji<m

o From the above result it is clear that the quotient matrix B is non-singular. Hence the

multiplicity of eigenvalue 0 of K7 . isn—m
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Edge Corona

Let Ho(Vo, Eo) be an m-uniform hypergraph with the edge set Eo = {e1, e2,..., e} and
[Vo| = no. Also let H;(V;, E;) (i =1,2,..., k) be m-uniform hypergraphs. For each
i=1,2,...,k we consider e; & H,. The new hypergraph is known as the edge corona of
hypergraphs and we write it by H = HoO¥H,;. When |V;| = ny forall i =1,..., k, we write
D; = Ay; + c(Jny — Iny), take D = diag(Dy, Da, ..., Dy), R = vertex-edge incidence matrix, for
Ho, 1n, =[1,1,...,1] row vector of length ny, a = (m;Egz) -1,
1

_ +ny—2 _ (mtm—2 —2

b= m—1 (") e= (M%) - (B 5)-

Theorem

Let Ho(Vo, Eo) be an m-uniform hypergraph with |Vp| = n, |Eo| = k. Let
{Hi(Vi,E):1<i<k,|Vi|=m} be a set of m-uniform hypergraphs. Then the the
characteristic polynomial of Ay for the edge corona H = HoO¥H; is as follows

f1(x) = det(D — xlkn, )det({(a + 1)Agy — xlIn — B*(R® 1ng )(D — xlny ) "H(RT @ 11 )}). (4)
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Corollary

Let H;’s be ri-regular hypergraphs and spec(Ay;) = {)\l(.l), )\52), ey A,(."l)(z r1)}. Then the
characteristic polynomial of H can be given by
k m—1
fr(x) = {n + (n — 1)c — x}k_"det(ﬁl(x)AHO — B2m Dy + Ba(x)! ) ITIT Y —c—x),
i=1 j=1
(5)

where Dy = diag(di, d>, . .., dn) where d; denote the degree of vertices of
A, Bi(x) = (a+1){rn + (m —1)c —x} — (m— 1)b?n1, B2(x) = x{x —rn — (m —1)c}.

Corollary

Let H;’s be the hypergraphs mentioned in the above corollary and Hq be r-regular with
spec(Ay) = {p1, 2, ..., un(=r)}. Then the adjacency eigenvalues of H are ry + (n1 — 1)c

with the multiplicity k — n, \Y) with the multiplicity one, for all
i=1,2,...,k,j=1,2,...,n1 —1 and ,BJi with the multiplicity one for j = 1,2,... n, where

B = % [rl +(m —1)c+(a+1)pj £/ + (n —1)c — (a+ L)p;}2 + 4b2ny {(m — L)p; + r}]

A
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Loose cycles and loose paths

Generalized s-loose path P(( ) ) is an m-uniform hypergraph with the vertex set
={1,2,....m+(n—1)(m— 1)} and edge set the
:{{'(mfs)Jrl ilm—s)4+2,...,ilm—s)4+m}:i=0,1,...,n— 1} [Peng2016]. For
s=1, P L(1:n) is known as loose path Similarly, generalized s-loose cycle crm
hypergraph with the vertex set V = {1 2,...,n(m —s)} and the edge set
{{ilm—s)+1,...,i(m—s)+ m}:
0,1,... n—l}u{n(m—s)—s+1 n(m—s)—s+2,..l,n(m—s),1,2,...,s}.

L(s:m) is an m-uniform
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Loose cycle
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The adjacency eigenvalues of an s-loose cycle Cﬂz?n)' are
i . 2 27i i .
with the multiplicity n(s — 1) and (s — 1 4 scos —) with the multiplicity
2s—1 2s —1 n

one, for i =1,2,... n, when m = 2s and

—-1 —2 . e
Q — with the multiplicity atleast n(m — 2s — 1), — with the multiplicity atleast
m— m—

n(s —1) and 'yl.*, v; with the multiplicity atleast one, where,

1 27i 2 2mi
'Yiizi m—3+2scos£i\/(m—3+2scosﬂ)2+8(m—s—1+scosﬂ) ,
n n n

fori=1,2,...,n, when m > 2s + 1.
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Loose cycles and loose paths

o Case m=2s: Let H = CS:)H) In the Theorem 1 take H, = C,, the cycle graph over n

vertices, and H; = Ks, the complete graph with s-vertices with each edge weight two. Then

the resultant hypergraph is a graph, G(say). Hence Ay = 2517 1A@. Thus ol is an
eigenvalue of Ay, with the multiplicity atleast n(s — 1). The quotient matrix is
B = 251_ T {sAc, +2(s — 1)In}. The remaining eigenvalues of Ay are
2571(571+5c052—:’) fori=1,2,...,n.

o Case m > 25+ 1: Let Hy = G,(1"Ky and H = C[{") . We take the vertices of H, as

V(GC) ={1,2,...,n} and V(G,)\V(Cp) ={n+1,n+2,...,2n}. Fori=1,2,...,n, we
take H; = Ks, the complete graph with s vertices with edge weight 1, and for
i=n+1,...,2n, take G; = Kn—2s with edge weight 2. Considering H, as backbone graph
with each edge weight one and G;'s as participants, we get a graph G (say). Then

1
Ay = 71AG. Now using the Theorem 1 we get the eigenvalues of Ag which are -1 with

the multiplicity atleast n(m — 2s — 1) and —2 with multiplicity n(s — 1).

=)
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Next using Equation (3) we have the remaining 2n eigenvalues are the eigenvalues of the quotient
matrix B given by
1 rq if p=aq,

(B)Pq:ﬁ ng if p~gqin Gg,
otherwise,
where ry =25 —2,nq=sforq=1,2,...,nand rg =m —2s —1,ng = m — 2s for

g=n+1,...,2n. We write

B— 1 (2s = 2)l,+5sA¢c, t(lh+Y)
T m—1 s(lh+ YY) (t—=1) |

where t = m — 2s, Ac, is the adjacency matrix of an n-cycle C, and Y is the n X n circulant
. 1 .
matrix with the first row [0,0,...,1]. We suppose B = 713’. Then using Lemma 9 and the
i —
fact (In + Y)(In + Y*) = 2I, + Ac, we have the cahracteristic polynomial of B’, as follows

fgr(x) = det(B’ — xI,)

= det({(t — 1 — x)Ip})det({sAc, + (25 — 2 — x)In — %(/,, +Y)(h+ YD}
= det({x® — (25 +t — 3)x — (25 + 2t — 2)} — (s + sx)Ac,)- (6)
DJ
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2mi
The eigenvalues of Ac, are p; = 2cos i, i=1,2...,n. Thus from the Equation (6) we have
n

n
fgr(x) = H{x2 — (25 +t — 3+ sp)x — (25 4+ 2t — 2 + su;)}

= H(X =) x =7 (7
Question: What are the adjacency eigenvalues of CZ’(’W) for m<2s—17

For a square matrix A we have

det(A+ > ujiE;) = det(A)+ Y ujdet(A(ili)) + ur1upmdet(A(1, n|1, n)), (8)

i=1,n i=1,n

where A(i|j) is the matrix obtained from A by deleting the i-th row and j-th column, respectively,
and E; j is the matrix with 1 in (i,j)-th position and zero elsewhere.

v
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The adjacency eigenvalues of an s-loose path szs ) are

=l —2
o — with the multiplicity atleast n(m —1) —2s(n—1), —— with the multiplicity atleast
m— m—
(n—1)(s—1) and 7'1 with the multiplicity one, for i =1,2,...,2n — 1, where «;’s are
m—
the zeros of the polynomial

(m—s5—1—x)2f(x) +252(1 + x)(m — s — 1 — x)H(x) + s*(L + x)%H(x)
m—2s—1—x

)

where

= . .
H{X 7(m73+25c0571)xf2(m75717x+scosﬂ-7_l)}.
i=1 —J=rd H=JjFd
for j =1,2,3, when m > 2s+ 1 and
=1 —2
(2] p— with the multiplicity 2(s — 1), p— with multiplicity (n — 1)(s — 1) and B T
m— _
with the multiplicity one, where 3; are the zeros of the polynomial
(x — s+ 1)2t1(x) + 25%(x — s + 1)ta(x) + s*t3(x), where
n—j
tj(x) = [1(25s —2 — x + 2scos L) for j =1,2,3 when m = 2s.
i=1 n—j+1
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Vertex Corona

o Let H(V, E) be an m-uniform hypergraph. A subhypergraph induced by V' C Vis the
hypergraph H[V’] with the vertex set V' and edge set E' = {e:e€E,eC V/}. Now for
V cVanda hypergraph H"/(V",E"), we denote V' @# as the hypergraph with the
vertex set V' UV and edge set E(H[V']®H ) U E(H).

Let Ho(Vo, Eo) be an m-uniform hypergraph and © = {Vél), Vé2), ey Vo(k)} be a partition
of Vo ={1,2,...,n(= pk)} with V) = {(i = 1)p+1,(i— 1)p+2,...,ip} for
i=1,2,...,k Alsolet {H;(V;,E;):1<i<k} bea set of m-uniform hypergraphs with
|Vi| = n;. For each i = 1,2,..., k, we take p copies, {HY (VY EV)):j=1,2... p}, of
Hi(V;, E;). Then we consider Vé') P H{:(\/,.O), E,.U)) foralli=1,2,...,k, j=1,2,...,p.
This gives us an m-uniform hypergraph H(V, E) which is called generalized corona of
hypergraphs and we write H, = Ho of, Hi.

o Here, we consider the case when n; = n; and H,;’s are ri-regular. Now to find the
characteristic polynomial we have the following theorem. We denote

N +np —2 _ (ntm—2 _ 1 +n1—2 -2 L
a= L) - (o)) b= (D) o= = [(R) - (R2D)] D=
Az, + c(Jny — Iny), D = diag(ly ® D1,y @ Da,...,lp® D) and S = Iy © Jpxpny. The
kronecker product A ® B between two matrices A = (aj;) and B = (bpq) is defined as the

partition matrix (a;B). For matrices A, B, C and D we have AB® CD = (A® C)(B® D),
when multiplication makes sense.
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Characteristic polynomial of Ay, can be expressed as

b2 pny

A (m-De—x""" (a+x)/p)).

(9)

Corollary

Let p=1 and spec(Ayy) = {pi: i =1,2...,n}, spec(Ay;) = {)\(li), )\g), R )\E,il)(: r1)}. Then
the adjacency eigenvalues of Hr = Ho of H; are )\J(.') — c with the multiplicity one for

Fr (x) = (f[ det(D; — xl,,l)) ’ det (AHO +h®((a—

i=1

i=1,2,...,nj=1,2,...,nm —1 andcxl.i with the multiplicity one for i = 1,2,..., n where
1
ozl.i = 5[rl + (m —1)c+p; £ /{n+(m —1)c—p}? +4b2n1].
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Corollary

Let k =1 and Ho be rg-regular. Let

spec(Azig) = {pa, pi2; - -, in(= r0)}, spec(Az,) = {A1,A2,. .., Any (= 1)} and
Hr = Ho o Hy. Then the adjacency eigenvalues of H, are given by r + (n1 — 1)c with the
multiplicity n — 1, \; with the multiplicity n for i =1,2,...,n1 — 1, p; with the multiplicity one
forj=1,2,...,n—1 and o with the multiplicity one where

1
at = 5[rl +(m—1c+ro+(n—1a+t+/{n—ro+(n —1)c—(n—1)a}2 +4b2nn1].
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Let Vo = {1,2,...,8}, EY = {{1,2,3},{3,4,5}, {5,6,1}, {2,4,6}, {7,8,3}, {7,8,4}, {7,8,5}}
and E§?) = {{1,2,3},{3,4,5},{5,6,1},{2,4,6},{7,8,1},{7,8,2},{7,8,6}}. Then
Ho(Vo, Eél)) and Go( Vo, Eél)) are non-isomorphic cospectral 3-uniform hypergraphs.
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