Cellular Automata Evolution : Theory and Applications in Pattern Recognition and Classification

A report in partial fulfillment for the Degree of

Doctor of Philosophy in Computer Science & Technology

Niloy Ganguly

Cellular Automata Evolution : Theory and Applications in Pattern Recognition and Classification

Niloy Ganguly

A report in partial fulfillment for the Degree of

Doctor of Philosophy in Computer Science & Technology

Under the supervision of Prof. P. Pal Chaudhuri

Dept. of Computer Science Technology Bengal Engineering College(D U)

Department of Computer Science & Technology Bengal Engineering College (A Deemed University) June, 2003

Department of Computer Science & Technology Bengal Engineering College (A Deemed University) P.O. Botanic Garden, Howrah–711 103

CERTIFICATE OF APPROVAL

Certified that, the Thesis entitled Cellular Automata Evolution : Theory and Applications in Pattern Recognition and Classification, is a record of bonafide work carried out by Niloy Ganguly under my supervision and guidance.

In my opinion, the thesis has fulfilled the requirements of the degree of Doctor of Philosophy in Computer Science & Technology of the Bengal Engineering College (Deemed University). The work has reached the standard necessary for submission and to the best of my knowledge the results embodied in this thesis have not been submitted for the award of any other degree or diploma.

(Prof. P. Pal Chaudhuri) Department of Computer Science & Technology Bengal Engineering College (D.U.), Howrah - 711103, India

Acknowledgment

No individual how brilliant he or she might be can create without the help of people around him or her. These very words are the core which I have understood in the process of my research work. I cannot exactly name all the people who have helped me preparing this thesis. This research work is the outcome of co-operation, help and guidance of a lot of people. It is a pity that I cannot name all of them in this one page acknowledgment.

At the very outset, I express my gratitude to my supervisor Prof. P. Pal Chaudhuri who has provided me with a wonderful group and taught me what academics is all about. He has changed my attitude towards academics during this period. Almost in the same breath, I would like to thank my senior co-researcher, Biplab K. Sikdar. Biplab-da has been with me throughout the period, accompanying me in my lows and highs. He has been a friend, a philosopher and (almost) a guide to me during this period.

I would like to specially thank my junior co-researchers Pradipta, Sourav, Monalisa, Subhayan, Chandrama and Sukanta. They have been wonderful. I must confess that without the cerebral contributions of Sourav and Pradipta, the thesis would not have taken shape. I would also like to record my heartfelt thanks to other members of our group. Worth mentioning are the names of Anirban, Debdas, Kushal, Rishi, Kaushik. I have also received immense pleasure working with a number of students during this period. I would like to extend my gratitude in particular to two students, Anup and Sandip. They have worked with me for almost three years helping me to prepare the experimental set-ups.

I am grateful to four HODs; two in my college - Indian Institute of Social Welfare and Business Management (IISW BM), and two in the Department of Computer Science and Technology, B. E. College, where I submit my thesis. I would like to thank all my colleagues in IISW BM for continuously sharing my load so that I could do my thesis work smoothly.

I express my deep gratitude to all the relatives who are anxiously awaiting for the thesis to be published. Much of what I have learned over the years has come from my friends and well wishers, both in academic and non-academic spheres. To all such people I convey my sincere thanks. I cannot but record my warm sense of appreciation to Sarangi, my comrade-in-arms for the last 15 years who has always being by my side.

I am really grateful to my father, who has been my personal secretary during this period managing my bank account, my income tax return, my house loans etc. so that I can concentrate well in my research. Lastly, I would like to extend my gratitude towards the three important ladies in my life. My mother who was always taking care of even my slightest inconvenience; my wife, Karabi, who has always patiently listened to all my boring research discussions and taken most of the responsibilities of the family chores; and the most beautiful lady on the earth, my four year old daughter Pratiti whose presence is the single most important factor which has helped me to recharge my flagging spirit and walk through the thorny journey towards attaining the Doctorate Degree.

At the end, I really regret I couldn’t complete this thesis during the lifetime of my Dadu (grandfather - who died on August, 2002). He would have been the happiest person today. I dedicate the thesis in his memory.

Dated: June, 2003 B. E. College (A Deemed University) . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Niloy Ganguly

Abstract

Study of Cellular Automata (CA) as a modeling tool has received considerable attention in recent years. Researchers from diverse fields - image processing, language recognition, pattern recognition, V LSI testing etc - have proposed CA based solutions for different applications. However, the research community looks forward for a versatile and robust CA based modeling tool to study physical systems that exist in nature around us or those designed artificially. Following two objectives need due consideration to build such a tool : (i) First of all, we must be able to analytically understand the global dynamics/behavior from the local CA rules; and (ii) inversely, for a given global behavior to be modeled we must be able to deduce the local rules of the desired CA.

The thesis addresses these two concerns and develops analysis and synthesis framework to study Additive CA. This class of CA employs only XOR/XNOR logic as the next state function of a cell.

The thesis solves a number of open problems regarding characterization of Additive CA. The new characterization has provided the foundation for solution of a long standing problem of CA synthesis from a given state transition behavior. Subsequently, in order to ensure directed search in an exponential space, the synthesis framework is supported with genetic evolution to arrive at the desired local rules of a CA modeling a global function. Thus the versatility of the proposed model has been derived from three basic frameworks - analysis, synthesis, and genetic evolution.

The CA based modeling tool is next employed to address pattern recognition and pattern classification problems. A particular class of non-group CA termed as Multiple Attractor Cellular Automata (MACA) has been employed for this application domain. Its state transition behavior can be employed to model Associative Memory and build a General Pattern Classifier. It has been analytically established that MACA simulates a special class of Hash Family referred to as Hamming Hash Family (HHF ). Then inherent characteristic of HHF imparts the power of classification/association to the proposed modeling tool. The thesis also presents an in-depth analysis of the capacity of MACA to perform the complex task of classification/association. The evolution scheme is also extended for Group CA synthesis. Such a CA models a Pseudo Random Pattern Generator (P RP G) avoiding a given set of prohibited patterns. This specific application has been explored to address the problem encountered by V LSI test design community.

The last section of the thesis introduces Non-Linear CA - the CA that employs all types of next-state logic (linear/additive/non-linear). The Non-Linear CA is explored for modeling associative memory. We have also undertaken an in-depth study of Non-Linear CA state space in order to estimate the complexities associated with its design and characterization.

Contents

1 Introduction 1 1.1 Aim of the dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Organization of the Dissertation . . . . . . . . . . . . . . . . . . . . . . . . 3

2 A Comprehensive Survey On Cellular Automata And Pattern Recognition 5 2.1 Cellular Automata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1.1 Types of Cellular Automata . . . . . . . . . . . . . . . . . . . . . . . 6 2.1.2 Cellular Automata (CA) Characterization . . . . . . . . . . . . . . . 7 2.1.3 Inverse Problem and Evolution . . . . . . . . . . . . . . . . . . . . . 10 2.1.4 Applications of CA . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.2 Pattern Recognition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.2.1 Definition, Categorization & Applications . . . . . . . . . . . . . . . 17 2.2.2 Similarity Measures . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.2.3 Template Matching, Syntactic and Statistical Pattern Recognition . 20 2.2.4 Decision Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.2.5 Neural Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.2.6 Hopfield Network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.2.7 Clustering Techniques . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3 Analysis of Cellular Automata - A Vector Space Theoretic Approach 25 3.1 GF(2) Cellular Automata . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 3.1.1 Cellular Automata Terminologies . . . . . . . . . . . . . . . . . . . . 27 3.1.2 Cellular Automata (CA) Characterization . . . . . . . . . . . . . . 28 3.1.3 Group and Non-Group CA . . . . . . . . . . . . . . . . . . . . . . . 28 3.2 Vector Space Theoretic Analysis of Linear CA (LCA) . . . . . . . . . . . . 32

3.2.1 Deriving Elementary Divisors From T Matrix . . . . . . . . . . . . . 33 3.2.2 Generation of Cyclic Sub-space of Elementary Divisors . . . . . . . . 35 3.2.3 Cycle Structure of an LCA having Multiple Elementary Divisors . . 38 3.3 Vector Space Theoretic Analysis of Additive CA (ACA) . . . . . . . . . . . 49 3.3.1 Method to determine the presence of cycle of length (k) in ACA . . 50 3.3.2 Special class of C^′ for which cycle structure is identical to that of C 51 3.3.3 Class of ACA with cycle structure different from that of LCA . . . 52 3.3.4 Algorithm for Enumerating Cycle Structure of an ACA . . . . . . . 59 3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4 Cellular Automata Synthesis 62 4.1 Synthesis of a Linear CA (LCA) . . . . . . . . . . . . . . . . . . . . . . . . 62 4.1.1 Generation of P F CS from Cycle Structure (CS) . . . . . . . . . . . 64 4.1.2 Generation of P CS from P F CS . . . . . . . . . . . . . . . . . . . . 69 4.1.3 Find Elementary Divisors (EDs) for P CS . . . . . . . . . . . . . . . 75 4.1.4 LCA Synthesis from Elementary Divisors . . . . . . . . . . . . . . . 77 4.2 Synthesis of Additive Cellular Automata (ACA) . . . . . . . . . . . . . . . 80 4.2.1 Generation of P F CS^′ from Cycle Structure (CS^′) . . . . . . . . . . 82 4.2.2 Generation of P CS from P F CS^′ . . . . . . . . . . . . . . . . . . . . 87 4.2.3 Synthesis of Inversion Vector . . . . . . . . . . . . . . . . . . . . . . 91 4.3 The Toolkit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 4.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5 Multiple Attractor Cellular Automata (MACA) 95 5.1 Multiple Attractor Cellular Automata (MACA) . . . . . . . . . . . . . . . 97 5.2 Hamming Hash Family . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 5.2.1 Computation of Expected Occurrence (EO) . . . . . . . . . . . . . 102 5.2.2 Characterization of the Parameter - Expected Occurrence (EO) . . 102 5.3 MACA Synthesis - A GA (Genetic Algorithm) Formulation . . . . . . . . . 106 5.3.1 The Encoding Scheme - A Pseudo Chromosome Format . . . . . . . 107 5.3.2 Random Generation of the Initial Population . . . . . . . . . . . . . 108 5.3.3 Mutation Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 5.3.4 Crossover Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 5.3.5 Selection, Crossover and Mutation Probability . . . . . . . . . . . . 111 5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.5 Appendix of Chapter 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 5.5.1 Appendix A - Computation of |P (w, n, m)| . . . . . . . . . . . . . . 112 5.5.2 Appendix B - Legal Dependency Vector . . . . . . . . . . . . . . . . 121

6 MACA Based Model for Pattern Recognition/Classification 125 6.1 MACA Modeling Associative Memory . . . . . . . . . . . . . . . . . . . . . 127 6.1.1 Performance Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 131 6.1.2 Multiple MACA Based Associative Memory Model . . . . . . . . . 134 6.1.3 Evolution of MACA for Associative Memory . . . . . . . . . . . . . 137 6.1.4 Experimental Observation . . . . . . . . . . . . . . . . . . . . . . . . 138 6.2 Design of MACA Based Pattern Classifier . . . . . . . . . . . . . . . . . . . 142 6.2.1 Design Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142 6.2.2 Design of Multi-class Classifier . . . . . . . . . . . . . . . . . . . . . 144 6.2.3 MACA Evolution for Pattern Classification . . . . . . . . . . . . . . 145 6.2.4 Performance Analysis of MACA based Classifier . . . . . . . . . . . 146 6.2.5 Analysis of Classifier Performance . . . . . . . . . . . . . . . . . . . 147 6.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 6.4 Appendix of Chapter 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

7 Group CA Based Model for Pseudo-Random Pattern Generator (P RP G) Without Prohibited Pattern Set (P P S) 155 7.1 Group CA Revisited . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156 7.1.1 Properties of Group CA . . . . . . . . . . . . . . . . . . . . . . . . . 157 7.1.2 Analysis of Group CA . . . . . . . . . . . . . . . . . . . . . . . . . . 158 7.1.3 Synthesis of Group CA . . . . . . . . . . . . . . . . . . . . . . . . . 159 7.2 T P G Design Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160 7.3 Evolution of Group CA Based T P G . . . . . . . . . . . . . . . . . . . . . . 163 7.3.1 The Encodong Scheme - A Pseudo-Chromosome Format . . . . . . . 163 7.3.2 Generation of Initial Population . . . . . . . . . . . . . . . . . . . . 164 7.3.3 Crossover Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 166 7.3.4 Mutation Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 7.3.5 Fitness Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 7.3.6 Selection, Crossover and Mutation Probabilities: . . . . . . . . . . . 169 7.4 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169 7.4.1 Feasibility Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

7.4.2 The fault coverage . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 7.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

8 A Study on Non-Linear Cellular Automata Based Associative Memory Model 175 8.1 Cellular Automata (Non-Linear) . . . . . . . . . . . . . . . . . . . . . . . . 176 8.2 Design of GMACA Model For Pattern Recognition . . . . . . . . . . . . . . 177 8.3 Evolution of GMACA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178 8.3.1 Selection of Initial Population (IP ) . . . . . . . . . . . . . . . . . . . 178 8.3.2 The Fitness Function . . . . . . . . . . . . . . . . . . . . . . . . . . 181 8.3.3 Selection, Crossover and Mutation Probability . . . . . . . . . . . . 181 8.3.4 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . 181 8.4 GMACA Characterization . . . . . . . . . . . . . . . . . . . . . . . . . . . 184 8.4.1 Space Temporal Study . . . . . . . . . . . . . . . . . . . . . . . . . . 184 8.4.2 Z-parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186 8.4.3 Characterization of Attractor Basin . . . . . . . . . . . . . . . . . . 186 8.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

9 Conclusion 190 9.1 Main Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190 9.2 Future Extension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

List of Figures

3.1 A 3-neighborhood CA cell . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 3.2 A 5-cell GF(2) Group CA and its cycle structure [1(1),1(3),1(7),1(21)] . . . 29 3.3 State Transition Diagram of a 4-cell Non-Group GF(2) CA . . . . . . . . . 30 3.4 State Transition Diagram, T Matrix, Characteristic Polynomial, Minimal Polynomial and Elementary Divisors of a 7-cell Non-Group CA . . . . . . . 31 3.5 Circuit Structure of an LCA, constituent T_i matrices and its Cycle Structure 40 3.6 Formation of Final Cycle Structure . . . . . . . . . . . . . . . . . . . . . . . 41 3.7 Additive CA and its Cycle Structure . . . . . . . . . . . . . . . . . . . . . . 49

5.1 Associative Memory Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 5.2 Classification Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 5.3 State transition diagram of a 5-cell MACA with Characteristic Matrix T and Rule Vector < 204, 170, 90, 240, 204 > . . . . . . . . . . . . . . . . . . . 98 5.4 Concatenation of m number of 2-attractor MACA to form an MACA(n, m) (Rules and T Matrix) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 5.5 Expected Distribution of MACA with two attractors (m = 1) . . . . . . . . 103 5.6 Expected Occurrence (EO) of patterns with weight w in 0-basin (as per Relation 5.2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 5.7 Expected Distribution of MACA with four attractors (m = 2) . . . . . . . 104 5.8 MACA encoding for GA formulation . . . . . . . . . . . . . . . . . . . . . 107 5.9 MACA Rules, Characteristic Matrix T and its pseudo-chromosome format 108 5.10 Different methods to arrange two matrices . . . . . . . . . . . . . . . . . . . 109 5.11 Illustration of Mutation Algorithm . . . . . . . . . . . . . . . . . . . . . . . 110 5.12 An Example of Cross-over Technique . . . . . . . . . . . . . . . . . . . . . . 112 5.13 Concept of Partition Number, Partition Configuration, LDV Placement, and Weight of Partition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

6.1 Associative Memory Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

6.2 State transition diagram of a 5-cell MACA with Characteristic Matrix T and Rule Vector < 204, 170, 90, 240, 204 > . . . . . . . . . . . . . . . . . . . 127 6.3 Division of State Space around the given pattern set P = <01010, 01111, 10010, 10001> referred to as pivot points. . . . . . . . . . . . . . . . . . . . 129 6.4 MACA Associative Memory . . . . . . . . . . . . . . . . . . . . . . . . . . 130 6.5 Theoretical Estimation of noise recovery capacity of MACA at memorizing capacity for n = 10, 30, 40, 60 . . . . . . . . . . . . . . . . . . . . . . . . . 134 6.6 Theoretical Estimation of noise recovery capacity of MACA (n = 40) for different values of k (= number of patterns memorized) . . . . . . . . . . . 134 6.7 Number of MACA vis-a-vis Noise . . . . . . . . . . . . . . . . . . . . . . . 136 6.8 Number of MACA required to recover fixed bit noise(w = 1, 2, 3 · · ·) . . . 136 6.9 Experimental Results of noise recovery capacity of MACA(n = 40) at different values of k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 6.10 Experimental Results of noise recovery for n = 10, 30, 40, 60 at different values of k. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 6.11 Noise Distribution n = 40 (Experimental & Theoretical) . . . . . . . . . . . 140 6.12 Noise Recovery capacity of (n = 40) Multiple MACA . . . . . . . . . . . . 140 6.13 MACA based Classification Strategy . . . . . . . . . . . . . . . . . . . . . . 144 6.14 MACA based Multi-class Classifier . . . . . . . . . . . . . . . . . . . . . . . 145 6.15 Distribution of patterns in Class 1 and Class 2 (HD denotes Hamming Distance) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147 6.16 Cluster detection by Two-class classifier . . . . . . . . . . . . . . . . . . . . 149 6.17 Noise Distribution n = 40 (Experimental & Theoretical) . . . . . . . . . . . 150 6.18 Gaussian(Normal) Probability Distribution Function of the relation N(n, m) = f(w, n, m, x) and its corresponding Standard Normal form obtained through scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

7.1 A 4-cell maximal length Group CA . . . . . . . . . . . . . . . . . . . . . . . 157 7.2 P RP G without the Prohibited Patterns . . . . . . . . . . . . . . . . . . . . 162 7.3 Two Group CA CA1 and CA2 (a and b) having same pseudo-chromosome Representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 7.4 Group CA, Rules, T matrix, Characteristic Polynomial in Elementary Divisor Form and pseudo-chromosome Representation . . . . . . . . . . . . . . . 164 7.5 Illustration of Cross-over Algorithm . . . . . . . . . . . . . . . . . . . . . . 166 7.6 An example of Mutation technique . . . . . . . . . . . . . . . . . . . . . . . 168 7.7 Variation of free space with the cardinality of PPS. . . . . . . . . . . . . . . 170 7.8 Variation of success rate and complexity of design with the number of PIs. . 171

7.9 Complexity of design with increase of # Prohibited PIs. . . . . . . . . . . . 172 7.10 Complexity of design with increase of # Minterms. . . . . . . . . . . . . . . 172

8.1 State space of a 4-cell MACA with attractors - 0, 1, 8, 9 . . . . . . . . . . . 176 8.2 State space of a 5 cell GMACA < 89, 39, 87, 145, 91 > with two components, each component is an Attractor Basin . . . . . . . . . . . . . . . . . . . . . 176 8.3 λ parameter values of uniform and hybrid CA . . . . . . . . . . . . . . . . . 178 8.4 Empirical basins created for illustration of Graph Resolution Algorithm . . 180 8.5 An example of State transition table . . . . . . . . . . . . . . . . . . . . . . 181 8.6 The number of generations required for different CA size . . . . . . . . . . . 182 8.7 The number of generations required for convergence of different Initial Populations for n = 25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183 8.8 Matching in different IP selection schemes . . . . . . . . . . . . . . . . . . . 184 8.9 In-degree frequency histogram for 15-cell CA . . . . . . . . . . . . . . . . . 188

List of Tables

2.1 Applications of Pattern Recognition . . . . . . . . . . . . . . . . . . . . . . 18

3.1 Additive CA Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4.1 Computation of Primary Cycle Structure . . . . . . . . . . . . . . . . . . . 74 4.2 Calculation of Primary Cycle Structure . . . . . . . . . . . . . . . . . . . . 90

5.1 System of Linear Equations representing a set of Vectors . . . . . . . . . . . 113

6.1 Memorizing Capacity (Theoretical Estimation) for different values of n . . . 132 6.2 Memorizing Capacity (Experimental Result) at different values of n . . . . 139 6.3 Experiment on Synthesized Data . . . . . . . . . . . . . . . . . . . . . . . . 147 6.4 Cluster Detection by MACA based Classifier . . . . . . . . . . . . . . . . . 149 6.5 Fraction of MACA Pool Required to Memorize Patterns . . . . . . . . . . . 152

7.1 Success rate of the T P G design . . . . . . . . . . . . . . . . . . . . . . . . . 170 7.2 Randomness Test I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 7.3 Randomness Test II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 7.4 Comparison of Test Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

8.1 Mean and standard deviations of λ_{av} value of GMACA . . . . . . . . . . . 179 8.2 Comparison of mean fitness and number of generations required to converge with random and preselected rules . . . . . . . . . . . . . . . . . . . . . . . 182 8.3 Performance of the CA based Pattern Recognizer . . . . . . . . . . . . . . . 185 8.4 Space temporal study to categorize GMACA rule space . . . . . . . . . . . 186 8.5 The Values of Z Parameters of the CA . . . . . . . . . . . . . . . . . . . . . 187 8.6 Parameters of Attractor Basin Topology . . . . . . . . . . . . . . . . . . . . 188

Chapter 1

Introduction

In recent years, researchers in the field of ‘artificial life’ have focused their attention on the study of a new kind of computing model referred to as the Cellular Automata. This modeling tool can be regarded as parallel processing computer simulating logical universe with its own local physics and emergent structures as artificial molecules [332]. The researchers have explored the possibility of building Cellular Automata model having the capacity for self-reproduction and other essential functions of biomolecules leading to the possibility of life-like behavior [77]. In this background, Cellular Automata has been projected as an essential tool for the study of physical systems as the microscope is employed to study the microbes and the telescope for exploration of deep space [364].

Cellular Automata (CA) is sufficiently complex to develop an entire universe as sophisticated as the one in which we live. CA allows a programmer to specify rules for local interaction between ‘cells’ on a lattice-like grid and to study the emergent consequences of those rules. Von Neumann [240, 331] first envisioned the fact that proper specification of rules can empower CA to build models simulating bacterial growth, the growth of patterns on seashells, fluid dynamics, and the voting patterns of individuals who take decisions based on their local neighbors.

One of the most important milestones in the history of development of the simple homogeneous structure of CA is due to Wolfram [357]. The simplification leads to an one/two dimensional structure of simple cells, each having two states with uniform three-neighborhood dependence. It further motivated a number of researchers, as reported in the book [56], to undertake the study of CA behavior with Linear/Additive next state function amenable to matrix algebraic analysis. This new group of researchers explored innovative applications of this simple, regular, modular, and cascadable structure of CA having local neighborhood.

However, some important theoretical constraints and design issues partially restricted the exploration of application areas of this excellent modeling tool. The search for appropriate CA having the desired characteristics to simulate a given physical system is an extremely difficult task in view of exponentially large search space. In the past, scientists have simulated the evolution mechanism of living organisms to address this problem of exploring large search space. The evolution process is directed by the popular Genetic Algorithm (GA) with underlying philosophy of survival of the fittest. This GA framework can be adopted to arrive at the desired CA rule structure appropriate to model a physical system. In the process of evolution, the rules having better fitness slowly overpower the less fit rules to arrive at the CA with desired rule configuration. However, to arrive at the rules with desired fitness, evolution has to traverse a large unmanageable search space. This phenomenon not only slows down the process but also hinders evolution towards the fittest rules. Thus, one of the major challenges in the research of CA evolution is to develop a methodology to accelerate the evolution process. Acceptable solution of this problem will enable researchers to explore new application areas which are of great importance for the current internetworked society.

The last decades of twentieth century have witnessed a colossal stride in the power of computation and communication leading to the development of Internet Technology. While pushing civilization to new heights, such technological advancement has opened up new challenges to the human society of cyber age. The major challenge is to evolve an efficient knowledge extraction methodology to find meaningful information from the large volume of data generated in the internetworked society. In this context, research in the fields of Pattern Recognition/Classification has got renewed emphasis. It demands efficient identification of patterns of interest from its background. Several approaches have been proposed [34, 58, 131, 145] to solve this problem out of which Neural Network based solution can be found to be quite popular. However, to classify/recognize patterns from the large volume of data set accessed through Internet, a high speed, low cost hardwired implementation of Pattern Recognizing Machine is the necessity. The sparse network of Cellular Automata (CA) holds enormous potential for solving this ever growing problem of the twenty first century.

In the above background, we report the focus of the research undertaken in this thesis.

1.1 Aim of the dissertation

The thesis undertakes study of Cellular Automata which employs only XOR & XNOR logic in the next state function of a cell. This class of CA are referred to as Linear/Additive CA [56]. The major focus of this research is to explore the applications of this class of simple modeling tool in the important area of Pattern Recognition/Classification. In order to address the challenges of such ubiquitous applications of current age, it is necessary to design a framework of CA evolution methodology. However, to design efficient evolutionary algorithms, an in-depth characterization of Linear/Additive CA is considered as an essential prerequisite.

In the above background, we concentrate on building the theoretical framework for complete analysis of CA state transition behavior in terms of its cyclic/non-cyclic vector subspaces. The solution to the problem of CA synthesis to realize a given state transition behavior is next formulated.

Once the theoretical foundation of CA is laid down, the framework is used for two different purposes. First, to derive an analytical framework to study a special class of Linear CA termed as Multiple Attractor Cellular Automata (MACA). This class of CA can effectively model a Pattern Recognizer/Classifier. Secondly, to develop a fast evolution scheme which performs restricted search in the MACA family. In effect, this evolutionary methodology combines the essence of synthesis and Genetic Evolution to simplify the practical design of MACA based Pattern Recognizer/Classifier.

The basic framework is next extended to another class of Linear CA termed as Group CA. This class of CA is traditionally employed for generation of pseudo-random patterns. However, for different applications, there is a need for sieving out some prohibited patterns from pseudo random pattern set. The evolutionary framework is employed to synthesize a Group CA that generates pseudo random patterns without the specified prohibited pattern set.

Finally, the computation paradigm reported in this thesis is broadened with the introduction of non-linear CA rules along with linear ones. The Non-Linear CA is employed to model Associative Memory. This modeling task is intended to provide an insight into the state space of a Non-Linear CA state transition behavior. Further, it is worthwhile to undertake a comparative study of the computing power of linear and non-linear CA rules.

1.2 Organization of the Dissertation

Prior to dealing with the proposed work on CA theory and its applications, we have reported a comprehensive survey of the relevant research publications in Chapter 2. The survey covers the following aspects:

• A general study of the methods employed to characterize Cellular Automata.

• Applications of Cellular Automata with special emphasis on modeling Pattern Recognition/Classification problem.

• A general overview of the existing schemes employed to address the Pattern Recognition/Classification problems

Chapter 3 reports the characterization of Additive CA in terms of its vector subspaces. The chapter establishes an analytical framework to study the state transition behavior of Linear/Additive CA.

If analysis is viewed as one side of a coin, its reverse is ‘Synthesis’. In Chapter 4, we report the schemes for synthesizing a Linear/Additive CA from its state transition behavior.

Once the general analysis and synthesis methodologies are in place, we start characterizing a special class of CA referred to as Multiple Attractor CA (MACA) to model different applications. Two such important applications, Modeling Associative Memory and Design of a General Pattern Classifier are addressed in the subsequent chapters.

Chapter 5 describes MACA as a special class of hash family referred to as Hamming Hash Family (HHF ). The probability of collision of two patterns in HHF varies inversely with the hamming distance between them. A constrained Genetic Algorithm (GA) has been formulated to ensure directed search within the MACA family. The desired MACA is derived for a specific application through GA evolution.

In Chapter 6 we report two major applications of MACA - Modeling Associative Memory and developing Pattern Classifier. The MACA-based Associative Memory has been modeled using both single and multiple MACA. The Associative Memory Model and its applications in Pattern Recognition are the major focus of this chapter. Subsequent study and experimental results establish MACA as an efficient tool for modeling a Pattern Classifier.

The evolution framework, developed in Chapter 5 and implemented in different applications in Chapter 6, is further generalized in Chapter 7 to cover Group CA. While extending the study for Group CA evolution, we observed an interesting phenomena of practical relevance. Pseudo-random patterns are employed in many applications such as simulation, testing V LSI circuits etc. Some of these applications demand generation of pseudo-random patterns without a given set of prohibited patterns. Group CA have been evolved in Chapter 7 to exclude the prohibited patterns from the pseudo-random pattern set. The solution proposed has its direct relevance for design of Pseudo-Random Pattern Generator for testing V LSI circuits.

The Chapters 3 to 7 have dealt with Linear/Additive CA that employ XOR/XNOR logic function. On the other hand, Non-Linear CA employs Non-Linear rules involving AND/OR logic. Such CA are not amenable to the mathematical analysis proposed in earlier chapters. Non-Linear CA are evolved with Genetic Algorithm to design generalized MACA referred to as GMACA. The Chapter 8 has established GMACA as an efficient model of Associative Memory. A comparative study of both the models of Associative Memory - GMACA and MACA are also reported.

The last chapter concludes the thesis and provides direction for future research.

Chapter 2

A Comprehensive Survey On Cellular Automata And Pattern Recognition

This dissertation reports detailed characterization of a particular class of Cellular Automata and its application in the field of Pattern Recognition/Classification. In this background, this chapter provides a brief survey on both the fields - Cellular Automata (CA) and Pattern Recognition. The first part of survey covers the development of CA theory and its applications in diverse fields. The review of Pattern Recognition portrays the journey of methodologies from the days of syntactic/statistical approach to the current schemes based on the framework of machine intelligence.

2.1 Cellular Automata

From the days of Von Neumann who first proposed the model of Cellular Automata (CA), to the recent book of Wolfram ‘A New Kind of Science’ [364], the simple and local neighborhood structure of CA has attracted researchers from various disciplines. It has been subjected to rigorous mathematical and physical analysis for last fifty years and its application has been proposed in different branches of science - both social and physical. A large number of research papers are published every year. Specialized conferences and journals on CA have been initiated in the last decade. Several universities have also started offering courses on Cellular Automata. Further, as many as sixty-two books are found to exist on Cellular Automata when we visit the web-site www.amazon.com. In this perspective, a comprehensive survey is reported in this chapter. It presents a subjective observation of the author and the research group he belongs to in respect of the development of CA over the last few decades.

Cellular Automata (CA) is a simple model of a spatially extended decentralized system made up of a number of individual components (cells). The communication between constituent cells is limited to local interaction. Each individual cell is in a specific state which changes over time depending on the states of its neighbors. The overall structure can be viewed as a parallel processing computer.

The concept of the homogeneous structure of CA was initiated in early 1950’s by J. Von Neumann [241]. It was conceived as a general framework for modeling complex structures capable of self-reproduction and self-repair. Subsequent developments [38, 361, 363, 192, 216, 56, 21] have taken place in several phases and in widely divergent application areas. A good historical overview of CA research till mid 1990s is available in [318, 350, 56, 285]. The book [56] presents a comprehensive survey of different applications of Additive CA. In line with such surveys, we outline a concise upto-date survey of the theory and applications of this computing model. We try to bring out the rich diversity in concepts and ideas proposed by the researchers while portraying the underlying unified approach. The survey has been laid out as follows.

The first subsection presents a survey on different types of neighborhoods and dimensions of Cellular Automata proposed over the years. A historical perspective regarding the efforts undertaken to characterize CA Rule Space is presented next. The third subsection highlights the evolutionary methodology employed for generating different prescribed global behavior. Finally, in the last subsection we take a look into the wide cross-section of applications modeled with Cellular Automata. 2.1.1 Types of Cellular Automata

Since its inception, the CA research community proposed different structural variations of CA to achieve higher computational power as well as to ease the design and behavioral analysis of CA modeling. The original CA described by Von Neumann used 29-states per cell. Codd [75] introduced the machine with 8-state per cell. Arbib provided a simple description of self-reproducing CA in [12]. Whereas Banks [22] worked with the CA having 4-state cells. All these two dimensional CA are assumed to have five-cell neighborhood (self and four orthogonal neighbors). The nine-cell neighborhood CA, with two states per cell, has been shown to be capable of universal computation [318]. This structure has been utilized with a specified set of local rules to create the Game of Life [125]. The above two variations of neighborhood configurations (five and nine) are termed as Von Neumann and Moore’s neighborhood respectively.

Because of its inherent simplicity, the one dimensional CA with two states per cell became popular [357]. The neighborhood configuration generally varied from three [56] to five [194] and to seven [216]. In another specialized type of CA, the states are assumed to be a string of elements in Galois Field GF(q), where q is the number of states [204] of a CA cell. Additive and Linear CA have become popular in the V LSI era, where the states of a cell are {0,1}, the elements of the field GF(2). Recently, Paul [258, 262] has introduced the theory of GF(2^p) Cellular Automata designed over Galois extension field GF(2^p). A cell of the GF(2^p) CA consists of p number of memory elements and can store an element of GF(2^p).

Besides one and two dimensions, Cellular Automata on multi-dimension grid has also been proposed [204, 286]. The grid has either null or periodic boundary. While in Null Boundary configurations the boundary cells are assumed to have ‘null’(logic ‘0’) dependency, a periodic boundary is one where in some dimensions the grid is considered to be folded [24, 237]. That is, for single dimension, the right most cell is the neighbor of the left most one and vice versa. The concept of Intermediate Boundary CA has been proposed in [56, 237].

The local rules applied to each cell can be either identical or different. These two different configurations are termed as uniform and hybrid CA respectively [56]. The hybrid CA has been specially applied in Linear/Additive variant where the rule set can be analyzed through matrix algebra [89, 287]. In [87, 89], Das has shown that a three-neighborhood Additive CA can be represented by tridiagonal Matrix - a Matrix which has the elements of its diagonal and two off-diagonals as non-zero. The properties of CA with varying (nonuniform) neighborhoods for the CA cells have been also studied in [169, 371]. A number of authors [51, 187, 296] have proposed iterative Cellular Automata - a CA model where only a particular cell is provided with an input. It has applications in the field of Language Recognition.

While the next state function (rule) is deterministic in nature, there are variations where rule set are probabilistic [28, 31, 137, 174, 199, 338], or fuzzy [44, 111, 366]. The nature of next state functions have also varied significantly; researchers have defined the rule set according to the design requirements of the applications. Also there are some standard rule set which has been used across different applications - Linear Rules [56], Diffusion Rules [62] etc. The next state almost in all cases depends upon the output of the previous state. However, there are studies and characterization of CA where the next state depends upon the output of previous two states [337]. The transition phenomenon has been predominantly synchronous in nature - that is, all the cells get updated at same instance of time. A few interesting works on asynchronous CA [294, 341] have been published recently.

Different variations of Cellular Automata, as reviewed earlier, has lent versatility to the modeling power of the tool. In order to gain insight into the modeling accuracy of CA based simulation tool, characterization of CA state transition behavior is of great importance. The next section presents an overview of the methodologies developed to characterize Cellular Automata.

2.1.2 Cellular Automata (CA) Characterization

To present an overview of the methodologies proposed by researchers, we broadly classify CA into two categories - Additive/Linear CA and Non-Linear CA. The Linear/Additive CA are amenable to detailed characterization through Linear Algebraic tools. We provide a historical perspective of characterization of each of the categories. Representation of Non- Linear CA from product of Linear CA have been recently reported [221, 222]. These works are aimed at taking the advantage of Linear Algebraic Tools to characterize the wide variety of Non-Linear CA state transition.

For Non-Linear CA, one of the major thrust has been to study the CA dynamics as it evolves in successive time. The emergent patterns in the decentralized systems give rise to some form of globally coordinated behavior. Hence having a detailed idea about the dynamics of the CA helps us to understand the emergent behavior and simultaneously analyze the computational capacity of the system [82, 134]. CA classification based on the study of its dynamics has been a major focus for the researchers. Borrowing the concept from the field of continuous dynamical systems, W olfram [359] first classified CA into four broad categories - (i) Class 1: CA which evolve to a homogeneous state; (ii) Class 2: those which evolve to simple separated periodic structures; (iii) Class 3: which exhibit chaotic or pseudo-random behavior, and (iv) Class 4: which yield complex patterns of localized structures and are capable of universal computation [360].

Based upon the four broad classes of Wolfram, detailed categorization of different classes have been proposed by Li et al. [194], and Gutowitz [141]. On the other hand, Walker [352] has examined a family of sparsely connected Boolean nets to characterize the CA machines. A classification of CA into five disjoint states based on the structures of their attractors was made by Kurka [190]. Wootters et al. [365], McIntosh [206], Barbe [23], Voorhees [351] and Jen [167] have also contributed in characterizing CA with different set of tools and parameters. The parameters used to classify the CA space is broadly of two types - local and global.

Local Parameters : The analysis of CA through local parameters implies that the study of the nature of the CA’s emergent behavior is tracked based upon the rule configuration of the CA. The most important parameter derived out of the rule structure is Langton’s λ parameter [193] - defined as the fraction of 1’s in the binary rule configuration of a CA cell. λ parameter has been the single most important parameter used to characterize CA dynamics. It has been shown by Langton that with the increase in value of λ, the CA rules changes from order to chaos. There have been several interesting works and polemics [216, 254] regarding the critical value of λ, termed as λ_c - the value of λ around which the CA behavior changes from ‘order’ to ‘chaos’ [193]. Besides λ, several other local parameters have been proposed. Notable among these is the Z parameter [369, 371] defined in terms of the distribution of 1’s and 0’s in the rule table and the one proposed by Zwick [378]. Further, a parameter referred to as P parameter [369] has been also proposed to characterize the behavior of hybrid CA. The P parameter is the larger fraction of 0’s or 1’s in the look-up table.

Global Parameter : Various order/chaos measures are used to globally characterize CA dynamics. The topology of CA state space has played a very important criteria in this domain. The characterization has been done with regard to the ‘Garden of Eden’ - non-reachable state, attractor basins, studying the entropy of the evolved patterns etc. Investigation of ‘Garden of Eden’ has started in 1970’s [11, 234]; further developments in this direction are noted in [174, 175]. Kaneko [172] introduced an information theoretic approach that helps to characterize the complexity of ‘Garden of Eden’ states in terms of its volumes, stability against noise, information storage capacity etc. A recent work by Wuensche [370] shows that CA rules can be classified into ordered, complex or chaotic rules based on the parameters - G-Density ( Bushiness of Garden of Eden), In-Degree Frequency etc.

In order to accurately model dynamical systems, a number of metrics have been proposed. One of these metrics is Lyapunov Exponents defined for dynamical system lattices in [173, 306]. Besides Lyapunov Exponents, Derrida Plot [97] which measures the divergence of trajectories based on Hamming Distance has also been employed to characterize Cellular Automata.

Another interesting approach to characterize CA evolution comes from formal language theory [358]. A number of authors have concentrated on the computational universality of CA [84, 206]. Extensive studies on its computational capabilities have been reported in [5, 22, 75, 186, 223, 334].

Linear/Additive CA : Analysis of Linear/Additive CA is amenable to algebraic methods. Since the next state function applied on each cell follow the operations of Galois Field, the properties of Field can be applied to characterize its state transition behavior. Consequently, the Linear/Additive CA are also termed as GF(q) CA where q is a prime number. The GF(2) CA - the most popular variant of GF(q) CA [90, 92] has attracted considerable attention in recent years for application in the field of V LSI design & test. There has been several attempts to characterize GF(q) CA through a suitable algebraic tool. It has been characterized using diploynomial [177, 204]; but dipolynomials failed to represent the hybrid CA. CA state transition behavior have also been represented on arbitrary graph and its behavior [326] has been studied based on Graph Theoretic Properties. There are some abstract conceivement of Linear CA where the cell space is termed as an Abelian Group and the State Space is represented by a commutative ring [14]. However, after this initial phase, characterization of GF(q) CA with Characteristic Matrix [87, 92] became a de facto standard.

The matrix algebraic tool employing minimal and characteristic polynomial of the characteristic matrix showed various interesting features of CA behavior. The first important finding is categorization of Additive CA into Group and Non-Group CA. In a Group CA each of the states has a single predecessor which is not true for non-group CA. However, it is found that the Non-Group CA shows a uniform behavior where trees rooted at any cycle state are isomorphic [204]. A more detailed review regarding analysis of group and non-group CA follows.

Group CA : The most effective application of Null Boundary Group CA has been to generate pseudo-random patterns. Serra et al. [301] showed that maximum length CA - Group CA with all non-zero states lying in a single cycle - produces best pseudo-random patterns. They also showed that the maximum length cycle can be produced only if the characteristic polynomial is primitive as well as only if Rule 90 and/or Rule 150 is used to construct the CA [45]. A maximum length CA cannot be generated by periodic boundary CA since its characteristic polynomial can be factored [25]; its formal proof was provided by Nandi [237]. The next important theoretical hurdle was synthesis of a CA with rule 90/150 from a given irreducible/primitive polynomial. Serra et al. used a version of Lanczos Tridiagonalization method [300] over GF(2) to solve this problem. Simplified versions are reported in [45, 330]. It was generalized over GF(q) by Muzio. et al [233]. Recently, there has been work by Makato where he showed that for certain lattice sizes, Max-Length CA [205] can be generated only through Rule 90. The phase-shift properties of CA-cells important for analyzing pseudo-random patterns are studied in [229, 236]. Some interesting characterization of Group CA are also reported in [57, 287]. Similar to the results of onedimensional Null Boundary CA, work on two-dimensional CA has been reported [47, 67, 71]. Recently, Tomassini have reported characterization of the pseudo-randomness of the patterns generated by two dimensional CA [340].

Non-Group CA : The Non-Group CA received lesser attention under the pretext that it is a degenerate cases of nonsingular (group) machine [323]. In recent times, it received much attention [30, 50, 53, 61, 117, 279]. The isomorphism of tree structures of Non-Group CA [52, 56, 204] brought forward two important results. First of all, the non-group CA can be mapped to a table structure with its cyclic states producing the address of the table [53]. Secondly, the Linear and Complemented Variant of a Non-Group CA produced interesting symmetry within themselves [235]. To formalize the behavior of this symmetry, Chakraborty et al. brought forward the concept of CA and Dual CA [50] pair. These two results opened up a plethora of results and scientists realized that non-group CA has more potential application than that of Group CA. Some interesting class of non-group CA which have been extensively studied are - Multiple Attractor Cellular Automata (MACA) [53], Depth-1* Cellular Automata (D1^∗ CA) [67], Single Attractor Cellular Automata (SACA) [95] which have been used in a wide range of functions like hashing [123], classification [263], designing easy and fully testable F SM [70], authentication [95] etc. Chattopadhyay et al. presented some interesting results showing that Boolean Decision Diagram [36] can be effectively used for efficient characterization of Non-Group CA [54, 55]. Recently, Cho further characterizes the dual property of Non-group CA [60].

In order to further extend the versatility of Additive CA to analyze a physical system at different levels of hierarchy, work on GF(q) based architecture with q > 2 have been reported. Cattel and Muzio have provided short analysis of CA over GF(q) in [233]. Considerable interest has been generated in extending CA research based on the theory of finite field in GF(m), where m is a positive integral power of 2 [250, 251]. The above scenario has motivated the researchers at Bengal Engineering College to start investigation to develop a hierarchical modeling tool with Cellular Automata. Paul [258] has introduced the theory of GF(2^p) Cellular Automata designed over Galois extension field GF(2^p). A cell of the GF(2^p) CA consists of p number of memory elements and can store values in the extension field GF(2^p) [262, 308, 312]. The GF(2^p) CA is further extended to GF(2^{pq} ) CA to arrive at a hierarchical structure that can be employed for studying hierarchical structure of a V LSI circuit [309].

2.1.3 Inverse Problem and Evolution

The basic motivation of a CA characterization is to evaluate the global behavior from given local rules of the CA. However, the inverse problem of deducing the local rules from a given global behavior is extremely difficult [41, 170]. There have been some efforts, with limited success, to build the attractor basin to model the specific problem domain. Notable among these are the works reported by Wuencshe [367], Manor Askenazi [13], John Meyer [211]. However, most popular methodology to systematically deduce global behavior from the local rules depend on evolutionary computation technique.

The initial work on CA evolution was reported by Packard and his colleagues [254, 276]. Koza [188] also applied genetic algorithm for generation of simple random numbers. The first major publication responsible for making genetic algorithm a popular tool for evolving CA was due to Mitchell et al. [216]. In this paper, the authors portrayed the detailed phase transform, a CA space undergoes during the lifetime of evolution. The paper emphatically established the viability of using the evolving Cellular Automata Model in solving the computation task of density classification. Subsequently, this concept have been refined and reaffirmed by a series of works on Density Classification and Synchronization by their group - EVCA group of Santafe Institute [81, 93, 94].

The sampling error which arises from random selection of Initial Configuration often reduces efficiency of the evolutionary process. In order to circumvent it, Paredis [257] proposed the co-evolution process where both the CA and the Initial Configuration (IC) are simultaneously evolved. Juille and Pollack [168] changed the coevolutionary setup by introducing a limit on the selection of ICs. Pagie and Hogeweg [256] embedded the coevolutionary model in a 2D grid and introduced an extension on the fitness function used to evaluate the ICs. The evolutionary process on two dimensional CA to perform the Density Classification Task is currently pursued [226].

However, the task of density classification and other complex computation task cannot be fully modeled through uniform CA [41]. To map such complex tasks to CA, use of hybrid CA is a necessity. Hybrid CA, using different rules in different cells, allows mapping of more complex behavior. However, the search space of hybrid CA is higher by several order of magnitude than uniform CA. This results in convergence problem of the Genetic Algorithm. In light of this problem, parallel genetic algorithm [40] has been proposed for CA evolution. Specifically, Sipper proposed schemes for evolution of non-uniform Cellular Automata [314, 315]. The cellular algorithm proposed by Sipper presented a novel technique of optimization by assigning fitness to each individual cell. Similar cellular programming schemes are also proposed by [329, 339]. Capcarre et al. [42] presented a detailed study about the dynamics of evolution of hybrid CA while solving the three standard tasks - synchronization, density classification, and random number generation.

Further, some interesting theoretical insights regarding evolutionary dynamics of CA are also drawn from evolving Cellular Automata model used in generating Deterministic Test Patterns [170] and Pseudo Random Test Pattern for Sequential Circuit [78, 79]. A more recent work on evolving hybrid CA is proposed by Maji et al. [200]. In this work, the state transition diagram of the CA has been conceived as a graph. This graph has been optimized through evolutionary schemes like genetic algorithm and simulated annealing to arrive at the desired CA.

However, the works of Evolving Cellular Automata suffer from an inherent problem.

While applying Genetic Algorithm for a particular problem, the analysis/characterization of the underlying CA modeling the problem is not taken into consideration. The characterization in many cases can infact dramatically reduce the search space. Simultaneously, if Genetic Algorithm can be constrained to evolve only within the reduced search space derived analytically, then the convergence speed and accuracy of the algorithm would be greatly enhanced. This thesis along with other published work of the current author [119, 121] make a significant contribution in addressing this specific area. 2.1.4 Applications of CA

Wolfram in his new book ‘A New Kind of Science’ [364], explored the reason behind such widespread appeal of Cellular Automata in a large number of application areas. It is worth quoting a few lines in justification of such an appeal. Traditional intuition might suggest that to do more sophisticated computations would always require more sophisticated underlying rules. But what launched the computer revolution is the remarkable fact that universal systems with fixed underlying rules can be built that can in effect perform any possible computation. The threshold for such universality has however generally been assumed to be high, and to be reached only by elaborate and special systems like typical electronic computers. But one of the surprising discoveries in this book is that in fact there are systems whose rules are simple enough to describe in just one sentence that are nevertheless universal. And this immediately shows that the phenomenon of universality is vastly more common and important - in both abstract systems and nature - than has been ever been imagined before.

Consequently, researchers from diverse fields, not aware of the above mentioned framework have intuitively identified Cellular Automata Dynamics with problems in their own field. For example, CA has been used to model biological systems from the level of cell activity to the levels of clusters of cells and population of organisms. It has been used to model the kinetics of molecular systems and crystal growth in chemistry [253]. In the discipline of physics, the applications cover the study of dynamical systems as diverse as the interaction of particles and the clustering of galaxies [292]. In the field of computer science, the Cellular Automata based methods has been employed to model the Von Neumann (self-reproducing) machines [362] and as well as the parallel processing architecture. Beyond the domain of natural science it has been also used to study other diverse fields - as diverse a topic as whether the membership of NATO should be more restricted or not [115]. These are some of the applications in which CA framework can be focused to have its footprint.

In view of such diversity, presenting the entire paradigm of applications is beyond the scope of this thesis. We exert our subjectivism in presenting the main focus that has not only taken the research on Cellular Automata to new heights, but also made researchers from diverse fields join and collectively exploit the exciting world of Cellular Automata. The broad application fields are presented one by one.

CA Games : Cellular Automata has been used to model different Games, the most famous one proposed by Conway and his colleagues [29]. They have illustrated how extremely simple

CA rules can be used to characterize highly complex system behavior such as ‘Game of Life’. The game was originally proposed by Conway and made popular through Martin Gardner [125, 126]. The motivation was to design a simple set of rules to study the macroscopic behavior of a population. There are different variations of the ‘Game of Life’ like ‘Games of Proto-life’ which provides a model for the emergence of a crystalline precursor to life from an initial random prebiotic soup. Besides the ‘Game of Life’, there are other games which have been modeled through CA. Notable among these are the Games which provide insights into the synchronization problems - for example, the Firing Squad [107], Firing Mob [83], and Queen Bee [318]. There is also CA simulation of the famous game of Iterated Prisoners Dilemma [246].

CA as Parallel and Computing Machine : In machine design, the application of CA was proposed for building parallel multipliers [15, 76], prime number sieves [110], parallel processing computers [202, 268], and also for sorting machine [243]. The CA as a fault-tolerant computing machine has been projected in [240, 244]. The 2-dimensional CA has been used extensively for image processing and pattern recognition [280, 322]. The MP P (Massively P arallel P rocessor) of Goodyear Aerospace Corporation [102], was one of the fastest computers of early 1980s. CA based machines termed as CAMs (CA Machines) have been developed by Toffoli and others [335]. These CAMs operate in autonomous mode. The structure of such machines having high degree of parallelism (with local and uniform interconnection) is ideally suited for simulation of complex systems [337]. A CAM can achieve simulation performance of at least several order of magnitude higher than that can be achieved with a conventional computer at comparable cost. CAM was developed over a decade of machine and modeling research by the Information Mechanics Group at MIT [138].

Since the publication of Von Neumann’s seminal work in late 1950s, the study of artificial self-replicating structures has produced plethora of results [317]. The studies have raised the possibility of using such self-replicating machine to perform computations [316]. In [65], it is shown that self-replicating structures can be used to solve the NP-complete problem known as satisfiability. Recently, researchers have started exploring the Cellular Automata as typical computing devices - it has been presented as a nanometer-scale classical computer in [27].

Modeling of different physical system is the most widely explored applications of Cellular Automata. The following paragraph surveys a few such models.

CA For Modeling Physical Systems : The complex computation capacity of Cellular Automata has been explored by researchers of different disciplines. The Cellular Automata has been proposed as an alternative to differential equations in modeling laws of physics [336]. CA models for physical systems with an emphasis on spin systems [80, 197, 267, 349], models for various forms of regular, dendritic and random growth based on two-dimensional CA [252], models for pattern formation in reaction-diffusion systems [198, 249, 356], modeling of hydrodynamical systems [112] etc. are some of the major applications investigated. A number of CA applications have been reported in the fields of DNA sequences, Stripe, solution of differential equations etc. [39, 247, 319, 372]. The successful application of Cellular Automata in modeling the immune system have been also explored by Celada, Seiden, and De Boer et al. [33, 48]. There has been commendable work on developing drug therapy for HIV infection [284], detecting genetic disorders of cancerous cells [224, 225]. In ecology, it has been used to model the predator-prey ecosystem [275], detect the nature of fish migration in rivers [293], model the growth of vegetable population [20, 374]. The chemotaxis CA modeled by Resnik [275] has been used to determine the random walk of animals in response to a chemical gradient. The effect of Simple Random Walk by a single individual and Multiple Random Walk by a number of individuals in a system has been modeled and extensively studied [307]. Cellular Automata has been also used to model different chemical processes : the absorption-desorption phenomenon important for analyzing poisoning of a surface during heterogeneous catalysis [64], the inter-diffusion of atoms of two materials [63], the driven diffusion system where the external field biases the movement of each species in opposite direction [128], the solidification process with special analysis of the phase transformation of the substance from liquid to solid [196], alloy formation [253] etc. The phenomenon of coalescence of clouds, fog, atmospheric pollution has been an important modeling problem for CA [269]. The lattice gas automata has been one of the well known CA model emulating physical systems [105]. Cellular Automata has also been used to model Traffic Flow [128] as well as a design tool for Urban Development [272]. CA Application in Social Sciences : It appears that CA based modeling started at about the same time in social and natural sciences. James M. Sakoda was the first person to develop a CA based model in social sciences. Sakoda published the article ‘The Checkerboard Model of Social Interaction’ in 1971 [283]; however, the basic design of the model was already present in his unpublished dissertation of 1949. The central goal of his model was to understand group formation. Another early example of CA based modeling was provided by Thomas Schelling. Schelling in [288, 289], analyzed segregation processes among individuals belonging to two different classes : black and white. Sakoda never referred to CA and neither did Schelling. The concept (as used in natural sciences) was obviously not known to them in early seventies. The first person who explicitly classified checkerboard models as CA was the economist Peter S. Albin in his book ‘The Analysis of Complex Socioeconomic Systems’ [9, 10]. He was also the first to stress the enormous potential of CA and finite automata for understanding social dynamics. Nevertheless, it is only in the last decade that CA based models have been used more frequently in behavioral and social sciences. In economics, Keenan and O’Brien [178] use an one-dimensional CA to model and analyze pricing in a spatial setting. Axelrod [17] made the first step in analyzing the dynamics of cooperation within a CA framework, although he did not refer to his model as a CA. Nowak and May [245, 246] developed the idea and studied the dynamics of cooperation using a two-dimensional CA with two-person games as building blocks. Bruch [35] and Kirchkamp [180] follow the same line, but use different and more sophisticated learning rules. The same framework is used in Messick and Liebrand [195, 210], who analyze the dynamics of three different decision principles. A substantial number of artificial societies described in Epstein and Axtell [108] are based on CA model. Gaylord and D’Andra [127] describe a toolkit for CA based modeling of social dynamics using MATHEMATICA. Nienke Oomes [136] uses CAs to model how economic inequality can persist in emerging markets. There are also recent works on opinion formation [18], voters model [230] etc. A good theoretical analysis of CA modeling in social perspective is reported in [143].

VLSI Application of CA : Because of its simplicity, regularity, modularity and cascadable structure with local neighborhood, additive CA suits ideally for V LSI implementation. Different applications ranging from V LSI Test domain to design of hardwired version of different CA based schemes have been proposed. Some of these applications are next reviewed.

V LSI Design and Test : Based on the statistical properties of the patterns generated, Wolfram broadly classified the 3-neighborhood CA into 4 major categories. Out of these, Class 3 CA rules are found to be most suitable for pseudo random pattern generation [359]. Hortensius [154] proposed the hybrid CA based Pseudo Random Pattern Generator (P RP G) for built-in self-test in V LSI circuits. Subsequently, the performance of CAbased P RP Gs has been compared with other existing pseudo-random pattern generators by a number of researchers. The major contributions in this direction are reported in [298, 299, 301], [67], [87], and [342, 343]. Chowdhury [67], Das [87, 90] and Tsalide et al. [343, 342] also proposed the CA as a framework for Built In Self Test (BIST ) structures.

Applications of CA are also investigated by Albicki et al. [6, 7, 8] and Das et al. [87, 88] for deterministic test pattern generation. The cyclic property of CA are utilized to generate the specific set of patterns. Subsequently, Nandi [235] has established CA as a universal test pattern generator.

Signature analysis is the most widely used data compression technique for test response evaluation. Both the additive and non-additive CA have been explored as efficient signature analyzers in [155]. Serra et al. [301] have analyzed one dimensional linear CA and their aliasing properties. Similar works have also been reported by Das [87] and Misra [213]. They studied the application of both group and non-group CA as signature analyzer. One of the pioneering works on the use of CA for V LSI testing was done by McLeod et al. [207]. The work proposed CALBO (Cellular Automata Logic Block Observer), a structure analogous to BILBO (Built-In Logic Block Observer) used in V LSI circuit testing.

Mitra et al. [215, 217] have shown that a testable F SM can be designed with group CA. An elegant Synthesis For Testability (SF T ) approach for synthesis of easily and fully testable F SM has been dealt with by Chowdhury [50, 70]. The scheme synthesizes a given F SM around a particular class of CA referred to as D1 ∗ CA. Such a D1∗CA has been also successfully employed as a BIST structure for testing the experimental INTEL chip RAPPID [279] implementing asynchronous circuit block for instruction decoder. Nandi [235] extended the scheme for synthesis of easily testable combinational logic.

Error correcting codes : Chowdhury et al. [69] introduced the CA-Based Error Correcting Codes (CAECC). The encoder/decoder circuit complexity for CAECC has been shown to be lesser than that of well known Hsiao code [156]. The CA based single byte error correcting and double byte error detecting code proposed in [72] was found to be superior than other schemes in terms of throughput and silicon area. The scheme has been further enhanced by Paul [259] by using the concept of extension field.

Design of CA based Cipher system : Nandi et al. [238] presented an elegant low cost scheme for CA based cipher system design. Both block ciphering and stream ciphering strategies designed with Programmable Cellular Automata (P CA) have been reported. Recently, an improved version of the cipher system has been proposed [297, 303].

Design of CA based Authentication Scheme : Dasgupta et al. [95] proposed an ASIC design for Message Authentication. The scheme has been refined by Mukherjee et al. by using GF(2^p) CA [232]. Mukherjee et al. has further extended the scheme for inserting invisible watermark in images [231]. The watermark can be either fragile where the watermark serves the purpose of authentication or it can be robust where the watermark serves the purpose of copyright protection. Fragile watermarking is particularly important in the domain of medical images while Robust Watermarking plays important role for transfer of video/audio over the Internet.

Cellular Automata Based Compression : Bhattacharya et al. [30] proposed methods to use CA to perform text compression. Olu Lafe reported a novel technique of deriving CA transform functions for compression and encryption [191]. In his work, Lafe showed that Cellular Automata are capable of generating billions of orthogonal, semi-orthogonal, bi-orthogonal, and non-orthogonal bases. He further devised methods to generate those transforms which has orthogonal base and the significant coefficients are less in number. These transforms are ideal for generating Walsh, Hadamard, Haar and Wavelet Transforms which are used for lossy compression. CA based transform have been investigated by Paul [260, 261] and Shaw [305] for developing efficient scheme for image compression.

Next, we explore an upcoming and highly promising application area of Cellular Automata. It deals with Pattern Recognition and Pattern Classification.

Pattern Recognition : There has been quite a few works on Pattern Recognition based on syntactic approach. A finite CA can be thought as a language acceptor by considering initial configuration to be the input string and acceptance or rejection is determined by a specific cell of the CA. There are works where it has been shown that CA can accept contextfree language [320], non context-free language [160], and also context-sensitive language [106]. M. Mahajan’s thesis work [199] provides some exciting insights into the potential of CA to act as a language recognizer. She has provided several examples of languages contained by real-time one way CA, one-way CA, real-time CA, linear CA etc. and noted the open problems regarding simulation of different types of languages by CA.

The advent of Neural Net with the seminal work of Hopfield [149, 150] popularized the use of machine intelligence techniques in recognizing patterns. However, the inherent dense structure of Neural Network is not suitable for V LSI implementation. So, there has been effort from the researchers in the Neural Network domain to simplify the structure of the Neural Network by pruning the unnecessary connections [85, 295]. Simultaneously, there has been effort from CA community to use the advantage of its sparse network structure.

The hybridization of cellularity and Neural Network has given rise to the popular concept of Cellular Neural Network [16, 73, 74].

There are some earlier theoretical works by CA Researchers which have not directly dealt with pattern recognition, but gave important insights in developing the Pattern Recognition applications. Notable among these are the study of the capacity of CA to perform the task of density classification [216, 314], study of the nature of attractor dominance [352] of Cellular Automata Rules etc. Tzionas et al. [346, 347] proposed a hybrid scheme for multi-valued pattern classification using two types of parallel architecture - a two dimensional additive Cellular Automata (2 − D CA) combined with a single layer perceptron architecture. Cellular Automata are used for amplification of the discrimination sensitivity of the classifier, while the neural networks are used for the development of a weighting scheme that reflects the relative bit significance of the multi-valued input patterns leading to an improved classifier performance. Tzionas et al. also presented another variation of CA based pattern classifier based on nearest neighborhood discriminant [345].

There has been some other notable works by researchers to design CA based model of associative memory and its application for pattern recognition [49, 166, 228, 273]. The thesis presents a more robust design of associative memory. Some of these results have appeared in [120, 200]. Recently, CA based models have been reported to recognize genetic disorder in cells responsible for the development of cancer [224, 225]. Many concepts from the discipline of Biology have been borrowed to build the clustering concept through Cellular Automata model. One such model mimicks the behavior of ants to gather and sort corpses in an auto-organized way [62, 132]. Chattopadhyay et al. [53] has recently observed that a special class of CA, referred to as MACA, behaves as a natural classifier. Such results are also covered in the book [56]. This thesis further characterizes the attractor basin of MACA and develops the applications of pattern classifier and associative model. Some of these results have been published in [119, 117, 123, 282, 311].

To sum up, the survey beyond doubt establishes the immense potential of Cellular Automata to effectively emerge as an alternative paradigm in many branches of science and engineering. The thesis highlights its prospect in one important area - the area of pattern recognition. Consequently, the next part of the survey presents various state of the art pattern recognition methodologies with which Cellular Automata has to compete to become an alternate pattern recognition tool.

2.2 Pattern Recognition

This section provides a brief overview of the different pattern recognition methodologies developed by scientists over the years. A number of surveys on pattern recognition are published at regular intervals [227, 114, 270, 165, 163, 278, 220] that enabled a focussed look into the recent trends in this field. A brief review follows. 2.2.1 Definition, Categorization & Applications

Pattern Recognition is the study of how machines can observe the environment, learn to distinguish patterns of interest from their background and make sound and reasonable decisions about the categories of the patterns. ‘Pattern’, as defined by Watanbe [353], is opposite of a chaos, it is an entity, vaguely defined, that could be given a name. It typically comprises of some features or essential information.

A pattern classification/recognition algorithm usually has two phases, the learning or training phase and the testing phase. In the training phase, the machine/network/algorithm is trained with some benchmark patterns. Based upon the nature of training, there are two broad categorization of the learning phase :

• Supervised Learning Algorithms where the input patterns in the training phase are assigned some class identification so that training implies learning the class identity of each pattern. Two important Supervised Learning Algorithms are related with associative or content addressable memory where any input pattern in the testing phase is reconstructed as some predefined benchmark and the General Classifier.

• Unsupervised Learning Algorithms (e.g. clustering) where the input patterns are assigned to hitherto unknown class. Only the number of classes to be formed may be defined by the user in the training phase.

Automated recognition, description, classification and grouping of patterns are necessary in a variety of engineering and scientific disciplines such as biology, psychology, medicine, marketing, computer vision, artificial intelligence, remote sensing etc. The Table 2.1 reproduced from [163] provides a fair amount of idea about the importance of Pattern Recognition in different problem domains.

Table 2.1: Applications of Pattern Recognition Problem Domain Application Input Pattern Pattern Classes Bioinformatic Sequence Analysis DNA/Protein Sequence Known types of genes/patterns Data Mining Searching for Points in multi- Compact and wellmeaningful patterns dimensional space separated clusters Document Internet Search Text Document Semantic Categories classification (business, sports etc.)

Document Image Reading machine for Document Image Alphanumeric Analysis the Blind characters, words Industrial Automation Printed Circuit Board Intensity or Range Defective / Non-Defective Inspection Image nature of product Multimedia Database Internet Search Video Clip Video Genres (eg.

Retrieval action, dialogue etc) Biometric Recognition Personal Identification Face, Iris, Authorized users for access control Remote Sensing Forecasting Crop Yield Multispectral Image Land Use Categories, growth patterns of crops Speech Recognition Telephone Directory Speech Waveform Spoken Words Enquiry without Operator Assistance

Any Supervised or Unsupervised Learning Algorithms are usually based on specific function or metric. Although there are works, where classification is performed on classes based on any arbitrary function [86, 152, 153], maintaining a metric, typically distance metric, is the most prevalent criteria in forming a class. The next section details different similarity and dissimilarity measures. 2.2.2 Similarity Measures

The human brain forms class or associates a new pattern with an existing class through some complex distance measure. In automatic machine recognition domain, however, comparison, association, clustering , classifying pattern sets are based on some standard mathematical distance measure. The distance measure are of different types. The most popular measure is the Euclidian Distance defined as,

d_2(x_i, x_j) = ( d∑ k−1 (x_{i,k} − x_{j,k})^2)^{12} = ||x_i − x_j||_2

where x_i & x_j are two patterns and x_{i,k} is the k^{th} feature of pattern x_i. This is a special case of Minkowski Metric. Minkowski Metric is denoted by

d_2(x_i, x_j) = ( d∑ k−1 (x_{i,k} − x_{j,k})^p)^{1p} = ||x_i − x_j||_p

At p = 1, if each feature x_{i,k} is binary-valued, then the Minkowski Distance is reduced to Hamming Distance. Although Euclidean distance is quite popular, it doesn’t give the actual picture if we resort to scaling whereby the largest selected feature may dominate over others. The problem can be solved through normalization [203]. Mahalanobis Distance is another measure which is used to alleviate linear correlation among patterns. Linear Correlation among features is found to distort distance measure [165]. Hausdorff measure has also been used as a similarity measure in a point set matching context [159].

Computation of distances between patterns with some or all the features being noncontinuous is problematic. This is because the different features are not comparable and the notion of proximity is effectively binary-valued for nominal-scaled features. To develop proximity-measures for heterogeneous pattern types, several measures have been proposed. Notable among these is the measure proposed by Diday and Simon [99], Ichino and Yaguchi [161]. Besides them, Wilson and Martinez [354] reported a combination of modified Minkowski metric for continuous features and a distance based on counts (population) for nominal attributes. There are also other distance/dissimilarity measures such as tree-based similarity measures [375], measures derived considering the effect of surroundings [133].

The pattern recognition model is usually designed around the distance metric reviewed earlier. We subsequently discuss these models. Sections 2.2.3 to 2.2.5 review the classification models. Next in Section 2.2.6, a special attention is given to Hopfield Model that typically simulates an Associative Memory (also referred to as Content Addressable Memory). The final subsection discusses different Clustering Techniques. The three popular models of earlier generation - Template Matching, Syntactic and Statistical pattern recognition - are now briefly reviewed.

2.2.3 Template Matching, Syntactic and Statistical Pattern Recognition One of the simplest and earliest approaches to pattern recognition is based on template matching. Matching is a generic operation in pattern recognition which is used to determine the similarity between two entities (points, curves, or shapes) of same type. The pattern to be recognized is matched against the stored templates allowing translation, rotation and scale changes. Such a rigid template matching may be effective in some application domains. However, it has a number of disadvantages [348]. For instance, it would fail if the patterns are distorted due to the imaging processing, or viewpoint change, or large intraclass variations among the patterns. If the deformation in pattern cannot be easily explained or modeled directly [19, 135], deformable template models or rubber sheet deformations can be used to match patterns.

In the statistical approach, each pattern is represented in terms of d features or measurements and is viewed as a point in a d-dimensional space. The goal is to choose those features that allow pattern vectors belonging to different categories to occupy compact and disjoint regions in a d-dimensional feature space. The effectiveness of this representation space (feature set) is determined by how well the patterns from different classes can be separated. Given a set of training patterns from each class, the objective is to establish decision boundaries in the feature space which separate patterns belonging to different classes. There are different approaches for forming the decision boundaries both in supervised and unsupervised learning. These are based on Density, Geometric shape of boundary, and other parametric and non-parametric approaches. Bayesian Rule plays an important role in Density-Based approach. In geometric approach one takes the discriminant analysis by specifying linear, quadratic or higher order boundary set depending upon the nature of the training patterns [98, 101]. Besides the above mentioned methods, there is also the regression method for classification where logistic classification has been widely used in diagnosis and epidemiological studies [182].

In syntactic pattern recognition, a formal analogy is drawn between the structure of patterns and the syntax of a language. The patterns are viewed as sentences belonging to a language, primitives are viewed as the alphabet of the language and the sentences are generated according to a grammar [114, 264]. Thus, a large collection of complex patterns can be described by a small number of primitives and grammatical rules. This paradigm has been used in situations where the patterns have a definite structure which can be captured in terms of a set of rules such as EKG waveforms, textured images and shape analysis of contours [113]. The main difficulties in using syntactic approach of pattern recognition are segmentation of noisy patterns (to detect the primitives), the inference of the grammar from training data, handling large data sets [265]. To handle such problems, Fu [113] unified the problem of syntactic and statistical pattern recognition while Oommen developed a dictionary method to handle noise in large dataset [248].

2.2.4 Decision Tree

A special type of classifier is the decision tree [34, 66, 271] which is selected by an iterative selection of individual features that are most prevalent at each node of the tree. The criteria for feature selection and tree generation are usually based on information content, node purity, fisher’s criterion [165] etc. In general, the specific features are selected that are needed to classify the test pattern under consideration; this leads to a built-in feature selection process. The most commonly used decision tree classifiers are binary in nature and use a single feature at each node, resulting in decision boundaries that are parallel to the feature axes [302]. The main advantage of the tree classifier, besides its speed, is the possibility to interpret the decision rule in terms of individual features. This makes decision trees attractive for interactive use by experts. Like neural networks, decision trees can be easily overtrained, which can be avoided by using a pruning stage [129, 209, 270]. Decision tree classification systems such as CART [34], C4.5 [271], SLIQ [208], SPRINT [304] are the most popular packages that are often used as benchmarks in order to evaluate the efficiency of a newly developed scheme.

The Neural Network Model, reviewed next, is one of the most discussed model in recent years.

2.2.5 Neural Networks

Neural Network is a massively parallel computing system consisting of an extremely large number of simple processors with many interconnections. Such a network has been found to possess the ability to learn complex non-linear input-output relationships. It employs sequential training procedures [333]. The most commonly used family of neural networks for pattern classification tasks [164] is the feed-forward network, which includes Multi- Layer Perceptron (MLP) and Radial-Basis Function (RBF) network. The learning process involves updating network architecture and connection weights so that it can efficiently perform a specific classification work. The driving force behind the updating process has been to minimize the Mean Squared Error (MSE) between the classifier and some target value. While Single-layer Perceptron displays a behavior similar to other Linear Classifiers [274], Multi-Layer Perceptron generate Non-Linear Decision Boundaries. However, in the process of generating Non-Linear Boundaries, there are dangers of overtraining which need to be regularized. There are different regularization schemes like slow training, addition of noise, weight decay, Bayesian learning [32, 59, 239, 277]. Besides this, hybrid model like Fuzzy-Multi Layer Perceptron has been proposed to enhance the classification efficiency, classify semi-qualitative data while avoiding the danger of over-training [218].

In addition to Neural Network, a number of other methods have evolved to handle Pattern Classification. Many tools and concepts of statistical physics have been proposed for pattern recognition and image processing. The popular ones employ - fractals [100, 179, 181], renormalization group [130], Ising models [148, 325], bond percolation [158] and Gibbs- Markov random fields [157].

The next subsection elaborates the development of another type of Neural Network -

Hopfield Network - famous for simulating Associative Memory. 2.2.6 Hopfield Network

In his seminal [149] paper of 1982, John Hopfield described a new way of modeling a system of neurons capable of performing ‘computational’ tasks. The Hopfield neural net-work emerged, initially as a means of modeling a Content-Addressable Memory (CAM). A general CAM is capable of retrieving complete information while presented with only a portion of it. Hopfield showed that his model is capable of correctly yielding an entire data from any portion of sufficient size. He also proposed extensions of the basic scheme for generalization, familiarity recognition, categorization, error correction, and time-sequence retention. The model was further refined in 1985, when John Hopfield teamed together with David Tank to extend the applications of his model for optimization problems [151]. Hopfield and Tank (H-T) realized that the networks of neurons with this basic organization can be employed to solve specific optimization problems by selecting weights and external inputs that appropriately characterize the problem domain. The work has received numerous critical acclaim [355] and different improvements [3, 142, 171, 189].

Hopfield also presented a formal proof of the stability of the system through use of Lyapunov Exponent. However, the problem of getting stabilized in local minima could not be avoided. To overcome this problem, many variations of the Hopfield network have been proposed. The Boltzmann machine [2], an important variation of discrete Hopfield model, proposes a probabilistic discrete activation function to overcome local minima. Besides the Boltzman Machine, Gausian machine [4] and Cauchy Machine [327, 328] have also been used to overcome the local minima problem.

A brief sketch of the developments of Unsupervised Learning Algorithm is next reported. 2.2.7 Clustering Techniques

Different approaches have evolved for unsupervised learning also referred to as ‘Clustering’. A common class of methods for clustering employ partitioning methods in which a set of seeds (or representative objects) are used in order to partition the points implicitly [162]. Several variations of this technique exist, such as the k-means and k-medoid algorithms [176]. In medoid-based techniques, the points from the database are used as seeds. The algorithm tries to search for the optimal set of k seeds which results in the best clustering. An effective practical technique in this class, called CLARANS [242], was proposed in which the efficiency of the algorithm was improved by restricting the search space.

Another well-known class of techniques is hierarchical clustering methods. In this scheme, the database is decomposed into several levels of partitioning which are represented by a dendogram [162]. Such methods are qualitatively effective, but practically infeasible for large databases since the performance is at least quadratic in terms of the number of database points. Consequently, in practical applications, random sampling [140] is often used in order to reduce the size of the data set.

In density-based clustering methods [109, 377], the ϵ-neighborhood of a point is used in order to find dense regions in which clusters exist. Other related techniques for large databases include condensation and grid-based methods in conjunction with spatial and hierarchical structures [139, 290, 291, 376]. The BIRCH method [376] uses a hierarchical data structure, called the CF-Tree, in order to incrementally build clusters. This is one of the most efficient approaches for low-dimensional data and it requires one scan over the database. Spatial index structure [290, 291] have often been used in order to create clusters of points. However, the quality of the clusters found by these methods tend to degrade too fast with the increase in the dimensionality of the data. Recently, a method, called CURE [139], has been proposed in which the creation of cluster hierarchy stop once a predefined number of clusters is reached. This method shows excellent quality. Its strength lies in its robust methods employed to measure distances between clusters and consequently it can adjust well to different shapes of clusters. An interesting technique, termed as Optigrid [147], has recently been proposed for high-dimensional data clustering. This scheme is able to find optimal grid-partitioning for larger dimensions by determining the best partitioning hyperplane for each dimension.

Besides the above techniques, a whole lot of soft computing methodologies have been proposed for unsupervised learning. Fuzzy sets which specify data in linguistic terms, support a focused search on data specified in qualitative/semi-qualitative format. It employs contextual information for focused search [255, 266, 281, 344, 373]. The self-organizing feature map (SOFM) also termed as Kohonen’s Map is a version of Neural Network that supports unsupervised Learning Algorithm [26, 185]. There are also hybrid model like Fuzzy Kohonen Network [219] which takes the advantage of both the fields to have an accurate, focused search.

2.3 Conclusion

The historical development of the theory of Cellular Automata (CA) and its applications in various fields are reviewed in this chapter. In recent years, the field of ‘Pattern Recognition’ has started getting due attention from CA research community. Developing CA theory and focusing its application for pattern recognition are the major focus of this thesis. In this background we have also briefly reviewed the basic techniques of Pattern Recognition.

Over the years, the GF(2) CA has evolved as a powerful modeling tool for many natural systems and for the systems we artificially build. The next chapter presents a detailed analysis of the GF(2) CA behavior.

Terminologies f(x) Characteristic polynomial of the Characteristic Matrix T CS Cycle Structure generated by a CA N Number of elementary divisors in a characteristic polynomial P CS Primary Cycle Structure arising from a single elementary divisor ϕ_i(x)^{ni} P F CS Primary Family Cycle Structure arising from a set of elementary divisor set [ϕ(x)^{n1} · ϕ(x)^{n2} · · · ϕ(x)^{nN} ], each elementary divisor having the same primary cycle length Ñ Number of P F CS comprising an LCA (Linear CA) k_i The length of the i^{th} primary cycle 2^j .k_i Cycle length of secondary cycle generated out of i^{th} primary cycle with length k_i, j is an integer j^{th} Factor Set The factors of an elementary divisor ϕ_i(x)^{ni} with powers ranging from 2^{j−1} to 2^j - all these factors produce the same cycle length 2^j · k_i, where k_i is the primary cycle of the factor N(F_j ) Cardinality of the j^{th} Factor Set in a single elementary divisor Ñ(F_j ) Cardinality of the jth Factor Set in a set of elementary divisors - each having same primary cycle S_2j_{·ki} [2^j · k_i] S_2j_{·ki} denotes the number of states covered by cycle length (≤ 2^j · k_i), that is S_2j_{·ki} =

∑_j j=0 μ_2j_{·ki} × (2^j · k_i)

Chapter 3

Analysis of Cellular Automata - A Vector Space Theoretic Approach

A comprehensive survey of the computing model of Cellular Automata (CA) and its applications in diverse fields are reviewed in the earlier chapter. An important milestone in the study of CA was reached with the introduction of local neighborhood CA having 2-state per cell. Its operations are defined over the Galois Field 2 and is referred to as GF(2) CA in [214]. Throughout the thesis, unless mentioned otherwise, we refer to GF(2) CA as simply CA. In recent years, CA has been projected as a powerful modeling and computing paradigm [50, 68, 71, 91, 238]. However, while developing CA based models for physical systems, it has been observed that further insight into CA state transition behavior is needed to exploit its full potential. Although, various studies confirm existence of a rich variety of its state transition behavior, researchers in general, find it difficult to arrive at the desired CA to map a given problem. This scenario has motivated us to develop methodologies for CA synthesis for a specified state transition behavior. The synthesis scheme is reported in Chapter 4.

The development of efficient synthesis scheme for CA demands its detailed characterization. The analysis of Linear CA (LCA), which employs XOR logic to generate its next state function, has been extensively reported by Stone in [324] as part of the exploration of linear machine. Vector Space Theoretic analysis of CA has been reported by Das in [90] and subsequent authors [56, 87]. We report a detailed analysis of LCA while extending the results of earlier authors. Further, characterization of the more generalized class of CA, Additive Cellular Automata (ACA), that employs both XOR and XNOR logic in the next state function, has been partially reported in [56, 238]. There are a number of open issues in this analysis. In this chapter, we report a thorough vector space theoretic analysis based on the framework of Elementary Divisor of the linear operator.

The chapter has been organized as follows. The CA preliminaries are introduced in Section 3.1. The vector space theoretic analysis of LCA and ACA are reported in Section

3.2 and Section 3.3. The commonly used terminologies are enlisted under the heading ‘Terminologies’ placed adjacent to first page of this chapter.

3.1 GF(2) Cellular Automata

Cellular Automata (CA) consist of a number of interconnected cells arranged spatially in a regular manner. In most general case, a CA cell can exhibit s different states and the next state of each cell depends upon the present states of its k neighborhood including itself. Such a CA is called an s-state k-neighborhood CA. However, Wolfram [204] worked with several features of finite CA known as 3-neighborhood (left, right and self) CA having 2-state for each cell. The state q ∈ {0,1} of the i^{th} cell at time (t + 1) is denoted as q^{t+1}_i = f(q^t_{i−1}, q^t_i , q^t_{i+1}), where q^t_i denotes the state of the i^{th} cell at time t and f is the next state function called the rule of the automata [357]. Since f is a function of 3 variables, there are 2^{23} or 256 possible next state functions. The structure of a 3-neighborhood CA cell is shown in Fig. 3.1.

Figure 3.1: A 3-neighborhood CA cell

If the next state function of a cell is expressed in the form of a truth table, then the decimal equivalent of the output column is conventionally called the rule number for the cell. The following table illustrates three rules 90, 150 and 216:

Neighborhood : 111 110 101 100 011 010 001 000 RuleNo (i) NextState : 0 1 0 1 1 0 1 0 90 (ii) NextState : 1 0 0 1 0 1 1 0 150 (ii) NextState : 1 1 0 1 1 0 0 0 216

The first row lists the possible combinations of present states (left, self and right) for a 3-neighborhood CA cell at time t. The next three rows list the next states for the i^{th} cell at time instant (t + 1) - the decimal equivalent of the 8 bit binary number is referred to as Rule Number. Each rule can be realized by a logic function. The rules that correspond to the logic functions with XOR/XNOR logic only are noted in Table 3.1. The q_{i−1}, q_i, and q_{i+1} denote the state of the (i − 1)^{th}, i^{th}, and (i + 1)^{th} cells respectively at t^{th} instant of time. The following subsection defines a few terminologies, quoted from [56], that are widely used in literature and have been referred to in different sections of this thesis.

Table 3.1: Additive CA Rules

With XOR (linear rules) With XNOR (complemented rules) rule 60 : q_i(t + 1) = q_{i−1} ⊕ q_i rule 90 : q_i(t + 1) = q_{i−1} ⊕ q_{i+1} rule 102 : q_i(t + 1) = q_i ⊕ q_{i+1} rule 150 : q_i(t + 1) = q_{i−1} ⊕ q_i ⊕ q_{i+1} rule 170 : q_i(t + 1) = q_{i+1} rule 204 : q_i(t + 1) = q_i rule 240 : q_i(t + 1) = q_{i−1} rule 195 : q_i(t + 1) = q_{i−1} ⊕ q_i rule 165 : q_i(t + 1) = q_{i−1} ⊕ q_{i+1} rule 153 : q_i(t + 1) = q_i ⊕ q_{i+1} rule 105 : q_i(t + 1) = q_{i−1} ⊕ q_i ⊕ q_{i+1} rule 85 : q_i(t + 1) = q_{i+1} rule 51 : q_i(t + 1) = q_i rule 15 : q_i(t + 1) = q_{i−1}

3.1.1 Cellular Automata Terminologies

A few fundamental terminologies are introduced in this subsection.

Definition 3.1 If all the CA cells obey the same rule, then the CA is said to be a uniform CA; otherwise it is a hybrid CA.

Definition 3.2 A CA is said to be a Null Boundary CA (NBCA), if the left (right) neighbor of the leftmost (rightmost) terminal cell is connected to logic 0-state.

Throughout the thesis, we have used Null Boundary Hybrid CA.

Definition 3.3 If the next-state generating logic employs only XOR logic then it is called a linear rule.

Definition 3.4 Rules involving XNOR logic are referred to as complemented rules.

Definition 3.5 The rules which doesn’t involve XOR or XNOR rules are termed as nonlinear or non-additive rules.

Definition 3.6 A CA with all the cells having linear rules is called a Linear CA (LCA).

Definition 3.7 CA having a combination of XOR and XNOR rules is called Additive CA (ACA) and the rules are termed as Additive Rules.

Definition 3.8 CA having both additive and non-linear rules are termed as Non-Linear CA. The CA using XOR or XNOR rules follow the property of Galois Field 2. Hence it is also termed as GF(2) CA[214].

3.1.2 Cellular Automata (CA) Characterization

Matrix algebraic tools are used to formulate the global properties of CA [56, 89, 92]. In line with the earlier works, we concentrate on the matrix algebraic model to characterize CA state transition behavior. A brief overview of this model is next outlined. The details of this characterization is noted in the book [56].

An n-cell one dimensional Additive Cellular Automata (ACA − Definition 3.7) is characterized by a linear operator [T ]_{n×n} matrix and an n-dimensional inversion vector F . T is referred to as the characteristic matrix of the Cellular Automata. The i^{th} row of T corresponds to the neighborhood relation of the i^{th} cell, where

T_{ij} = { 1, if the next state of the i^{th} cell depends on the present state of the j^{th} cell 0, otherwise.

Since the CA is restricted to three neighborhood dependency, T [i, j] can have non-zero values for j = (i − 1), i, (i + 1).

In addition to the operator T , an ACA employs the inversion vector F defined as

F_i = { 1, if the next state of the i^{th} cell results from inversion 0, otherwise.

If s_t represents the state of the CA at the t^{th} instant of time, then the next state - that is, the state at the (t + 1)^{th} time instant , is given by :

s_{(t+1)} = T · s_t + F, that is, s_{(t+p)} = T^p · s_t + (I + T + T^2 + · · · + T^{p−1})F, (3.1)

where s_{(t+p)} is the state of CA at (t + p)^{th} instant of time. For an n cell CA, F is the n bit Inversion Vector with its i^{th} (0 ≤ i ≤ n − 1) bit as 1 if XNOR rule is applied on the i^{th} cell. The two operators ( ., +) follow the operations of Galois Field 2.

The LCA is a special case of ACA where the inversion vector F is an all 0’s vector. As a result, the state transition equations 3.1 gets simplified to

s_{t+1} = T · s_t that is, s_{t+p} = T^p · s_t

for a LCA.

Further analysis proceeds based on two distinct classes of state transition behavior referred to as Group and Non-Group CA. 3.1.3 Group and Non-Group CA

The state transition diagrams of CA can be characterized from its T matrix and its Inversion vector F . Depending on the state transition behavior, a CA is classified into Group and Non Group CA.

a) Structure of the CA

b) T matrix, Inversion Vector and Cycle Structure of the CA

Figure 3.2: A 5-cell GF(2) Group CA and its cycle structure [1(1),1(3),1(7),1(21)]

Group CA :

For a Group CA (Fig. 3.2), each state has a unique predecessor. That is, all states lie on a disjoint set of cycles. The entire state transition diagram consists of a set of cycles and is represented as the Cycle Structure (CS) = [μ_{k1} (k_1), μ_{k2} (k_2), · · ·μ_{km} (k_m)] of the Group CA, where k_i is the cycle length of the i^{th} cyclic component of CS and μ_{ki} is the number of such components in CS having cycle length k_i. The Fig. 3.2(b) illustrates the cycle structure of the 5 cell Group CA. It has three cycles of length 3, 7 & 21, in addition to its all zero state forming a self-loop. It is represented as [1(1), 1(3), 1(7), 1(21)]. Non-Group CA :

In the case of a Non-Group CA, there are cyclic states as well as non-cyclic, also referred to as transient states. The maximum number of clock cycles needed to reach a cyclic state starting from any non-reachable state is the depth (d) of the Non-Group CA. The state transition diagram of a Non-Group CA has a Cycle Structure consisting of a set of cycles similar to Group CA. In addition, it has non-cyclic subspace represented by run of transient states forming an inverted tree rooted on a cyclic state. For the 4 cell CA of Fig. 3.3, the depth d = 2 with cycle structure of [1(1),1(3)] - that is, one cycle of length 1 & another cycle of length 3. While characterizing CA, we have concentrated on identifying the (i) cycle structure, and (ii) depth of the inverted tree rooted on a cyclic state. From the results noted in [56], it can be shown that each inverted tree of a Non-Group CA has identical structure.

The classification of Group and Non-Group CA can be done by enumerating the determinant of the linear operator T (characteristic matrix).

If det(T ) = 1, the CA is a Group CA = 0, the CA is a Non Group CA

Besides the characteristic Matrix (T ), a more detailed analysis of the state transition

Figure 3.3: State Transition Diagram of a 4-cell Non-Group GF(2) CA

behavior of an Additive CA is possible from the characteristic polynomial derived from Characteristic Matrix T .

Characteristic Polynomial: The characteristic polynomial f(x) of a CA is derived from its characteristic matrix T by calculating det(T + Ix).

Minimal Polynomial: The minimal polynomial is the minimum degree polynomial which annihilates T .

Elementary Divisors: The characteristic polynomial f(x) comprises of invariant polynomials ϕ_i(x)^{ni} where ϕ_i(x) is irreducible. The polynomials ϕ_i(x)^{ni} , invariant to the linear operator T , are referred to as elementary divisors. Each elementary divisor, as outlined in Section 3.2.2, generates vector subspaces defined below.

Definition 3.9 Vector Space : A set V is called a vector space over a field F if (V , +) is an abelian group and there exists a binary operation (·) from V × V to F satisfying the following properties for all scalars c, c_1, c_2 ∈ F and vectors α, β ∈ V : (i) c · (α + β) = c · α + c · β; (ii) (c_1 + c_2) ·α = c_1 · α + c_2 · α; (iii) (c_1 · c_2) ·α = c_1·(c_2 · α); (iv) 1 ·α = α where 1 is the multiplicative identity in F . Generally the vector space V over the field F is

Figure 3.4: State Transition Diagram, T Matrix, Characteristic Polynomial, Minimal Polynomial and Elementary Divisors of a 7-cell Non-Group CA

denoted as (V , F , +, ·)

Definition 3.10 Vector Subspace : A subset S of a vector space (V , F , +, ·) is called a sub-space of V if (S, F , +, ·) forms a vector space.

Both characteristic polynomial and its Elementary Divisors play a key role in enumerating the cycle structure & depth of a CA.

The analysis presented in this chapter is based on the elementary divisors of the linear operator - the characteristic matrix T . The example CA of Fig. 3.4 illustrates T , its characteristic polynomial, minimal polynomial and elementary divisor.

The characteristic polynomial f(x) of a CA can be expressed as a product of its elementary divisors

f(x) = x^{n1} · x^{n2} · ·x^{nl} ϕ_{l+1}(x)^{nl+1} · ·ϕ_N (x)^{nN}

where ϕ_i(x) is irreducible (i = 1,2,· · ·, N ) The number of elementary divisors comprising a characteristic polynomial is denoted by N .

A factor x^{ni} (i = 1,2,· · ·, l) and (l ≤ N ) of f(x) represents a non-cyclic subspace whereas ϕ_i(x)^{ni} corresponds to a cyclic subspace. The depth of the CA is defined as

depth(d) = (max(n_i))^l_{i=1}

For Group CA the x^{ni} components are absent in f(x) i.e. the characteristic polynomial of the Group CA is of the form

f(x) = ϕ_1(x)^{n1} ϕ_2(x)^{n2} · · · ϕ_N (x)^{nN}

The characterization of CA state transition behavior are reported in [52, 56, 67, 87, 213, 235]. Some of the fundamental results and the framework for the proposed analysis are presented below for Linear CA followed by similar analysis for Additive CA in Section 3.3.

3.2 Vector Space Theoretic Analysis of Linear CA (LCA)

The analysis reported in this section characterizes a Linear CA (LCA) in terms of the cyclic and non-cyclic sub-spaces it generates. The scheme extracts the elementary divisors of the characteristic polynomial of LCA and analyzes each individual elementary divisor. The aggregate of these results leads to the final cycle structure of the LCA. The major steps required to enumerate the cycle structure/depth of an LCA are noted below. Derivation of characteristic polynomial, minimal polynomial, elementary divisor of the linear operator T , as noted in earlier section, are available in standard book [56, 104, 323]. In the rest of this chapter, the acronym CS denotes the Cycle Structure.

Algorithm 3.1 Enum CS Depth from LCA(T , CS, d) Input : T matrix Output : Cycle Structure (CS), depth (d) Step 1: Given a T matrix, generate the characteristic polynomial in elementary divisor form. Calculate depth of the CA by evaluating max(n_i), where n_i is the power of x^{ni} for i =1 to l.

Step 2: Generate cycle structure of each elementary divisor ϕ_i(x)^{ni} , where ϕ_i(x) ≠ x. Step 3: Output the final cycle structure (CS) by aggregating the cycle structures of all the elementary divisors.

The next example illustrates the methodology described in Algorithm 3.1. Specific implementations of different steps of Algorithm 3.1 has been detailed in subsequent sub-sections.

Example 3.1 Let the T matrix of a 7 cell LCA be

T =

⌈0 0⌉ 0 0 0 0 0 ⌊1 0⌋ 0 0 0 0 0 0 0 [1] 0 0 0 0 0 0 0 ⌈1 1⌉ 0 0 0 0 0 ⌊0 1⌋ 0 0 0 0 0 0 0 ⌈0 1⌉ 0 0 0 0 0 ⌊1 1⌋ Step 1 : The characteristic polynomial, of the CA, in elementary divisor form is x^2(x + 1)(x + 1)^2(x^2 + x + 1). From the factor x^2 we can directly calculate the depth of the LCA d = 2.

Step 2 : Cycle Structures generated by each individual elementary divisor are

CS_{LCA(x+1)} = [1(1), 1(1)], CS_{LCA(x+1)}2 = [1(1), 1(1), 1(2)], CS_{LCA(x}2_{+x+1)} = [1(1), 1(3)]

Step 3 : The complete cycle structure of the CA is enumerated by aggregating the cycle structures obtained from Step 2 and it results in the final structure.

CS_{LCA} = [1(1), 1(1)] × [1(1), 1(1), 1(2)] × [1(1), 1(3)] = [4(1), 2(2), 4(3), 2(6)].

where × is the cross product and represents the aggregation operator.

We next elaborate the detailed execution of each of the steps. For each step we provide an illustrative example and the algorithm for its implementation. The running Example 3.1 is generally referred to explain the steps. However, in some cases, new examples are brought in to illustrate the underlying principle of that particular step. 3.2.1 Deriving Elementary Divisors From T Matrix

The task of deriving elementary divisor from T matrix (Step 1 of Algorithm 3.1) is achieved by converting the matrix (T + Ix) in Smith Normal Form [104].

Definition 3.11 Smith Normal Form is a diagonal form of matrix (T + Ix), with nonzero elements a_1(x), a_2(x), · · · a_j (x) · · · a_n(x) of GF(2)[x] with degrees at least one in the diagonal. The elements a_j(x) are so arranged that a_j (x) is a factor of a_{j+1}(x). The elements a_1(x),...,a_n(x) are the invariant factors of T and a_n(x) is the minimal polynomial of T .

Since each a_j (x) in Smith Normal Form is an invariant polynomial, the irreducible factors of a_j (x) can be denoted as ϕ_l(x)^{nl} , ϕ_{l+1}(x)^{nl+1}, ..., ϕ_{l+m}(x)^{nl+m}, where ϕ_{l+i}(x) is an irreducible polynomial and ϕ_{l+i}(x)^{nl+i} is invariant to T . Each ϕ_{l+i}(x)^{nl+i} is an elementary divisor of T . The characteristic polynomial can be expressed in Elementary Divisor Form (EDF) as

f(x) = ϕ_1(x)^{n1} ϕ_2(x)^{n2} · · · ϕ_N (x)^{nN}

where each ϕ_i(x) is an irreducible polynomial and factor of any a_j (x).

The three elementary operations to generate the Smith Normal Form are : (a) interchanging two rows or columns, (b) adding a multiple (in GF(2)[x]) of one row or column to another, and (c) multiplying any row or column by a non-zero element in GF(2).

The following example illustrates conversion of a matrix to its Smith Normal Form.

Example 3.2 Consider the T matrix of Example 3.1. The conversion of T to its Smith Normal Form proceeds as per the elementary operations noted earlier.

The Smith Normal Form (SNF ) of matrix T is

SNF =

1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 + x 0 0 0 0 0 0 0 x^2 · (1 + x)^2 · (x^2 + x + 1) The characteristic polynomial f(x) in EDF = x^2 · (1 + x) · (1 + x)^2 · (x^2 + x + 1) The minimal polynomial f_{min}(x) = x^2 · (1 + x)^2 · (x^2 + x + 1).

[Note : a_1(x) = a_2(x) = a_3(x) = a_4(x) = a_5(x) = 1, a_6(x) = (1 + x) and a_7(x) = x^2 · (1 + x)^2 · (x^2 + x + 1).]

The following theorem reported in [104], establishes the feasibility of conversion of any matrix T into its Smith Normal Form.

Theorem 3.1 Let T be an n × n matrix over the field GF (2). Using the three elementary row and column operations ( a,b and c noted above), the n × n matrix (T + Ix) with entries from GF(2)[x] can be expressed in Smith Normal Form.

The complete algorithm to realize Step 1 of Algorithm 3.1 is summarized next.

Algorithm 3.2 Enum ED from LCA(T, [ϕ_i(x)^{ni} ], d) Input : Characteristic Matrix T Output : [ϕ_i(x)^{ni} ] : Elementary Divisor (ED) set : ϕ(x) ≠ (x) and d: depth (a) Convert (T + Ix) into Smith Normal Form.

(b) Represent the characteristic polynomial in the Elementary Divisor Form

f(x) = ϕ_1(x)^{n1} ϕ_2(x)^{n2} · · · ϕ_N (x)^{nN} where each ϕ_i(x) is an irreducible polynomial and degree of ϕ_i(x) ≥ ϕ_{i−1}(x). (c) For each ϕ_i(x)^{ni} , where ϕ_i(x) = (x) ∀^l_{i=1}

Enumerate d = max(n_i) ∀^l_{i=1}.

(d) Form the elementary divisor set [ϕ_i(x)^{ni} ] with ϕ_{l+1}(x)^{nl+1} , ϕ_{l+2}(x)^{nl+2} , · · · , ϕ_N (x)^{nN} .

The following subsection describes the scheme to find cyclic subspace of an elementary divisor. The scheme has been reoriented from the conventional scheme reported in [324] to meet the requirements of synthesis algorithm discussed in Chapter 4. 3.2.2 Generation of Cyclic Sub-space of Elementary Divisors An Elementary Divisor ϕ_i(x)^{ni} produces two different cyclic sub-spaces referred to as Primary and Secondary periods [56]. A Primary period is the cycle structure generated by the factor ϕ_i(x) while the Secondary Period is the cycle structure formed by the factors ϕ_i(x)^t ∀^{ni}_{t=2}. That is, an elementary divisor ϕ_i(x)^{ni} generates the cycles corresponding to the factor ϕ_i(x) and also for each of the factors – {ϕ_i(x)}^2, · · · {ϕ_i(x)}^{ni} . The complete cycle structure is the union of the cycle structures of these factors.

Primary Cycle Structure for ϕ_i(x) : It consists of μ_k cycles each of length k (denoted as [μ_k(k)]), where

μ_k =

2^{ri} − 1 k (3.2)

r_i being the degree of ϕ_i(x), and k is the smallest integer such that ϕ_i(x) divides x^k + 1. Secondary Cycle Structure : The enumeration of secondary cycle structure is done by computing cycle length and cyclic components respectively. The secondary cycle length is of the form 2^j · k where j is an integer. Lemma 3.2 establishes the relationship between a factor and the length of the cycle it generates. The proof directly follows from [124].

Lemma 3.2 All the factors of an elementary divisor ϕ_i(x)^{ni} , starting from ϕ_i(x)^{2j−1+1} to ϕ_i(x)^{2j} , contribute the same cycle length (2^j · k), where k is the primary cycle length.

Proof : The cycle length of a secondary factor ϕ_i(x)^J is given by κ = k · 2^j ; such that 2^{j−1} + 1 ≤ J ≤ 2^j ; where k is the cycle length of the irreducible polynomial ϕ_i(x) [124]. Therefore, all factors between 2^{j−1} + 1 and 2^j will have same cycle length. �

Example 3.3 Let an elementary divisor be (x^4 + x^3 + x^2 + x + 1)^9. The primary cycle is 3(5); μ_k = 3, k = 5. Then all the factors (x^4 + x^3 + x^2 + x + 1)^5, (x^4 + x^3 + x^2 + x + 1)^6, (x^4 + x^3 + x^2 + x + 1)^7 and (x^4 + x^3 + x^2 + x + 1)^8 form cycles of length 2^3 · 5 = 40.

From the above theorem, it is clear that factors between 2^{j−1} + 1 and 2^j share a common property in terms of the cycle length produced by them . In this connection, we define the term j^{th} factor set to collectively denote the terms between 2^{j−1} + 1 and 2^j .

Definition 3.12 A factor of ϕ_i(x)^{ni} whose power lies between (2^{j−1} + 1) to 2^j is referred to as a member of j^{th} factor set. Each member of the j^{th} factor set produces a cycle of length (2^j ·k), where k is the primary cycle length of the polynomial and the maximum value of j = ⌈log_2(n_i)⌉. The cardinality of the j^{th} factor set in an elementary divisor ϕ_i(x)^{ni} is denoted as N(F_j ) and can be determined by the formula

N(F_j ) =

2^{j−1}, if n_i > 2^j n_i − 2^{j−1} if 2^{j−1} < n_i ≤ 2^j 0, if n_i ≤ 2^{j−1}. 1, if j = 0 & n_i ≥ 1

(3.3)

The following theorem guides the enumeration of cyclic components of cycle length 2^j ·k. The proof directly follows from Lemma 3.2

Theorem 3.3 The number of cyclic components corresponding to the cycle length 2^j · k, is given by the following relation

μ_2j_{·k} =

2^r

∑_j

J =0 N(FJ ) − 2r

∑_{j−1}

J =0 N(FJ )

2^j · k

(3.4)

where r is the degree of the underlying irreducible polynomial ϕ_i(x).

The union of the cycle structures of all the factors of the characteristic polynomial yields the complete cycle structure of LCA. It is represented as CS_{LCA(ϕi(x)}n_{i )}

CS_{LCA(ϕi(x)}n_{i )} = [1(1) +

m_k∑ j=0 μ_2j_{·k}(2^j · k)] (3.5)

where m_k = ⌈log_2(n_i)⌉, 1(1) represents the all-zero vector forming a self-loop. We introduce a new terminology and the scheme of representing CS_{LCA(ϕi(x)}n_{i )}.

Definition 3.13 A Primary Cycle Structure (P CS) represents the structure generated by an elementary divisor ϕ_i(x)^{ni} . In addition to the representation noted in Relation 3.5, it is also denoted by a triplet (μ_k, k)^{ni} , where [1(1), μ_k(k)] is the cycle structure of the irreducible polynomial ϕ_i(x), that is,

• μ_k is the number of cyclic components corresponding to the irreducible polynomial ϕ_i(x)

• k is the cycle length of the irreducible polynomial ϕ_i(x)

• μ_k and k are also referred to as primary cyclic component and primary cycle length of the elementary divisor respectively

• n_i is the power to which the irreducible polynomial ϕ_i(x) is raised in the process of its formation of elementary divisor.

This triplet form of representation of P CS helps us to understand the direct mapping of P CS with the elementary divisor. As a result, henceforth, the terms factors of an Elementary Divisor and factors of P CS are used interchangeably.

Definition 3.14 k Cycle Family : All the cycles of the form (2^j · k), where k is the length of the primary cycle, are the members of the family of cycles referred to as k-Cycle Family. It is also referred as Primary Cycle Family.

Generation of cycle structure is formalized in the following algorithm followed by an illustrative example.

Algorithm 3.3 Enum PCS from ED (ϕ_i(x)^{ni} , P CS) Input : Elementary Divisor (ED) (ϕ_i(x)^{ni} ) Output : Primary Cycle Structure (PCS) Step 1 : Primary Cycle Enumeration : Find the least value of k such that ϕ(x) divides x^k + 1.

Find μ_k from Relation 3.2.

Step 2 : Secondary Cycle Enumeration : Enumerate the j^{th} factor set for j = 0 to ⌈log_2(n_i)⌉. For j = 0 to ⌈log_2(n_i)⌉

Enumerate μ_2j_{·k} following the Relation 3.4 and obtain μ_2j_{·k}(2^j · k).

Step 3 : Output the Final Primary Cycle Structure (P CS) by taking union of all secondary cycles.

Example 3.4 Consider the characteristic polynomial f(x) of an example LCA is given by f(x) = (x^4 + x^3 + x^2 + x + 1)^9. Therefore, degree r_i = 4.

Primary Cycle : Since (x^4 + x^3 + x^2 + x + 1) divides (x^5 + 1), k = 5. The μ_k =^{24−1}_5 = 3. Therefore, the cycle structure contributed by (x^4 + x^3 + x^2 + x + 1) is 3(5). Secondary Cycle : The j^{th} Factor Sets are N(F_0) = 1, N(F_1) = 1, N(F_2) = 2, N(F_3) = 4, N(F_4) = 1.

Cyclic Component corresponding to μ_21_{·k} =^{24(1+1)−24(1)}_{21·5} = 24. Cyclic Component corresponding to μ_22_{·k}=^{24(2+2) −24(2)}_{22·5} = 3264. Cyclic Component corresponding to μ_23_{·k}=^{24(4+4) −24(4)}_{23·5} = 107372544. Cyclic Component corresponding to μ_24_{·k}=^{24(1+8) −24(8)}_{24·5} = 805306368. Hence the complete cycle structure CS_{LCA(x}4_{+x}3_{+x}2_{+x+1)}9 = [1(1), 3(5), 24(10), 3264(20), 107372544(40), 805306368(80)].

The Primary Cycle Structure can also be represented by the triplet (3, 5)^9 since as per Definition 3.13, μ_k = 3, k = 5, n_i =9.

The following lemmas provide further insight into the length of the cycle structure generated by an LCA. The lemmas provide the foundation for Step 3 of Algorithm 3.1.

Lemma 3.4 Cycle length of primary period is always odd.

Proof : From Relation 3.2 , the primary cycle structure [1, μ_k(k)] follows the relation μ_k × k = 2^{rk} - 1. Since 2^{rk} - 1 is odd, both the factors are necessarily odd - that is, cycle length k of primary period is odd. �

Lemma 3.5 A secondary period corresponds to an unique primary period.

Proof : Cycle length of a secondary period is expressed in the form of 2^j · k for j ≥ 1 where k is a primary cycle which is odd. Let there be two primary periods k_1 and k_2 having same secondary period. Thus the relation 2^{j1} · k_1 = 2^{j2} · k_2 must hold, which can be possible only when k_1 = k_2. That is, a secondary period always correspond to an unique primary period. � Characterization of vector spaces generated by each elementary divisor of an LCA enables the characterization of the LCA having multiple elementary divisors. The final cycle structure of the LCA is the aggregation of the cycle structure of all the elementary divisors. The next subsection provides details of the scheme to find Final Cycle Structure of the LCA having multiple elementary divisors.

3.2.3 Cycle Structure of an LCA having Multiple Elementary Divisors The entire vector space S of an LCA is the direct sum of the sub-spaces generated by its elementary divisors. The cycle structure of the LCA is obtained from the cross product (×), as defined below, of all the Primary Cycle Structures (Definition 3.13) [323].

Definition 3.15 Cross Product (×) of two cycle structures CS_1 and CS_2, where

CS_1 = [1(1) +

m_{ki1} ∑ i_1=1

μ_{k1i1} (k_{1i1} )] and CS_2 = [1(1) +

m_{ki2} ∑ i_2=1

μ_{k1i2} (k_{1i2} )]

is the product of each i_1^{th} term of CS_1 and the i_2^{th} term of CS_2.

The product of μ_{k1i1} (k_{1i1} ) and μ_{k2i2} (k_{2i2} ) results in cyclic component μ_k of length k following the equations [323]

μ_k = μ_{k1i1} .μ_{k2i2} .gcd(k_{1i1} , k_{2i2} ) and k = lcm(k_{1i1} , k_{2i2} ) (3.6)

The complete cycle structure of LCA derived from the cross-product of cycle structures of individual elementary divisors can be expressed as

CS_{LCA(f(x))} = CS_{LCA(ϕ1(x)}n_{1 )} × · · · CS_{LCA(ϕi(x)}n_{i )} × · · · × CS_{LCA(ϕN (x)}n_{N )} (3.7)

where N is the number of elementary divisors forming the LCA.

The analysis based on successive evaluation of cross products of a pair of CS enables a deeper insight into the cycle structure of the LCA. It is characterized by the following theorem.

Theorem 3.6 The cycle structure (CS(N )) of an LCA with N elementary divisors can be represented as

CS(N ) = [1(1) + ∑ k_i m_{ki}∑

j=0 μ_2j_{·ki} (2^j · k_i)] (3.8)

where k_i is odd.

Proof : Let α_i =

m_{ki}∑

j=0 μ_2j_{·ki} (2^j · k_i). Then CS(N ) = [1, α_1] × [1, α_2] · · · [1, α_N ]

On performing successive cross product, as per the Relation 3.7

CS(N ) = [1(1), (α_1, α_2 · · · , α_N ), (α_1 × α_2, · · · α_{N −1} × α_N ), · · · , (α_1 × α_2 × · · · × α_N )]

That is, each member in the i^{th} group (marked within ‘()’) is formed by cross producting i number of α’s that form a component of CS(N ). Each component, as noted below for i = 2, represents a primary cycle family. Generalization for i > 2 follows directly.

Let C̃S = (α_1 × α_2) and let [CL] be the set of Cycle Lengths formed from the above cross product. Then the general nature of [CL] set is expressed by the following relation.

[CL] = lcm((2^{j1} · k_1), (2^{j2} · k_2)) = 2^{max(j1 ,j2)}lcm(k_1, k_2) (3.9)

Let lcm(k_1, k_2) = k_3. Consequently, all cycle lengths of the [CL] set is a member of k_3 cycle family and the cycle structure can be expressed as

C̃S =

max(m_{k1} ,m_{k2} ) ∑ j=0 μ_2j_{·k3} (2^j · k_3)

Since both the k_1 & k_2 are primary cycles and odd, therefore k_3 is also odd. Hence the proof. � The result of the earlier theorem confirms that the cycle structure of a LCA follows a certain order. In this context, we define the term Legal Linear Cycle Structure for a Linear CA. Definition 3.16 Legal Linear Cycle Structure is the cycle structure formed from successive cross product of constituent P CS and satisfies the Relation 3.8.

We propose a Divide and Conquer Strategy to derive the complete Cycle Structure. The overview of the strategy is explained with the help of the illustrations of the Fig. 3.5 and Fig. 3.6.

The Figure 3.5(a) shows the structure of an example LCA while the Figure 3.5(b) shows the T matrix and the T_i (i = 1, 2, 3) Matrix corresponding to each individual Elementary

Divisor (ED_i). Fig. 3.5(c) shows the Cycle Structure CS_i generated by each T_i. The Figure 3.6 illustrate the derivation of complete cycle structure from cross product in two ways. In Fig. 3.6(a), we illustrate the derivation of cross product out of a pair of CSs each having same primary cycle length ( =1), while in Fig. 3.6(b), cross product is derived out of a pair of CSs having different cycle length (1 & 3). The final cycle structure of the LCA shown in Fig. 3.6(b) thus derived by sequentially cross producting similar and dissimilar cycle structures. These twin processes help in dividing the final cycle structure in two major components and address each component separately. Such a division, beside providing an insight in the nature of the final cycle structure, enables elegant formulation of the synthesis problem in Chapter 4.

a) Structure of the CA

b) T Matrix of the CA and individual T_i matrix of the CA

c) Cycle Structure of individual T_i Matrix of the CA

Figure 3.5: Circuit Structure of an LCA, constituent T_i matrices and its Cycle Structure

Therefore, in effect, the complete cycle structure is derived in two steps. Step A : Evaluate the cross product of P CS having primary cycles of identical length and form a Primary Family Cycle Structure (P F CS formally defined as Definition 3.17 noted below).

Step B : Successively evaluate the cross product of each member of P F CS derived in Step A.

a) The Cycle Structure derived from the Cross Product of Cycle Structures having identical length (= 1) Primary Cycles. (Cross Product of CS_1 and CS_2 of Fig. 3.5)

a) The Complete Cycle Structure derived from Cross Product of Cycle Structures having different Primary Cycles of different length = 1 & 3. (Cross Product of CS_3 of Fig. 3.5(c) and CS_{IN} of Fig. 3.6(a)). The cross product produces two cycle family of length 1 & 3 (separated within box), besides the self-looping all 0-vector.

Figure 3.6: Formation of Final Cycle Structure

Detailed implementation of these two steps is next reported.

Step A : Complete Cycle Structure Derived out of the set of Elementary divisors with identical Primary Cycle Length

This step derives the final structure CS from a set of P CS each having identical primary cycle length.

CS = P CS_1 × P CS_2 × · · · × P CS_i × · · · P CS_N

In order to expose the underlying principle of derivation, a new terminology is introduced to define a specific class of cycle structure.

Definition 3.17 Primary Family Cycle Structure (PFCS) is a special class of cycle structure that results from the cross product of Primary Cycle Structures, each having the identical primary cycle length. That is, the primary cycle length is identical for all the underlying elementary divisors generating the P F CS. It is of the form -

P F CS = [1(1) +

m_k∑ j=0 μ_2j_{·k}(2^j · k)] (3.10)

The following example illustrates the concept of Primary Family Cycle Structure (P F CS)

Example 3.5 Let us consider the characteristic polynomial f(x) = (x^2 + x + 1)^1 · (x^2 + x + 1)^4 · (x^2 + x + 1)^7 · (x^2 + x + 1)^8 represented in elementary divisor form. The P CS are (1, 3)^1, (1, 3)^4, (1, 3)^7, (1, 3)^8 respectively.

The cycle structure CS = (1, 3)^1 × (1, 3)^4 × (1, 3)^7 × (1, 3)^8 that is, writing in expanded form CS = [1(1), 1(3)] × [1(1), 1(3), 2(6), 20(12)] × [1(1), 1(3), 2(6), 20(12), 672(24)] × [1(1), 1(3), 2(6), 20(12), 2720(24)] Consequently, CS = [1(1), 85(3), 3688(6), 5591040(12), 4581088288(24)] which shows CS has a primary cycle of length 3. The CS is a Primary Family Cycle Structure (PFCS) derived out of the cross product of the four P CS of k cycle family (Definition 3.14) with k = 3.

The cycle structure of the P F CS is obtained directly from the cardinality of j^{th} factor set present in each individual constituent elementary divisors - that is, Primary Cycle Structure (P CS), forming it.

Let a P F CS be formed from characteristic polynomial f(x), where f(x) = ϕ(x)^{n1} · ϕ(x)^{n2} · · · ϕ(x)^{nN} in elementary divisor form. It implies that the P F CS is formed from the cross-product of the set of P CS and

P F CS = (μ, k)^{n1} × (μ, k)^{n2} × (μ, k)^{nN} .

Each P CS (μ, k)^{ni} corresponds to Elementary Divisor ϕ(x)^{ni} . N(F_j ) is the number of j^{th} component or factor set present in a single elementary divisor or P CS (Definition 3.3). To compute the total number of j^{th} factor set present in a P CS family constituting the P F CS, we introduce a new term Ñ(F_j ) defined next.

Definition 3.18 Ñ(F_j ) is the sum of the number of j^{th} factor set present in all the constituent P CS comprising the P F CS.

[Note : j^{th} factor set (Definition 3.12) are the factors having power between 2^{j−1} + 1 and 2^j present in any P CS (μ, k)^{ni} ]

Example 3.6 Let a P F CS be formed from the cross product of P CS such that

P F CS = (1, 3)^1 × (1, 3)^4 × (1, 3)^7 × (1, 3)^8

The underlying elementary divisors are (x^2+x+1)^3, (x^2+x+1)^2 and (x^2+x+1) respectively. While computing Ñ(F_j ) for each value of j, it results in

Ñ(F_0) = 4 (0th component) - that is, the irreducible polynomial (x2 + x + 1) must be present in all the four P CS.

Ñ(F_1) = 3; the 1st component. That is, the factors starting from 21−1 + 1 to 21 are present in the last three P CS.

Ñ(F_2) = 6; the 2nd component - that is, the factors starting from 22−1 + 1 to 22 are present only in the last three P CS.

Ñ(F_3) = 7; the 3rd component - that is, the factors starting from 23−1 + 1 to 23 are present only in the last two P CS, four in the last one and three in the 2^{nd} last state. The highest value of j is 3 as the highest value of j among all the individual components is 3. The highest value of j is deduced by calculating (⌈log_2(max(n_i)^N_{i=1})⌉).

The algorithm to enumerate Ñ(F_j ) from N number of P CS forming the P F CS is reported below.

Algorithm 3.4 Enum Ñ(F_j ) from PCS([PCS], [Ñ(F_j )] ) Input : N set of P CS Output : [Ñ (F_j )] : j = 0, 1, 2, · · · For j = 0 to (⌈log_2(max(n_i)^N_{i=1})⌉) { Ñ(F_j ) = 0 For i = 1 to N { For each P CS_i calculate N(F_j ) by Relation 3.3 Ñ(F_j ) = Ñ(F_j ) + N_i(F_j ) /* N_i(F_j ) - the number of jth component in the ith P CS */ } } Based upon the concept of Ñ(F_j ), we next formulate the result to compute the cycle structure of P F CS.

Theorem 3.7 : The cycle structure of P F CS is given by [1(1), μ_k (k), · · · μ_2j_{·k}(2^j · k) · · ·], where the number of the cyclic component μ_2j_{·k} follows the relation

μ_2j_{·k} =

2^r

∑_j

J =0

Ñ(F_J )

− 2^r

∑_{j−1}

J =0

Ñ(F_J )

2^j · k

(3.11)

and Ñ(F_J ) represents the sum of the number of J^{th} factor set present in all the constituent P CS; r is the degree of the irreducible polynomial forming the P CS.

Proof : A cycle of length (2^j · k) can be formed only by cross product of (2^j · k) & (2^J · k) where (J ≤ j) (Relation 3.9). Therefore, the number of cyclic component μ_2j_{·k} depends only on the number of (J ≤ j)^{th} factor set. Since this is an iterative relation, the extra states produced with the introduction of the j^{th} factor set is responsible for the number of cyclic component μ_2j_{·k}.

The extra set of states S generated in the process is given by

S = 2^r

∑_j

J =0

Ñ(F_J )

− 2^r

∑_{j−1}

J =0

Ñ(F_J )

Hence μ_2j_{·k} =^S_{2j ·k} , where (2^j · k) is the cycle length corresponding to the component μ_2j_{·k}. � Example 3.7 Let a P F CS be formed from the cross product of P CS such that

P F CS = (1, 3)^1 × (1, 3)^4 × (1, 3)^7 × (1, 3)^8

8 is the highest power of any constituent P CS, here it is the last P CS and the value of r = 2.

Therefore, for the values 0, 1, 2 and 3, the j^{th} factor set is present in the characteristic polynomial. The values of Ñ(F_0), Ñ(F_1), Ñ(F_2), Ñ(F_3), as per Example 3.6, are 4, 3, 6 and 7 respectively. The cyclic components are

μ_20_{·3} =

2^{2(4)} − 2^{2·0} 2^0 · 3

= 85, μ_21_{·3} =

2^{2(4+3)} − 2^{2·4} 2^1 · 3

= 3688

μ_22_{·3} =

2^{2(7+6)} − 2^{2·7} 2^2 · 3

= 5591040 μ_23_{·3} =

2^{2(13+7)} − 2^{2·13} 2^2 · 3

= 4581088288

The complete cycle structure CS = [1(1), 85(3), 3688(6), 5591040(12), 4581088288(24)]

The algorithm to derive the cycle structure of P F CS is next presented.

Algorithm 3.5 Enum PFCS from PCS( [PCS ], PFCS ) Input : N constituent P CS of P F CS : [P CS] Output : Cycle Structure (P F CS) : [ 1(1), μ_k(k), · · ·, μ_2j_{·k}(2^j · k), · · · ] Enum Ñ(F_j ) from PCS([PCS], [Ñ (F_j )] ). Calculate μ_2j_{·k} for each j by using Relation 3.11.

The methodology to obtain the complete cycle structure from the set of P F CS each having primary cycles of different length (Step B) is described next.

Step B : Complete Cycle Structure from the set of P F CS each having primary cycles of different length

This scheme enumerates the complete cycle structure CS obtained from the successive cross product of constituent P F CS, that is -

CS = P F CS_1 × P F CS_2 × · · · P F CS_i × P F CS_{i+1} · · · × P F CS_Ñ (3.12)

The iterative procedure for derivation of successive cross products leading to CS proceeds as follows:

CS = CS_1 × CS_2, where

CS_1 = P F CS_i and CS_2 = P F CS_{i+1} × · · · × P F CS_Ñ

CS_1 is a P F CS derived as per the Relation 3.10, while its primary cycle (k_1) of CS_1 is smaller than all the primary cycles k_i’s in CS_2. Since CS_2 has been formed from cross product of a number of P F CS, its cycle structure will be following the nature of General Cycle Structure defined in the Relation 3.8. Therefore we can write

CS = CS_1 × CS_2, where CS_1 = [1(1), α] and CS_2 = [1(1), ∑ k_i

β_i]

and α = m_{k1}∑

j=0 μ_2j_{·k1} (2^j · k_1), β_i =

m_{ki}∑

j=0 μ_2j_{·ki} (2^j · k_i), i > 1

β_i represents each Cycle Family (CF ) in CS_2. The next few theorems provide an insight to the properties of CS based on the structure of CS_1 and CS_2.

Theorem 3.8 The (μ_2j_{·k1} ) cyclic components of CS corresponding to k_1 cycle family (Definition 3.14) will be same as CS_1, where CS = CS_1 × CS_2.

Proof : By definition,

CS = [1(1), α] × [1(1), ∑ i β_i] ⇒ CS = [1(1), α, ∑ β_i, ∑ i α × β_i] (3.13)

The cycle structure α is generated directly from CS_1 while the cycle structure β is generated from CS_2 that does not have any primary cycle of length k_1. The cross product of k_1 cycle family with k_i cycle family results in the k_3 cycle family, where k_3 = lcm(k_1, k_i). Since each k_i is greater than k_1, hence k_3 is greater then k_1.

Therefore, the cyclic components of k_1 cycle family in CS comes only from α - that is from CS_1. � The following example illustrates the results of Theorem 3.8.

Example 3.8 Let consider CS_1= [1(1), [3(1), 2(2)]] and CS_2 = [1(1), 1(3), 3(5), 3(15)]. The CS formed from the cross product of CS_1 and CS_2 is [1(1), [3(1),2(2)], [4(3),2(6)], [12(5),6(10)], [12(15),6(30)]]. We see that the cyclic component corresponding to primary cycle 1 - [3(1),2(2)] - is same in CS_1 & CS_2.

Relation 3.13 depicts that the cross product occurs between each k_i cycle family generated by CS_2 and k_1 cycle family generated by CS_1. Let k_2 be a member of k_i (i > 1) and the cross product of k_1 and k_2 cycle family results in k_3 cycle family, where k_3 = lcm(k_1,k_2). The cycle family obtained from the cross product of α × β_2 (α, β_2 represents the cycle structures arising from k_1 & k_2 cycle family respectively) thus has primary cycle k_3. The following theorem and corollary characterizes k_3.

Theorem 3.9 The value of the cyclic component (μ_2j_{·k3} ) formed from the cross product of cyclic component of k_1 and k_2-cycle family in CS_1 and CS_2 respectively is determined as

μ_2j_{·k3} = [A + B] (3.14)

where A = μ_2j_{·k2} · S_2j_{·k1} · gcd(k_1, k_2) k_1

& B = μ_2j_{·k1} · S_2j−1_{·k2} · gcd(k_1, k_2) k_2

S_2j_{·ki} is the number of states covered by a cycle length (≤ 2^j · k_i) - that is

S_2j_{·ki} = j∑ J =0

μ_2J_{·ki} × (2^J · k_i) (3.15)

Proof : As per the Relation 3.9, the cross product of 2^{j1} · k_1 and 2^{j2} · k_2 results in cycle length 2^{max(j1 ,j2)}(k_3), where k_3 = lcm(k_1, k_2). Therefore, to produce 2^j · k_3, either j_1 or j_2 has to be equal to j.

Enumeration of A : If j_2 = j, then all the cycles 2^{j1} · k_1, where j_1 ≤ j, when cross producted with 2^j · k_2 will produce 2^j · k_3. The cross product, as per the Relation 3.6 will produce Part A of the cyclic component of μ_2j_{·k3} and can be estimated as μ_2j_{·k3} = μ_2j_{·k2} · [μ_{k1} + μ_{2·k1} × 2 · k_1 · · · μ_2j_{·k1} × 2^j · k_1] · gcd(k_1, k_2)

that is,

μ_2j_{·k3} = μ_2j_{·k2} · [

∑_j

J =0(μ2^J ·k1 × (2

J · k_1) k_1

] · gcd(k_1, k_2) = μ_2j_{·k2} · S_2j_{·k1} k_1

· gcd(k_1, k_2)

So from the Relation 3.15, we arrive at

μ_2j_{·k3} = μ_2j_{·k2} · S_2j_{·k1}

k_1

· gcd(k_1, k_2)

Enumeration of B : Analogous to enumeration of A, if j_1 = j, the cross product with 2^{j2} · k_2, j_2 ≤ j will produce (2^j · k_3). To avoid cross-product between 2^j · k_1 and 2^j · k_2 twice, j_2 ends at (j − 1) in the second case. Hence the proof. � The following corollary results from the earlier theorem.

Corollary 3.1 : The cycle structure of the k_3-cycle family will be of the form

CS(k_3) =

m_{k3}∑

j=0 μ_2j_{·k3} (2^j · k_3), where m_{k3} = max(m_{k1} , m_{k2} ) (3.16)

max(m_{k1} , m_{k2} ) indicate the maximum of the highest powers of k_1 and k_2 cycle family. The value of k_3 can be either greater than or equal to k_2.

• If k_3 = k_2, then both β_2 & α × β_2 belong to the same cycle family. μ̃_2j_{·k2} in CS can be represented by the relation

μ̃_2j_{·k3} (CS) = μ̃_2j_{·k2} (CS) = μ_2j_{·k2} (β_2) + μ_2j_{·k2} (α × β_2) (3.17) Since lcm(k_1,k_2) = k_2, therefore gcd(k_1, k_2) = k_1. Combination of the Relations 3.14 & 3.17 results in

μ̃_2j_{·k3} (CS) = [μ_2j_{·k2} · (S_2j_{·k1} + 1) + μ_2j_{·k1} · S_2j−1_{·k2} k_1 k_2

] (3.18) Therefore, in this case when k_1 & k_2 cycle family is cross producted, it results in the cyclic component μ̃_2j_{·k3} which is added to CS.

• If (k_3 > lcm(k_1, k_2)), then besides the cyclic component μ_2j_{·k2} of the k_2-cycle family from CS_2, the k_3-cycle family is also added to CS, where the cyclic component μ̃_2j_{·k3} (CS) = μ_2j_{·k3} (3.19) We now state the algorithm for generating CS from CS_1 & CS_2 Algorithm 3.6 Enum CS from CS_1&CS_2 (CS_1, CS_2, CS) Input : CS_1 = [1(1), ∑ μ_2j_{·k1} (2^j · k_1)] CS_2 = [1(1), ∑ k_i ∑ μ_2j_{·ki} (2^j · k_i)] k_1 < k_i ∀i Output : CS - Final Cycle Structure for each k_i ∈ CS_2 in ascending order { k_2 = k_i if lcm(k_1, k_2) = k_2 for ( ∀ j) { Compute μ̃_2j_{·k2} (CS) ——- Relation 3.18 CS ← CS + μ̃_2j_{·k2} } else for ( ∀ j) { Compute μ̃_2j_{·k3} ——- Relation 3.19 CS ← CS + μ̃_2j_{·k3} CS ← CS + μ_2j_{·k2} (CS_2) } CS = CS + CS_1 (Theorem 3.8) } The following example illustrates the execution steps of Algorithm 3.6 for two separate cases - lcm(k_1, k_2) > k_3 and lcm(k_1, k_2) = k_3

Example 3.9 Case 1 : lcm(k_1, k_2) > k_3.

Let CS_1 = [1(1), 1(3)] & CS_2 = [1(1), 3(5)]. Therefore k_1 = 3, k_2 = 5. lcm(3, 5) = 15 ≠ 5. μ_{15} =^{μ3·S3}_3 · gcd(3, 5) =^{3·3}_3 = 3. Final CS = [1(1), 1(3), 3(5), 3(15)]. Case 2 : lcm(k_1, k_2) = k_3.

Let CS_1 = [1(1), 3(1), 2(2)]; CS_2 = [1(1), 1(3), 3(5), 3(15)] k_1 = 1. First k_2 = 3. lcm(k_1, k_2) = k_2. Therefore, μ̃_3 = [μ_3 · (S_1 + 1)] = 1 × 4 = 4. μ̃_6 = [μ_6 · (S_2 + 1) + μ_2 · S_3 ·^1_3 ] = [0 + 2 · 3 ·^1_3 ] = 2. Similarly, μ̃_5 = 12, μ̃_{10} = 6 and μ̃_{15} = 12, μ̃_{30} = 6.

Therefore, Final CS = [1(1), [3(1), 2(2)], [4(3), 2(6)], [12(5), 6(10)], [12(15), 16(30)]]

In order to dynamically generate the final CS from each of the constituent P F CS, the Algorithm 3.6 has to be called iteratively starting from the P F CS that has the largest primary cycle length, so that input CS_1 always have the least primary cycle length. The algorithm is noted below.

Algorithm 3.7 Enum CS from P F CS( [PFCS], CS) Input : Cycle Structure set P F CS_1, P F CS_2 · · · P F CS_Ñ : [P F CS] Output : Final Cycle Structure CS Sort the P F CS in descending order of the size of the primary key. CS_2 ← ϕ while i ≤ Ñ { CS_1 ← P F CS Enum CS F rom CS_1&CS_2(CS_1, CS_2, CS) CS_2 = CS i++ }

The earlier framework used for characterization of Linear CA is extended in the next section to analyze a more general class of CA referred to as Additive CA (ACA).

3.3 Vector Space Theoretic Analysis of Additive CA (ACA)

Complete characterization of the state transition behavior of an ACA is reported in this section. An ACA C^′, as noted in Section 3.1, is represented by the characteristic matrix T and non-zero inversion vector F . The Additive CA generates cycle structure of more variety than that of Linear CA. Fig. 3.7 shows a typical cycle structure generated by ACA which cannot be generated by LCA. This section focusses on the variation of ACA Cycle Structure over its Linear Counterpart - that is, corresponding LCA with all 0’s inversion vector F .

Figure 3.7: Additive CA and its Cycle Structure

The linear counterpart of C^′ is the C which is represented by the same characteristic matrix T with all 0’s F Vector. The state transition behavior of C^′ and C share some common properties that are reproduced below from [56].

• C^′ is a Group CA if and only if the linear counterpart C is a Group CA.

• The depth of a Non-Group C^′ is same as that of C

Since the depth of an ACA can be directly derived from that of the corresponding LCA, we shall concentrate on enumerating the cycle structure of ACA.

The cycle structure of C^′ and C maintains some relations that are investigated in this section. In the subsequent discussions, both C and C^′ are assumed to have the same T matrix with inversion vector F = 0 and F ≠ 0 respectively. The analysis of state transition behavior employing the concept of null space is next reproduced from [262].

Definition 3.19 Null Space : The null space of a matrix (T) consists of all such vectors that are transformed to the all-zero vector when premultiplied by the matrix.

The following theorem formalizes the relationship of cycle length and null space [258].

Theorem 3.10 : If an LCA represented by T has a cycle of length k, then the cardinality of the null space of (T^k + I) denotes the number of states forming cycles of length k or sub-multiple of k.

The analysis of ACA state transition behavior mainly focusses on the following properties of an ACA :

P_1 : To check whether a cycle length (k) is present in ACA or not.

P_2 : To find the special class of ACA (C^′) whose cycle structure is always same as that of its linear counterpart C irrespective of its inversion vector F .

P_3 : To identify the class of C^′ whose cycle structure differ from that of C and the properties of F vectors which impart this difference. P_4 : To enumerate cycle structure and depth of C^′.

Next four subsections report the results derived for each P_i (i= 1 to 4). 3.3.1 Method to determine the presence of cycle of length (k) in ACA The following theorem enables us to determine whether a cycle of length k exists in ACA or not.

Theorem 3.11 [258] In the ACA characterized by T and the inversion vector F , there will exist a cycle of length k if

rank([T^k + I]) = rank([T^k + I, F]), where F = [I + T + T^2 + · · · + T^{k−1}]F

Proof : Let x be a state in a cycle of length k in C^′. Hence, as per Relation 3.1 in Section 3.1,

x = [I + T + T^2 + · · · + T^{k−1}]F + T^kx

The equation can be rewritten as

[T^k + I]x = F where F = [I + T + T^2 + · · · + T^{k−1}]F (3.20)

If a cycle of length k is to exist in the C^′, then Relation 3.20 should be consistent. The condition for consistency is that

rank([T^k + I]) = rank([T^k + I, F]) (3.21)

Hence the proof. � 3.3.2 Special class of C^′ for which cycle structure is identical to that of C Theorem 3.11 is utilized to explore a special class of C^′ that has cycle structure identical to that of C irrespective of the inversion vector F . The following theorem defines such a class of C^′.

Theorem 3.12 The cycle structure of C^′ and C are identical if the characteristic polynomial f(x) of the T matrix does not have a factor (x + 1).

Proof : Let k be the length of a cycle C (the LCA). For a cycle of length k to exist in corresponding Additive CA (ACA) C^′, Relation 3.21 has to be satisfied. The number of vectors forming cycle of length k or sub-multiple of k in the ACA/LCA are derived from enumeration of the Null Space of α_1 = (T^k + I) [262].

The solution vectors are also roots of the equation ϕ_c(x) = 0, where ϕ_c(x) is the largest factor of the characteristic polynomial f(x) which divides (x^k +1) = (x+1)(x^{k−1} +··+x+1). So the solution space, as derived for α_1, is also obtained from the Null Space of α_2 = ϕ_c(T ). Since f(x) does not have a factor (x + 1), each ϕ_c(x) divides [1 + x + x^2 + · · · + x^{k−1}]. Therefore, the Null Space of α_3 = [I + T + T^2 · · · T^{k−1}] also produces the same solutions. Hence,

rank(T^k + I) = rank(T^k + I, I + T + T^2 · · · T^{k−1})

that is,

rank(T^k + I) = rank(T^k + I, F)

directly follows for any F .

Therefore, all the cycle lengths of LCA, C also exist in ACA C^′. Since the number of vectors forming each cycle length is same for the both, (directly derived from cardinality of Null Space) the cycle structures for both the CA are identical. Hence the proof. � The following example illustrates the result of Theorem 3.12.

Example 3.10 Let an example ACA of Fig. 3.2 be represented by the Matrix T with inversion vector F ≠ 0, where

T = 1 1 0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 1 1 1 0 0 0 1 0

The characteristic polynomial of (T ) is (x^3 + x + 1)(x^2 + x + 1) and the cycle structure of the LCA corresponding to the T matrix is [1(1),1(3),1(7),1(21)] The ACA, as per the Theorem 3.12, has the same cycle structure as that of corresponding LCA, irrespective of the value of F . Let us consider a particular cycle of length 7. As per the theorem, we enumerate α_1 = T^7 +I, α_2 = T^3 +T +1 and α_3 = T^6 +T^5 +T^4 +T^3 +T^2 +T +I, where

T^7 + I =

0 1 0 1 1 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

, T^3 + T + 1 =

1 1 0 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

T^6 + T^5 + T^4 + T^3 + T^2 + T + I =

1 0 0 0 1 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 All the three matrices with 3^{rd}, 4^{th} & 5^{th} row as zero have the same null space solution: {00000, 00001, 00011, 00010, 00100, 00001, 00100, 00110, 00111}.

Therefore, rank(α_1) = rank(α_2,α_3) and rank(α_1) = rank(α_2,F); F=(I + T + T^2) · F , F being a 5-dimensional inversion vector.

Therefore, both the C^′ and C have cycles of length 7. The number of states having cycle length 7 or sub-multiple of 7 (here it is 1) is 8. The cyclic components of cycle length 7 =

(8−1)

7 =1.

Enumerating in this fashion, the complete cycle structure of C^′ can be shown as [1(1), 1(3), 1(7), 1(21)], same as that of C.

3.3.3 Class of ACA with cycle structure different from that of LCA From Theorem 3.12 it is obvious that the cycle structure of C and C^′ can differ only if the characteristic polynomial of the CA has a factor of (x + 1). The study of the role of the factor (x + 1) can help to identify the nature of the class of ACA for which the cycle structure differs from that of the corresponding LCA counterpart. The subsequent analysis first concentrates on the LCA/ACA having a single elementary divisor as (x + 1)^n and its generalization follows. The following terminologies are used in subsequent discussions.

• C(x + 1)^n : The LCA having characteristic matrix T and characteristic and minimal polynomial as (x + 1)^n has the cycle structure [56]

CS = [1(1) + m∑ j=0 μ_2j (2^j )] where m = ⌈log_2(n)⌉; and (3.22) rank of (T + I) = n − 1, and rank of (T + I)^i = n − i. (3.23) In general C(ϕ(x)) and C^′((ϕ(x)) implies LCA and ACA respectively with characteristic polynomial ϕ(x).

• [F^k] : The set of inversion vectors which annihilates only (x + 1)^k - that is, (T + I)^k · x = 0, while (T + I)^{k′} x ≠ 0 where k^′ < k & x ∈ [F^k]. (3.24) • Car[F^k] : Cardinality of the set F^k.

Based on the results of the Theorem 3.11, we next specify the exact condition which will be responsible for creating any difference in Cycle Structure of C(x + 1)^n and C^′(x + 1)^n. Theorem 3.13 The ACA C^′(x + 1)^n characterized by T and the inversion vector F , and LCA C(x + 1)^n will have identical cycle structure if

rank(T + I) = rank((T + I), F ) (3.25) Proof : In order to test whether the cycle structure of C(x + 1)^n and C^′(x + 1)^n are identical, the consistency of the Relation 3.20 is checked for presence of a cycle of length k in C^′. The LCA C has cycle(s) of length k, where from the Relation 3.22, k = 2^j , j = (0, 1, 2, · · · , m), m = ⌈log_2(n)⌉.

Since the cycle lengths (k) of C(x + 1)^n is of the form 2^j , the relation for consistency (Relation 3.20) can be rewritten as

(T^{2j} + I)x = (I + T + T^2 + · · · + T^{2j −1})F (3.26) where j = (0, 1, 2, · · ·, m), m = ⌈log_2(n)⌉. The relation has to be consistent for all values of j to establish the equivalence of cycle structures of C & C^′. Since

(T^{2j} + I) = (T + I)^{2j} and (I + T + T^2 + · · · + T^{2j −1}) = (T + I)^{2j −1} the Relation 3.26 can be rewritten as

(T + I)^{2j} x = (T + I)^{2j −1}F ⇒ (T + I)^{2j −1}[(T + I)x = F ] (3.27) which implies consistency of the following relation

(T + I)x = F (3.28) has to be checked to determine the existence of cycles of length 2^j (j = {0,1,2,· · ·,m}). The consistency of the relation is determined by checking whether rank(T + I) = rank((T + I), F ).

Hence the proof. � Based upon this relation, we characterize the F vector responsible for imparting the difference in cycle structure between LCA and ACA. Note that [F^n] denotes the set of inversion vectors which annihilates only (x + 1)^n

Theorem 3.14 The cycle structure of ACA C^′(x + 1)^n differs from that of its linear counterpart C(x + 1)^n if and only if the inversion vector F (of ACA) ∈ [F^n].

Proof : In order to prove the theorem, the consistency of the Relation 3.28 is checked for inversion vector (1) F ∈ [F^{n′} ] where n^′ < n, and (2) F ∈ [F^n]. The proof establishes the fact that in the first case both C and C^′ have the same cycle structure while in the second case the cycle structure of C^′ differs from that of C. The proof is established by checking consistency for every cycle length (k = 2^j , j = {0,1,2,· · ·,m}) Case 1: Inversion vector F ∈ [F^{n′} ] where n^′ < n. : We show that the Relation 3.28 is consistent if and only if x ∈ [F^{n′+1}].

If x ∈ [F^{n′+1}], the state transition equation can be written as

(T + I)^{n′+1} · x = 0 ⇒ (T + I)^{n′} · [(T + I)x] = 0 (3.29)

As per the definition of [F^{n′+1}], (noted in Page 53) the constituent vectors become zero only when premultiplied by (T + I)^{n′+1} and higher factors, therefore, (T + I) · x ≠ 0 and the vectors y will be formed by enumerating the equation

(T + I)x = y (3.30)

Moreover, the Relation 3.27 can be rewritten as

(T + I)^{n′} · y = 0 ⇒ y ∈ [F^{n′} ] i.e. (T + I)^{n′′} · y ≠ 0 n^{′′} < n (3.31)

Since rank of (T + I) is (n -1), x_i ( i = 1, 2 and x_1, x_2 ∈ [F^{n′+1}]), when premultiplied with (T + I) will produce the same y in Relation 3.30. That is,

(T + I) · x_1 = (T + I) · x_2 = y

Hence, exploiting all the possible pairs of x, we obtain the set of y having cardinality

Car(F^{n′+1})

2 where the cardinality of [F^{n′+1}] is denoted as Car(F^{n′+1}).

Since rank of (T + I)^{n′+1} is one less than that of (T + I)^{n′} , therefore directly from rank relationship (Relation 3.23)

Car(F^{n′+1}) = 2 × Car(F^{n′} )

Therefore, Car(y) = Car(F^{n′} ); that is, the full set of (F^{n′} ) is represented by y. That implies the relation

(T + I)x = F

is consistent for all values of F ∈ [F^{n′} ] and consequently, the Relation 3.27 is consistent for all F ∈ [F^{n′} ], n^′ < n.

Case 2 : Checking Consistency of Cycle Length for ACA C^′(x + 1)^n with inversion vector F ∈ [F^n] : In this case, it is shown that the Relation 3.28 is inconsistent for all cycle length 2^j ≤ n. Multiplying either side of the Relation 3.28 with (T + I)^{n−1}, we obtain

(T + I)^nx = (T + I)^{n−1}F. (3.32)

It is inconsistent since the left hand side(LHS) = 0 while right hand side(RHS) ≠ 0. Since the characteristic and minimal polynomial of C is (x + 1)^n, the Relation 3.27 is consistent if 2^j − 1 ≥ n when both LHS & RHS = 0. � Earlier theorem leads to the following corollary that specifies the cycle structure of C^′(x + 1)^n.

Corollary 3.2 : The cycle structure of C^′(x + 1)^n with F ∈ F^n is

CS^′ = μ^′(2^M), μ^′ = 2^{n−M} and M = ⌊log_2(n)⌋ + 1 (3.33)

where the cycle structure of C(x + 1) (Relation 3.22, page 52) is

CS = [1(1) + m∑ j=0 μ_2j (2^j )] where m = ⌈log_2(n)⌉.

Proof : From Theorem 3.14, the Relation 3.27 becomes consistent if 2^j − 1 ≥ n, that is cycle of length 2^j exists in C^′ if 2^j − 1 ≥ n. The minimum value of j, at which the equation becomes consistent is represented by M where 2^{M−1} ≤ n < 2^M.

(i) If n = 2^{⌈log2n⌉}, then n is of the form 2^j where j is an integer. Therefore, ⌈log_2n⌉ = ⌊log_2n⌋ = log_2n. In that case, M= ⌊log_2n⌋ +1.

(ii) If n < 2^{⌈log2n⌉}, then M = ⌈log_2n⌉ = ⌊log_2n⌋ +1. Combining both the cases (i) and (ii), M = ⌊log_2n⌋ +1.

Since all the states fall in the Null Space of (T + I)^{2M} , as per Theorem 3.10, the ACA will have only cycles of length 2^M and the number of cyclic component (μ^′) will be 2^n/2^M =

2^{n−M}. � The term M holds the key to the following discussion. Hence we denote M as the minimum additive factor. We define the term as the end of the section after the effect it creates in the formation of cycle structure (CS^′) is fully discussed.

The following example illustrates the results of the theorem and corollary.

Example 3.11 The T matrix and two inversion vector F of a 4 cell CA is given by

T = 1 1 0 0 0 1 1 0 0 0 1 1 0 0 0 1

F^1 = 1 1 1 1 F^2 = 1 1 1 0 The Characteristic Polynomial and Minimal Polynomial of the Matrix is (x + 1)^4. The cycle structure(CS) of the LCA counterpart with characteristic matrix T is given by [2(1),1(2),3(4)].

The inversion vector F_1 annihilates (T + I)^4. The ACA with characteristic matrix T and the inversion vector F_1 changes cycle structure to [2(8)] (Fig. 3.7).

The inversion vector F_2 doesn’t annihilate (T + I)^4. The ACA with characteristic matrix T and inversion vector F_2 has its cycle structure CS^′ identical to CS generated by the LCA.

Theorem 3.14 & Corollary 3.2 can be extended for a more generalized class of LCA/ACA. The cycle structure of C^′, as per Theorem 3.12, can differ from C only if the characteristic polynomial of C/C^′ contains a factor of (x+1). The characteristic polynomial of LCA/ACA can be represented in Elementary Divisor Form (EDF) as

f(x) = (x + 1)^{n1} · ·(x + 1)^{nl} ϕ_{l+1}(x)^{nl+1} · ·ϕ_N (x)^{nN}

where (i) each ϕ_i(x)^{ni} is an elementary divisor and (ii) the irreducible factor of the first l elementary divisors is equal to (x + 1).

The following theorem states the nature of cycle structure of such LCA and ACA.

Theorem 3.15 : The cycle structure of LCA, with characteristic matrix T and having (x + 1) as a factor in its characteristic polynomial is

CS = [1(1) + ∑ k_i m_{ki}∑

j=0 μ_2j_{·ki} (2^j · k_i)]; k_1 = 1, (3.34)

whereas the cycle structure of ACA, with characteristic matrix T and inversion vector F , and the largest (x + 1)-elementary divisor annihilated by F is (x + 1)^{ni} , is of the form

CS^′ = ∑ k_i m_{ki}∑

j=M μ^′_2j_{·ki} (2^j · k_i), k_1 = 1 (3.35) where

μ^′_2M_{·ki} = M∑ j=0 (μ_2j_{.ki} × 2^j · k_i) + 1 2^M.k_i for k = 1 M∑ j=0 μ_2j_{·ki} × 2^j · k_i

2^M · k_i otherwise

and μ^′_2j_{·ki} = μ_2j_{·ki} j > M, M = ⌊log_2n_i⌋ + 1

Proof : The proof is developed with the assumption that (x + 1)^{ni} is the only factor annihilated by F . It can be generalized to prove the case where (x + 1)^{ni} is the largest factor annihilated by F .

The characteristic polynomial f(x) of the CA is denoted as

f(x) = (x + 1)^{ni} × ϕ̃(x); ϕ̃(x) = ϕ_1(x)^{n1} · ·ϕ_{i−1}(x)^{ni−1} · ϕ_{i+1}(x)^{ni+1} · ·ϕ_N (x)^{nN}

The cycle structure CS(ϕ̃(x)) corresponding to ϕ̃(x) is same for both the LCA and ACA. Let F be the inversion vector which annihilates the factor (x + 1)^{ni} . As per the Theorem 3.14, the cycle structures generated due to the factor (x + 1)^{ni} differ in C and C^′. The cycle structures are respectively CS^′((x + 1)^{ni} ) and CS((x + 1)^{ni} ) (from Corollary 3.2). From the Relations 3.33 & 3.22, we have

CS^′(x + 1)^{ni} = μ^′(2^M), μ^′ = 2^{ni−M} & M = ⌊log_2(n_i)⌋ + 1

and CS(x + 1)^{ni} = [1(1) + m∑ j=0 μ_2j (2^j )], where m = ⌈log_2(n_i)⌉.

The cycle structure of C(ϕ̃(x)) follows from the Relation 3.8 as it is a Legal Linear Cycle Structure

CS(ϕ̃(x)) = [1(1) + ∑ k_i m_{ki}∑

j=0 μ_2j_{·ki} (2^j · k_i)]

Therefore, the cycle structure of CS and CS^′ are represented as

CS = CS(ϕ̃(x)) × CS((x + 1)^{ni} ) = [1(1) + m∑ j=0 μ_2j (2^j )] × [1(1) + ∑ k_i m_{ki}∑

j=0 μ_2j_{·ki} (2^j · k_i)]

CS^′ = CS(ϕ̃(x)) × CS^′((x + 1)^{ni} ) = [μ^′(2^M)] × [1(1) + ∑ k_i m_{ki}∑

j=0 μ_2j_{·ki} (2^j · k_i)]

The above two cross product produces CS and CS^′ specified in Relation 3.34 and 3.35 respectively. � The results of Theorem 3.15 is illustrated below.

Example 3.12 The T matrix of a 5 cell CA (Fig. 3.5(a)) is given by

T = 1 0 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 1 1 .

Consider two ACA having the given T matrix and inversion vectors

F_1 = 0 1 1 0 0 and F_2 = 1 1 1 0 0 respectively.

• The characteristic polynomial f(x) of the example LCA/ACA in Elementary Divisor Form is f(x) = (x + 1)(x + 1)^2(x^2 + x + 1).

• The inversion vector F = [01100] annihilates only (x + 1)^2. Therefore, M = ⌊log_2(2)⌋ + 1= 2.

• f(x) can be expressed as ϕ̃(x) × (x + 1)^2, where ϕ̃(x) = (1 + x) · (x^2 + x + 1).

• The cycle structure CS(ϕ̃(x)) = CS(1 + x) × CS(x^2 + x + 1) = [1(1), 1(1)] × [1(1), 1(3)] = [2(1), 2(3)].

• The cycle structure CS((1 + x)^2) = [1(1), 1(1), 1(2)] whereas CS^′((1 + x)^2) = [1(4)].

• The resultant structure CS = CS(ϕ̃(x)) × CS((1 + x)^2) = [4(1), 2(2)], [4(3), 2(6)] while CS^′ = CS(ϕ̃(x)) × CS^′((1 + x)^2) = [2(4), 2(12)].

• Similarly, F_2 = [111100] annihilates both the elementary divisors (x + 1) and (x + 1)^2.

This is the case where (x+1)^2 is the largest factor annihilated by F_2 and not the only factor annihilated. Therefore, CS^′ = CS^′(x + 1) × CS^′((x + 1)^2) × CS(x^2 + x + 1) = [1(4)] × [1(2)] × [1(1), 1(3)] = [2(4), 2(12)], same as the cycle structure generated by F_1.

• The changes in cycle structure of each cycle family k_i in CS and CS^′ respectively are as per the Relation 3.35 of Theorem 3.15. For example, 2(4) where k_1 = 1 and 2^M = 4, the corresponding cycle structure in C which have got merged in C^′ is [4(1),2(2)]. The cyclic component of μ_22_{·1} has been formed as per the Relation 3.35. Here μ_22_{·1} =^{4 × 1 + 2 × 2}

4 = 2.

3.3.4 Algorithm for Enumerating Cycle Structure of an ACA The algorithm is developed by summing up the knowledge gathered in the previous subsections. The first important knowledge is that we output the cycle structure of LCA as that of ACA if the characteristic polynomial of the linear operator T doesn’t contain the factor (x + 1) (Theorem 3.12). If the factor (x + 1) is present, Theorem 3.15 shows that once the cycle structure of C is evaluated and arranged as per the format noted in Relation 3.8 (page 39), the algorithm for evaluating the cycle structure of an ACA depends upon the deduction of the value of Minimum Additive Factor M, where

Definition 3.20 Minimum Additive Factor : The least cycle length of any primary cycle (k) in CS^′ is given by 2^M · k; where M is denoted Minimum Additive Factor.

The Theorem 3.15 provides some important inferences about the nature of cycle structure (CS^′) depending upon the value M. The inferences are noted below

Inference 3.1 : All cycles of length greater than 2^M · k_i have the same component in the cycle structure CS and CS^′ of LCA and ACA respectively.

Inference 3.2 : There is a striking similarity between CS and CS^′. The change in cycle structure of each cycle family k_i in CS and CS^′ respectively is that all the cycle length ≤ (2^M.k_i) in CS gets converted to (2^M.k_i) in CS^′ and the cyclic components corresponding to 2^M · k_i in ACA are adjusted to cover the complete state space generated by cycle lengths (≤ 2^M · k) in LCA.

Hence the task after deduction of cycle structure CS is to evaluate the values of M and reorient the CS to CS^′ following the results of Inferences 3.1 and 3.2. The value of M is deduced with the help of Theorem 3.11. The rank of [T^k + I] and [T^k + I, F] is successively compared for all k = 2^m · k_1, m ≥ 0, until the ranks become equal. The value of k at which both the ranks become equal provides the value of M.

The algorithm to deduce M is next elaborated.

Algorithm 3.8 Enum M(T, F ) Input : T matrix, F Vector Output : M M = 0 Evaluate F = [I + T + T^2 + .... + T^{2M−1}]F Evaluate R1 = rank[T^{2M −1} + 1] and R2 = rank[T^{2M−1} + I, F] while ( R1 < R2) { Evaluate F = [I + T + T^2 + .... + T^{2M−1}]F Evaluate R1 = rank[T^{2M −1} + 1] and R2 = rank[T^{2M−1} + I, F] M = M + 1

} return M

Once the M is enumerated, the cycle structure of C^′ for each k_i-cycle family constituting CS^′ is evaluated from CS of C as per the results of Theorem 3.15 and Inferences 3.1 & 3.2.

Algorithm 3.9 Enum CS^′ depth from ACA(T, F, CS^′, d) Input : Characteristic Matrix T and Inversion Vector F Output : The Cycle structure of C^′ & depth Enum CS depth from LCA(T, CS, d), where

CS = [1(1) ∑ k_i m_{ki}∑

j=0 μ_2j_{·ki} (2^j · k_i)]; k_i is odd and [CL] is the set of odd cycles of length k_i.

Output the depth of C as that of C^′.

If characteristic polynomial of T doesn’t have a factor of (x + 1), then

Output the cycle structure CS of C as CS^′ of C^′. else

M = Enum M(T, F) for each k_i ∈ [CL] { Evaluate μ^′_{2M·ki} for each k_i by Relation 3.35 μ^′_{2j ·ki} = μ_2j_{·ki} for j > M } Output CS^′ = ∑ k_i m_{ki}∑

j=M μ_2j_{·ki} (2^j · k_i), k_1 = 1

The next example illustrates the sequential steps of the algorithm. The ACA is represented by its T matrix and F vector; the T matrix of this example is the one used in the Example 3.1.

Example 3.13 Let the T matrix of a 7 cell GF (2) ACA be

T =

⌈0 0⌉ 0 0 0 0 0 ⌊1 0⌋ 0 0 0 0 0 0 0 [1] 0 0 0 0 0 0 0 ⌈1 1⌉ 0 0 0 0 0 ⌊0 1⌋ 0 0 0 0 0 0 0 ⌈0 1⌉ 0 0 0 0 0 ⌊1 1⌋ and F =

1 1 1 1 0 1 1 The matrix [T^k + I, F] is referred to as Augmented Matrix. Step 1 & 2 : Finding Characteristic Polynomial and Cycle Structure - Characteristic Polynomial = x^2 · (x + 1)^3 · (x^2 + x + 1) The cycle structure of the LCA having the characteristic polynomial is [4(1), 2(2), 4(3),

2(6)].

Depth of LCA = 2. It implies that the depth of ACA = 2 Step 3 : Finding the values of M.

• Rank of (T^1 + I) is 3, while the rank of the augmented matrix is 4. Hence, cycle of length 1 does not exist

• Rank of (T^2 + I) is 2, while the rank of the augmented matrix is 3. Hence, cycle of length 2 also does not exist in the ACA

• Rank of T^4 + I is 2, while the rank of the augmented matrix is 2. Hence, cycle of length 4 exists.

So, the value of M (as per Step 3) is 2.

Step 4 : Finding the Component 1. k_i =1 μ_22_{·1} =^{4×1+2×2+0×4}_{22·1} = 2. 2. k_i =3 μ_22_{·3} =^{4×3+2×6+0×12}_{22·3} = 2.

Hence, the cycle structure becomes [2(4), 2(12)] .

3.4 Conclusion

This chapter presents the complete characterization of the cyclic and non-cyclic subspaces of Linear CA (LCA) and Additive Cellular Automata (ACA). Algorithms to identify the cycle structure and depth of the state transition diagram of an ACA are reported. The analytical framework for characterization of the vector subspace of LCA and ACA is based on the elementary divisor of the characteristic matrix T and inversion vector of the ACA. Based upon this analysis, we next proceed to present our synthesis scheme in the next chapter.

Chapter 4

Cellular Automata Synthesis

This chapter deals with CA synthesis from a given vector sub-space specified in terms of cyclic and non-cyclic components. The analysis reported in Chapter 3 provides the foundation of the proposed synthesis scheme.

Notable among the earlier efforts for design of CA synthesis scheme is the work of Kattel & Muzio [45, 233] where the authors have proposed a methodology for synthesis of CA from irreducible polynomial. Serra et al [300] have reported a synthesis algorithm from irreducible polynomial with 90/150 rules. The first attempt for synthesis of Linear CA (LCA) from a given cyclic/ non-cyclic vector sub-space through a table driven approach, has been reported in [258]. However, the scheme fails to guarantee the generation of a solution even if an LCA exists for the given input. Further, no attempt has been made to generalize the problem of synthesis of Additive Cellular Automata (ACA) from a given cycle structure and depth of a CA.

The chapter has been organized as follows. The methodology of LCA synthesis is reported in Section 4.1. Based upon the results of LCA synthesis, the generalized scheme for Additive CA (ACA) synthesis is next developed in Section 4.2. Synthesis methodology reported in this chapter are based on the algorithms developed in Chapter 3 for analysis. A toolkit, reported in the last section has been developed based upon the synthesis and analysis schemes reported in the current and the previous chapter.

[Note : We have noted the CA analysis examples and algorithms (including the page number) of Chapter 3 that are relevant for the synthesis algorithms and examples of the current chapter.]

4.1 Synthesis of a Linear CA (LCA)

Analysis of LCA detailed in the last chapter has provided the foundation for its reverse operation - Synthesis. The synthesis scheme accepts a given legal cyclic and non-cyclic subspaces (Definition 3.16, page 39) as input and outputs an LCA that can generate the vector space. Prior to presentation of the synthesis methodology, the basic scheme is illustrated with an example.

For the sake of easy reference, the definition of the terms P CS (Definition 3.13, page 36) and P F CS (Definition 3.17, page 41) are reproduced.

Primary Cycle Structure (P CS) represents the structure generated by an elementary divisor ϕ_i(x)^{ni} . It has two forms of representation. Form 1 : CS_{LCA(ϕi(x)}n_{i )} = [1(1) +

∑_{mk} j=0 μ_2j_{·k}(2^j · k)] from the Relation 3.5.

Form 2 : Triplet representation - (μ_k, k)^{ni} where [1(1), μ_k(k) ] is the cycle structure of the irreducible polynomial ϕ_i(x).

This triplet form of representation of P CS helps us to understand the direct mapping of P CS with the elementary divisor.

Primary Family Cycle Structure (PFCS) is a special class of cycle structure that results from the cross product of Primary Cycle Structures, each having the identical primary cycle length. That is,

P F CS = [1(1) +

m_k∑ j=0 μ_2j_{·k}(2^j · k)]

Example 4.1 (Example 3.1, page 33) Let us assume that we have to design an LCA with the CS = [4(1), 2(2), 4(3), 2(6)] and depth(d) = 2.

The given CS can be expressed as a product of two P F CS. That is the goal is to find CS = [1(1), 3(1), 2(2)] × [1(1), 1(3)].

From the two P F CS, three P CS can be derived in triplet form. So, the CS can be further represented as CS = (1, 1)^1 × (1, 1)^2 × (1, 3)^1 From the set of P CS, corresponding elementary divisors (x + 1), (x + 1)^2, (x^2 + x + 1) are obtained.

From depth (d) we obtain the elementary divisor x^2.

Hence, characteristic polynomial of the desired LCA in elementary divisor form is x^2(x + 1)(x + 1)^2(x^2 + x + 1).

Corresponding to each individual elementary divisor a submatrix T_i is synthesized. (Each individual T_i is marked within braces). The T matrix of LCA is then constructed by placing T_i in Block Diagonal Form as noted below.

T =

⌈0 0⌉ 0 0 0 0 0 ⌊1 0⌋ 0 0 0 0 0 0 0 [1] 0 0 0 0 0 0 0 ⌈1 1⌉ 0 0 0 0 0 ⌊0 1⌋ 0 0 0 0 0 0 0 ⌈0 1⌉ 0 0 0 0 0 ⌊1 1⌋

The sequential steps executed in the illustrative example 4.1 has been formalized in the synthesis algorithm 4.1.

Algorithm 4.1 (Algorithm 3.1 page 32) Enum LCA from CS depth(CS, d, T) Input : Cycle Structure (CS), depth (d)

Output : LCA - (T matrix) Step A : To synthesize LCA from a given cycle structure and depth, derive the Primary Family Cycle Structure (P F CS) (Definition 3.17) from the given CS. Step B : Generate Primary Cycle Structures (P CS) in triplet form (Definition 3.13) from each P F CS.

Step C : Find the elementary divisor ϕ_i(x)^{ni} corresponding to each (P CS). /* Each elementary divisor ϕ_i(x)^{ni} refers to a vector space represented by an equivalent T_i matrix. Total space is the direct sum of the vector spaces generated by individual elementary divisor. Consequently, the LCA represented by a T matrix is obtained by placing the individual matrices(T_i) in block diagonal form. */ Step D (i) : Find LCA_i (T_i) corresponding to each ϕ_i(x)^{ni} and Find the LCA_i (T_i) generating the non-cyclic space - depth d.

D (ii) Synthesize the LCA combining the set of LCA_i generated.

Implementation of each of the steps A, B, C, D are handled in the next four subsections. 4.1.1 Generation of P F CS from Cycle Structure (CS)

The objective of this P F CS Generation tool is to partition the given input cycle structure (CS) into corresponding Primary Family Cycle Structure (P F CS’s) such that CS can be represented as

CS = [P F CS_1] × [P F CS_2] × · · · × [P F CS_Ñ ] (4.1)

where Ñ specifies the number of P F CS in the synthesized LCA. The two main steps of P F CS generation process are as follows.

Step I : In the first step we divide CS = CS_1 × CS_2 where CS_1 is P F CS and CS_2 follows the relation CS_2 = CS - { CS_1, CS_1 × CS_2}. While satisfying the following condition, the primary cycle k_1 produced by CS_1 is the smallest among all primary cycle lengths in CS. Step II : Repeat Step I assuming CS_2 as CS until CS = CS_1. Generation of CS_1 The cycle structure CS_1 is generated as per the result of Theorem 3.8 of Chapter 3 (page 45). Theorem 3.8 states that the cycle structure corresponding to the smallest primary cycle family is same in CS & CS_1. The family whose primary cycle is least forms CS_1. The following example illustrates the generation of CS_1.

Example 4.2 (Example 3.8, page 46) Let assume the given CS = [1(1), [3(1),2(2)], [4(3),2(6)], [12(5),6(10)], [12(15),6(30)]] Then CS_1 is the cycle structure obtained from the k- cycle family, where k has the least value. Since 1 is the lowest value, k_1 = 1 & CS_1 = [1(1), 3(1),2(2)].

Generation of CS_2 During generation of CS_2 from CS, the cycle families k_i’s constituting CS are arranged in ascending order. Each cycle family is tested in ascending order and decision is taken whether to include it in CS_2 or not. To add a cycle family k_2 of CS to CS_2, we should take note of the following fact. In addition to deducting k_2 cycle family, from CS we have to deduct the components of the cycle family derived from the cross product of CS_1 & k_2 cycle family of CS_2. That is, the cycle k_3 ∈ CS derived from cross product of k_1 & k_2 ∈ CS_2, where k_1 is the primary cycle of CS_1 and k_3 = lcm(k_1, k_2), should be deducted from CS in the process of forming CS_2.

While adding a cycle family k_2 of CS to CS_2, following two cases may arise -

• Case 1 : lcm(k_1, k_2) > k_2

• Case 2 : lcm(k_1, k_2) = k_2

Case 1 : The methodology to handle the case when lcm(k_1, k_2) > k_2 is illustrated through the following example.

Example 4.3 (Example 3.9 page 48) Consider the CS = [1(1), [1(3)], [3(5)], [3(15)]]. Then, k_1 = 3 and CS_1 = [1(1), 1(3)] The remaining cycles in CS are k_i = {5, 15 } For the first cycle k_2 = 5, k_1 is not a factor of k_2.

Therefore, CS_2 = [1(1), 3(5)] that is, the entire cycle structure 3(5) in CS comes from CS_2. The cycle family arising as a cross product of k_1 & k_2 is k_3 = lcm(k_1,k_2) = 15. Therefore, the corresponding μ_{15} should be deducted from CS, where μ_{15} (Relation 3.14)= μ_3 · μ_5 · gcd(μ_3 · μ_5) = 3.

Cycles remaining in CS = CS - [3(5), 3(15)] = ϕ . Since all the cycles are exhausted, CS_2 = [1(1), 3(5)].

The example 4.3 leads to the following decisions/actions for Case 1.

• Since the cycle family (k_2) has not arisen as a result of cross product, the entire cycle family (k_2) is the member of CS_2.

• The k_3 cycle family derived from the cross product of k_2 & k_1 cycle family is to be deducted from CS. The components of k_3 cycle family are obtained from Relation 3.14.

• Consequently, k_2 becomes a member of CS_2 while k_3 produced as a cross product of k_2 & k_1 cycle family is declared as resolved and the corresponding components of k_3 cycle family are removed from CS.

Case 2 : In this case, the cross product of k_1-cycle family and k_2-cycle family yields a cycle family with primary length k_2. So, instead of adding the entire cycle family to CS_2 from CS as in Case 1, we divide the components of k_2 cycle family into two parts, the first part is added to CS_2 while the remaining part is the components arising from cross product of k_1 cycle family and components of k_2 cycle family that has been added to CS_2 from CS.

The case where the cross product of k_1 & k_2 cycle family produces a k_2 cycle family is discussed with reference to the Relation 3.18 (page 47, Chapter 3) where evaluation of μ̃_2j_{·k2} in CS, from μ_2j_{·k2} in CS_2 is reported. To evaluate the cyclic component μ_2j_{·k2} (to be added to CS_2) from the given cyclic component μ̃_2j_{·k2} in CS, the Relation 3.18 has been re-framed as follows

μ_2j_{·k2} = μ̃_2j_{·k2} (CS) − [μ_2j_{·k1} (CS_1)] · [S_2j−1_{·k2} (CS_2)] ·^{k1}_{k2} [S_2j_{·k1} (CS_1)] + 1

(4.2)

where

• μ̃_2j_{·k2} (CS) is the cyclic component corresponding to k_2-cycle family in CS.

• μ_2j_{·k1} (CS_1) is the cyclic component corresponding to k_1-cycle family in CS_1.

• S_2j_{·k1} (CS_1) is the number of states covered by cycle length (≤ 2^j · k_2) in CS_1.

• S_2j−1_{·k2} (CS_2) is the number of states covered by cycle length (≤ 2^{j−1} · k_2) in CS_2. On evaluation of μ_2j_{·k2} , all the cyclic components μ_2j_{·k2} (j < j) get enumerated.

[In order to differentiate in representation of the cycle structures in complete CS and subset of CS denoted as CS_i (i = 1, 2), in earlier formulation we have used μ̃ for CS and μ for CS_i. The same nomenclature will be followed in the rest of the chapter.]

The following example illustrates the manner in which the Relation 4.2 is used to extract individual cycle components.

Example 4.4 (Example 3.9, page 48) Let the cycle structure be CS=[1(1), [3(1),2(2)], [4(3),2(6)], [12(5),6(10)], [12(15),6(30)]]. Here k_1 = 1 (the smallest cycle length). Therefore, CS_1 = [1(1), 3(1), 2(2)].

The cycle structure of CS after the subtraction of CS_1 from CS is CS = [[4(3), 2(6)], [12(5), 6(10)], [12(15), 6(30)]].

The remaining primary cycles in CS are k_i = {3,5,15}, where for each k_i, lcm(k_i, 1) = k_i. For k_2 = 3.

μ_3 =^{μ̃3(CS)−μ1(CS1)·S0(CS2)· 13}

S_1+1 =

4−4×0×^1_3

3+1 = 1 (From Relation 4.2) Further, μ_6 =^{μ̃6−μ2·S3· 13}_{(S2+1} =^{2−2×3× 13}_{7+1} = 0 Similarly, for k_2 = 5, μ_5 = 3, μ_{10} = 0; and k_2 = 15, μ_{15} = 3, μ_{30} = 0; Then CS_2 = [1(1), 1(3), 3(5), 3(15)]

The complete algorithm for enumerating both the CS_1 and CS_2 is next presented. While μ̃ in the algorithm is used to denote cyclic components in CS, μ is used to denote cyclic components in CS_1 and CS_2.

Algorithm 4.2 (Algorithm 3.6 page 47) Enum CS_1&CS_2 from CS (CS, CS_1, CS_2) Input : CS = [1(1), ∑ k_i ∑ μ_2j_{·ki} (2^j · k_i)]

Output : CS_1 and CS_2 CS_1 = [1(1), ∑ μ_2j_{·k1} (2^j · k_1)], where k_1 is the smallest member of k_i - cycle family set.

CS = CS - CS_1.

CS_2 = [1(1)] for each k_i ∈ CS_i in ascending order k_2 = k_i if k_1 is a factor of k_2 then for (∀ j) { Obtain μ_2j_{·k2} (CS_2) from Relation 4.2 CS_2 ← CS_2 + μ_2j_{·k2} CS ← CS - μ̃_2j_{·k2} /*Although μ̃_2j_{·k2} is deducted from CS, just μ_2j_{·k2} is added to CS_2 because μ_2j_{·k2} in CS_2 cross-porducted with members of k_1-cycle family is responsible for formation of μ̃_2j_{·k2} */ } else for (∀ j) { CS_2 ← CS_2 + μ̃_2j_{·k2} Obtain μ̃_2j_{·k3} from Relation 3.14 (k_3 = lcm(k_1, k_2)) CS ← CS − μ̃_2j_{·k3} CS ← CS − μ̃_2j_{·k2} /* Both the k_2 cycle family and the impact it creates when cross producted with k_1 is removed from CS */ } Complexity analysis of the algorithm follows.

Complexity Analysis : Evaluation of Relation 4.2 & 3.14 in Algorithm 4.2 needs a constant time. Since the number of P F CS comprising a CS has been assumed to be Ñ , therefore let CS representing the cycle structure of the LCA has Ñ components. At each iteration, at least one component gets identified. Therefore, the complexity of the algorithm is O(Ñ ).

We now present the relationship between the LCA size of n and number of terms in CS - Ñ . In order to analyze this relation, we have made some important assumptions in respect of k_1 & k_2, where k_1 is the primary cycle of CS_1 while k_2 is the primary cycle of the cycle family in CS_2 resolved at that pass.

• The probability of two cycle length k_1 & k_2 to be mutually prime, is 0.5

• In case of k_1 & k_2 being not mutually prime, there is 0.5 probability that k_1 is divisible by k_2 that is lcm(k_1, k_2) = k_2 or vice versa and there is 0.5 probability that one is not divisible by other.

These assumptions are drawn from extensive experiments we have done on synthesizing different types of data. With these assumptions the expected number of components E(m) is given by the equation

E(m) = L · [2^{nK} + n K − 4 · ( 5 4 ) n K + 3] (4.3)

where L is the expected number of components present in a single P F CS and K is the expected size produced through a single P F CS. Hence the average case complexity of the algorithm is O(2^nK ), which implies that the algorithm is super-polynomial in nature.

However, in practical applications we would be interested to synthesize an LCA at most of size 5000. We find that for all value of n < 5000, the value of E(m) (Relation 4.3) is less than n^3. Hence for all practical purposes the complexity to find E(Ñ ) is O(n^3). The average case complexity is computed based upon the following assumptions regarding L & K. • The expected number of components (L) in each P F CS is assumed to be 4.

• Let each P F CS comprises of a single elementary divisor ϕ_i(x)^{ni} and the expected degree of the polynomial is 15. Since n_i is produced by 4 separate components, then n_i = 8 (follows directly from Lemma 3.2). Therefore, K = 15 × 2^{4−1} = 15 × 8 = 120.

Algorithm 4.2 can be recursively called, as noted in Algorithm 4.3, to generate P F CS out of a given CS. The complete algorithm and its complexity analysis is presented next.

Algorithm 4.3 (Algorithm 3.7 page 48) Enum PFCS from CS (CS, [P F CS]) { Input : CS - Cycle Structure Output : Primary Family Cycle Structure Set P F CS_1, P F CS_2 · · · P F CS_Ñ : [P F CS] Enum CS_1&CS_2 from CS(CS, CS_1, CS_2)( Algorithm 4.2) P F CS_i = CS_1 [P F CS] ← P F CS_i If (CS_2 = P F CS) { [P F CS] ← P F CS_Ñ exit } else CS = CS_2 Enum PFCS from CS(CS, [P F CS]) } Complexity Analysis : The expected number of P F CS is given by^n_K as the expected size of each individual P F CS is K. Hence the complexity of algorithm is given by O(n·2^nK ).

However, for practical consideration for n = 5000, the complexity will be = O(n · n^3) = O(n^4).

Once the set of Primary Family Cycle Structures (P F CS) is obtained, the next task is to generate the Primary Cycle Structure (P CS) set from the P F CS. Each P CS corresponds to an Elementary Divisor (ED). So in the subsequent discussions, the terms P CS and ED have been used interchangeably. Consequently, the symbol N (introduced in Relation 3.7, page 38) denotes the cardinality of the P CS set which is equal to the number of Elementary Divisors in an LCA.

4.1.2 Generation of P CS from P F CS

This step accepts the Primary Family Cycle Structure (P F CS) of k cycle family as input and generates the Primary Cycle Structures (P CS) in triplet form as the output, while it maintains the relation

P F CS = (μ_k, k)^{n1} × (μ_k, k)^{n2} × · · · × (μ_k, k)^{nN} (4.4)

In order to implement this step, the following two tasks are to be done. (i) Determination of μ_k, and (ii) Computation of the value of N and that of n_1, n_2, · · · n_N , where n_i (i = 1, 2, · · ·, N ) denotes the power of the i^{th} elementary divisor of the characteristic polynomial.

The following example illustrates the tasks.

Example 4.5 Consider the given CS = [1(1), 85(3), 3688(6), 5591040(12), 4581088288(24)] This step should output CS = (1, 3)^1 × (1, 3)^4 × (1, 3)^7 × (1, 3)^8.

That is, in this step, we have to determine the value of μ_k (‘1’ in the example), the total number of P CS N (= 4) and the value of each individual n_is are (1, 4, 7, 8).

Task (i) : Determination of μ_k The value of μ_k is determined with the help of the following axiom followed by three theorems.

Axiom 4.1 : The irreducible polynomial ϕ(x) generates μ_k number of cyclic component of cycle length k, where μ_k = (2^l − 1)/k and l is the smallest integer for which k becomes a factor of (2^l − 1), the coefficients of ϕ(x) lies in GF(2).

Example 4.6 Given k = 3, then μ_k =^{22−1}_3 = 1, as 2 is the least value of l for which k divides (2^l − 1), whereas given k = 9, μ_k =^{26−1}_9 = 7, where 6 is the least value of l for which k divides 2^l - 1.

The following three theorems form the foundation of Axiom 4.1. The first two theorems show that we have to consider the smallest integer l for determination of μ_k whereas the third theorem proves the irreducibility of the polynomial ϕ(x) having cycle structure [1(1), μ_k (k)].

Theorem 4.1 If k is a factor of (2^l −1), where l is the smallest integer for which k becomes a factor of 2^l − 1, then k is a factor of 2^{ml} − 1, only when m is a positive integer.

Proof : The necessary condition is first established. It is obvious that if k is a factor of (2^l − 1), then it is also a factor of (2^{ml} − 1) as (2^l − 1) is a factor of (2^{ml} − 1).

Let k be a factor of 2^{l1} − 1 where ml < l_1 < (m + 1)l for some m. Then^{μ1×k+1}

μ_2×k+1 =

2^{l1} 2^{ml} = 2 l_2 ; where l

2 = l_1 − ml and μ_1, μ_2 are the results obtained from dividing 2^{l1} − 1, 2^{ml} − 1 by k respectively. Therefore, the following relation is true

k · (μ_1 + 2^{l2} × μ_2) = 2^{l2} − 1

which implies that k is a factor of l_2. But l_2 is less than l. Therefore, k cannot be a factor of 2^{l1} . This is the sufficient condition that we hence prove. � The above theorem establishes the fact, that the cycle length k will have some specified values (^{2ml−1}_k , m is an integer) as its cyclic component. The next theorem establishes that all the other specified cyclic component(s) can be realized by taking multiple instances of the base case [1(1), μ_k] and cross producting them.

Theorem 4.2 : The cycle structure generated by the characteristic polynomial in elementary divisor form f(x) = ϕ(x)ϕ(x) · · · m − times, is [1(1), μ̃(k)] where (i) μ̃ × k + 1 = 2^{ml}; m is an integer and l is the smallest integer for which k is a factor of 2^l − 1 and (ii) the cycle structure of ϕ(x) = [1(1), μ_k (k)], and μ_k × k + 1 = 2^l.

Proof : If ϕ(x) = [1(1) + μ_k(k)] then f(x) = [1(1) + μ_k(k)] × [1(1) + μ_k(k)] · · · m − times that is the cyclic component of the cycle length k μ̂ =^mC_1μ,^mC_2μ^2 · k, · · ·,^mC_mμ^m · k^{m−1} Therefore, μ̂ =^{1+mC1(μ·k)···mCm(μ·k)m} k -^1_k . That is, μ̂ =^{(1+μ·k)m −1}_k =^{2ml−1}_k = μ̃.

Hence the proof. � The next theorem establishes the fact that the polynomial ϕ(x) which produces the cycle structure [1(1), μ_k (k)] is necessarily irreducible.

Theorem 4.3 : The polynomial ϕ(x) generating the cycle structure [1(1), μ_k (k)] is irreducible if μ_k × k + 1 = 2^l and l is the smallest integer for which k is a factor of 2^l − 1.

Proof : Let ϕ(x) be reducible and ϕ(x) = ϕ_1(x) · ϕ_2(x).

Since the resultant cycle structure of ϕ(x) just have one primary cycle structure, from definition of P F CS (Definition 3.17 (page 41)) both ϕ_1(x) and ϕ_2(x) has primary cycle k. Therefore, cycle structure of each ϕ_{1(2)}(x) has to be [1(1), μ_{1(2)}(k)].

That is, μ_{1(2)} × k = 2^{l1(2)} − 1, where l_{1(2)} < l. But this is not possible as l is the least value for which k is a factor of 2^l - 1. Hence ϕ(x) is irreducible. � After determination of μ_k (Task (i)) the next important task (Task (ii)) is to output the P CS in triplet form; that is, P F CS = (μ_k, k)^{n1} ,(μ_k, k)^{n2} · · ·(μ_k, k)^{nN} , where N denotes the number of P CS comprising the P F CS.

The triplet form of representing P CS has been introduced in Definition 3.13, page 36. It is reproduced below for convenience.

A Primary Cycle Structure (P CS) which represents the cycle structure generated by an elementary divisor ϕ_i(x)^{ni} is denoted by a triplet (μ_k, k)^{ni} , where

• μ_k is the number of cyclic components corresponding to the irreducible polynomial ϕ_i(x)

• k is the cycle length of the irreducible polynomial ϕ_i(x)

• μ_k and k are also referred to as primary cyclic component and primary cycle length of the elementary divisor respectively

• n_i is the power to which the irreducible polynomial ϕ_i(x) is raised in the process of its formation of elementary divisor.

Therefore, to output P CS set, the value of N - the number of P CS comprising the P F CS and the value of each individual power n_i (i = 1, 2, · · ·, N ) is computed next. Task (ii) : Computation of N , n_1, n_2, · · · n_N

This task can be addressed by executing the following two sub-tasks :

1. To compute the total number of j^{th} factor set - Ñ(F_j ); and

2. To identify the P CS covering the cycle structure corresponding to Ñ(F_j ) factors and also the power of each member of P CS.

The relationship between the primary cycle family and the underlying elementary divisors has been discussed in Section 3.2.3, where we have shown that the cyclic component of a particular cycle length (2^j · k) depends upon the total number of j^{th} factor set Ñ(F_j ) present in the P CS set. Ñ(F_j ) represents the sum of the number of j^{th} factor set present in all elementary divisors - that is, P CS. The Relation 3.11 reproduced from Chapter 3, illustrates the relationship.

μ_2j_{·k} =

2^r

∑_j

J =0

Ñ(F_{J )}

− 2^r

∑_{j−1}

J =0

Ñ (F_{J )}

2^j · k . Therefore,

Ñ(F_j ) = 1 r log_2(μ_2j_{·k} × k × 2^{(j−r·}

∑_{j−1}

J =0

Ñ(F_J ))

+ 1) (4.5)

where μ_2j_{·k} is the given cyclic component from which the number of j^{th} factor set has to be derived, and r is the degree of the polynomial ϕ(x) obtained from the Relation 3.2, page 35. The following example illustrates the formulation of Relation 4.5.

Example 4.7 Consider the given CS = [1(1), 85(3), 3688(6), 5591040(12), 4581088288(24)]. For this case, r = 2. Therefore, from Relation 4.5 Ñ(F_0) =^1_2 log_2(85 × 3 × 20−0 + 1) =^{log2(256)}_2 = 4 Ñ(F_1) =^1_2 log_2(3688 × 3 × 21−4×2 + 1) =^{log2(64)}_2 = 3 Ñ(F_2) =^1_2 log_2(5591040 × 3 × 22−(4+3)×2 + 1) =^{log2(4096)}_2 = 6 Ñ(F_3) =^1_2 log_2(4581088288 × 3 × 23−(4+3+6)×2 + 1) =^{log2(16384)}_2 = 7

Subsequent discussions report the distribution of the j^{th} factor set in individual P CS. A parameter - N(P CS(j)) is introduced to facilitate the discussion.

Definition 4.1 N(P CS(j)) is defined as the number of elementary divisors/P CS having the j^{th} factor set (Relation 3.3 , page 36) while satisfying the constraints that the first N(P CS(j)) − 1 has all the possible 2^{j−1} factors.

Following example illustrates the new parameter.

Example 4.8 Let f(x) = ϕ(x)^1 · ϕ(x)^4 · ϕ(x)^7 · ϕ(x)^8. Then for j = 2, the 2^{nd} factor set (Definition 3.12), that is the factors of values 5 (2^{3−1} + 1) to 8 (2^3) are present in 2 elementary divisors [ϕ(x)^7, ϕ(x)^8]. The last elementary divisor have all the possible 2^{3−1} factors namely 5, 6, 7 & 8 while the second last have only the 3 factors. Hence N(P CS(j)) = 2.

The following lemma formalizes the above discussions, where Ñ(F_j ) is the sum of the number of j^{th} factor set present in all the constituent P CS comprising the P F CS.

Lemma 4.4 The number of Primary Cycle Structure N(P CS(j)) required to accommodate Ñ(F_j ) is given by the formula

N(P CS(j)) =

⌈^{Ñ (Fj )}_{2j−1} ⌉ j ≥ 1 Ñ(F_j ) j = 0 (4.6)

where the last P CS will have L_j = Ñ(F_j ) mod 2^{j−1} if Ñ(F_j ) mod 2^{j−1} > 0 or the full 2^{j−1} j^{th} factor set (j ≥ 1) if Ñ(F_j ) mod 2^{j−1} = 0. (a mod b implies the remainder when a is divided by b)

Proof : As per the Definition 3.12, the maximum number of the j^{th} factor that can be present in an elementary divisor is 2^{j−1}. Therefore, the number of elementary divisors required to accommodate N(F_j ) is given by Relation 4.6 where Ñ(F_0) represents elementary divisors.

The relation as is seen is obtained from simply dividing Ñ(F_j ) by 2^{j−1}. The integer remainder due to the division provides the cardinality of the j^{th} factor set in the last P CS. If the remainder is zero, that implies the last P CS also has the full 2^{j−1} factors.

Therefore, the remainder L_j can be expressed in relation form as

L_j = { N(F_j ) mod 2^{j−1} N(F_j ) mod 2^{j−1} > 0 2^{j−1} N(F_j ) mod 2^{j−1} = 0

(4.7) � The following example illustrates the result. The input Ñ(F_j ) are the ones produced as output in Example 4.7

Example 4.9 Let the given parameter value are Ñ(F_0) = 4, Ñ(F_1) = 3, Ñ(F_2) = 6, Ñ(F_3) = 7. We have to find out N(P CS(j)) for each j. Following are the values of N(P CS(j)) from Relation 4.6.

N(P CS(0)) = 4, that is, there are 4 irreducible polynomial. Hence number of P CS = 4. N(P CS(1)) = 3, that is, 3 P CS out of 4 has factors ranging from (2^{1−1} + 1) to 2^1. N(P CS(2)) = 3, that is, 3 P CS has factors ranging from (2^{2−1} + 1) to 2^2. N(P CS(3)) = 2, that is, 2 P CS has factors ranging from (2^{3−1} + 1) to 2^3. One important notification from the example is that N(P CS(a)) |ge N(P CS(b)) if a < b. This is because if the lower factor is not present in a P CS, the higher factors naturally cannot occur.

On computation of N(PCS(j)), the constituent factors of each P CS get specified. Therefore, the next task is the enumeration of the power (n_1, n_2, · · · n_N ) of each elementary divisor/P CS. The next theorem sets the foundation of this enumeration. The theorem sets the power of each individual P CS by finding out the highest N(P CS(j)) allocated in each P CS.

Lemma 4.5 The number of P CS (say N_j) with power P_j, where (2^{j−1} + 1) ≤ P_j ≤ 2^j , is given by the equation

N_j = N(P CS(j)) − N(P CS(j + 1)). (4.8)

The exact value of P_j is given by

P_j =

2^j for (N_j ) P CS j = 0 2^j for (N_j -1) P CS j > 1 2^{j−1} + L_j for N_j^{th} P CS j > 1

(4.9)

where the value of L_j is derived from Relation 4.7.

Proof : The number of P CS having j^{th} factor set is given by N(PCS(j), whereas a fewer number of P CS denoted as N(PCS(j + 1)) will have (j + 1)^{th} factor set. Therefore, (N(P CS(j)) - N(P CS(j + 1))) denotes the P CS whose highest factor set is j. Relation 4.8 determines N_j using the above concept.

From Lemma 4.4, (which says that all P CS except the last one has full 2^{j−1} of j^{th} factor set) all the (N_j − 1) elementary divisors are fully filled with the j^{th} factor while the last elementary divisor will have L_j number of j^{th} factor set (derived through Relation 4.7). Therefore, (N_j − 1) elementary divisors has power P_j = 2^j while the last elementary divisor will have power 2^{j−1} + L_j. Hence the value of P_j for the N_j^{th} P CS is accordingly determined. For j = 0, each N_0 elementary divisor will have P_j = 1. Hence the proof. � The following example summarizes the above discussions on generation of P CS in triplet form. To impart completeness to the example, the input is the CS of Example 4.7 and the intermediate step producing N(P CS(j)) illustrated in Example 4.9 are reproduced for convenience.

Example 4.10 (Example 3.7, page 44) Let the cycle structure be CS = [1(1), 85(3), 3688(6), 5591040(12), 4581088288(24)] for which P CS is to identified. Table 4.1 shows step by step calculation of each of the parameters to arrive at the final result.

Table 4.1: Computation of Primary Cycle Structure j N(F_j ) N(P CS(j)) N_j P_j 0 4 4 1 1 1 3 3 0 0 2 6 3 1 4 3 7 2 2 7, 8

We are elaborating the method of obtaining N_3 & P_3 from Table 4.1 to explain Lemma 4.5. Since N(PCS(3)) is 2 and N(PCS(4)) = 0 (as there is no N(PCS(4))), there will be 2 [N(PCS(3)) - N(PCS(4))] P CS with power between (2^{3−1} + 1) to 2^3, out of which one P CS will have power P_3 =8(2^3) from Relation 4.9, while the second one will have power 2^{3−1} + N(F_3) mod 4 = 2^{3−1} + 7 mod 4 = 7.

Therefore, the final output of Primary Cycle Structure in triplet form is given by (1, 3)^1 × (1, 3)^4 × (1, 3)^7 × (1, 3)^8.

The complete algorithm to convert a Primary Family Cycle Structure (P F CS) into Primary Cycle Structure (P CS) and its complexity analysis are provided next.

Algorithm 4.4 (Algorithm 3.5, page 44) Enum PCS from PFCS (P F CS, [P CS]) { Input : Primary Family Cycle Structure (PFCS) Output : Primary Cycle Structure Set P CS_1, P CS_2 · · · P CS_N : [P CS] in triplet form. Find μ_k through Axiom 4.1 For each j { Find N(F_j ). - following (Relation 4.5)

Find N(P CS(j)) - following (Relation 4.6) N_{j−1} = N(P CS(j − 1)) - N(P CS(j)) - (Relation 4.8) Find P_{j−1} for each N_{j−1}^{th} P CS from Relation 4.9 for each N_{j−1}^{th} P CS

[P CS] ← P CS_i j = j + 1 } N_{j−1} = N(P CS(j − 1)) - Relation 4.8 Find P_{j−1} for each N_{j−1}^{th} P CS from Relation 4.9 [P CS] ← P CS_i · · · P CS_N } Complexity Analysis : The complexity of the scheme for generation of P CS from P F CS depends on the complexity of different steps.

• Finding μ_k - The value μ_k × k can at most be (2^n - 1) where n is the number of cells in the LCA. So we have to do at most n comparisons.

• Each of the iterative steps are accomplished in constant time.

• Number of iterations : The highest value of j can be encountered when the P F CS is constituted of a single elementary divisor ϕ(x)^{ni} - that is, the factor set is generated by a single elementary divisor and the value of r - the degree of the polynomial is 1. In this case, the highest factor set is ⌈log_2(n)⌉(follows directly from Lemma 3.2). Therefore, the number of iterative steps (j) can be at most log_2(n).

• The overall complexity of the algorithm is thus O(n).

Once we have obtained the Primary Cycle Structure (P CS), the next step towards LCA Synthesis is mapping/ conversion of P CS to an equivalent Elementary Divisor. 4.1.3 Find Elementary Divisors (EDs) for P CS

An elementary divisor ϕ_i(x)^{ni} , as noted in Definition 3.13, has the P CS in triplet form (μ_k, k)^{ni} where the irreducible polynomial ϕ_i(x) can produce the cycle structure [1(1), μ_k (k)].

This subsection reports the process of generation of the polynomials from the given cycle structure μ_k(k) where μ_k ×k = 2^n −1. Database of primitive polynomials for different values of r is assumed to be available [46].

A primitive polynomial is a special type of irreducible polynomial [96]. The cycle structure of a primitive polynomial of degree n is CS = [1(1), 1(2^n − 1)], whereas an irreducible polynomial of degree n has CS = [1(1), μ_k (k)], where μ_k × k = 2^n − 1 [96]. For example, for n= 6, CS of a primitive polynomial is CS = [1(1), 1(63)], whereas an irreducible polynomial can have CS = [1(1), 7(9)]. The following theorem illustrates the method of finding an irreducible polynomial of degree n from an n degree primitive polynomial. The primitive polynomial can be represented by a linear operator T in Rational Canonical Form [96].

Theorem 4.6 If T is the characteristic matrix of a primitive polynomial having cycle structure CS = [1(1), 1(k̃)], then the characteristic polynomial of T^μ has the cycle structure [1(1), μ_k (k)] where μ_k × k = k̃.

Proof : If the cycle structure of T is [1(1), (1(k̃)], then T^{k̃} = I, that is, T^{μk×k} = I.

Therefore, the matrix T^{μk} have the cycle of length k or sub-multiple of k. Let k_1 be a factor of k and for state x, (T^{μk} )^{k1} · x = x. Therefore, T^{(μk×k1)} · x = x. But this is not possible.

Hence T^{μk} has the cycle structure [1(1), μ_k(k)]. Consequently, characteristic polynomial f(x) = det(T^{μk} + Ix) has cycle structure [1(1), μ_k(k)]. � The complete algorithm and its complexity analysis to find elementary divisors from P CS is next presented.

Algorithm 4.5 (Algorithm 3.2, page 34) Enum ED from PCS(P CS, ϕ_i(x)^{ni} ). Input : Primary Cycle Structure in triplet form (μ_k, k)^{ni} Output : Elementary Divisor ϕ_i(x)^{ni} Step 1 : Calculate n = log_2(μ_k × k + 1).

Step 2 : Choose primitive polynomial of degree n in GF(2). Step 3 : Construct T matrix from polynomial f(x) in GF(2) [144]. Step 4 : Find T^{μk} .

Step 5 : Find characteristic polynomial ϕ_i(x) = det(T^{μk} + Ix) Step 6 : Output ϕ_i(x)^{ni} .

Complexity Analysis : Analysis of both space and time complexity follows.

• To maintain the database upto degree n, it has the space complexity of O(n^2), each polynomial of degree n requiring at most n^2 places.

• Step 4 : A matrix multiplication is of order n^3. The largest value of μ_k can be 2^n.

Therefore, multiplication of T^{μk} will take n^4 unit time.

• Step 5 : The determinant calculation takes O(n^3) time.

• Therefore to convert N P CS into Elementary Divisor, the time complexity is O(N n^2).

• Assuming N to be small with respect to n, the algorithm has a time complexity of O(n^4) and the space complexity of O(n^2).

The following example illustrates the algorithmic steps.

Example 4.11 (Example 3.3, page 35) To generate the elementary divisors for PCS = (3, 5)^2, the following steps are executed. Step 1: Find r = (log_2(μ_k × k + 1)) that is, r = 4.

Step 2: Find a primitive polynomial of degree 4 in GF (2). Here it is (x^4 + x + 1).

Step 3: Construct the T matrix from the polynomial using Rational Canonical Form.

So, T =

0 0 0 1 1 0 0 1 0 1 0 0 0 0 1 0

Step 4: Calculate T^3 =

0 1 0 0 0 1 1 0 0 0 1 1 1 0 0 1 Step 5: Calculate the characteristic polynomial of T^{μk} to obtain ϕ(x) = det[T^3+Ix] = (x^4+ x^3 + x^2 + x + 1). Therefore, the elementary divisor = (x^4 + x^3 + x^2 + x + 1).

Once we have obtained the elementary divisors we can proceed to generate the linear operator T of the LCA. Since in this thesis, we have concentrated on building analysis and synthesis tools for 3-neighborhood CA, this step is implemented specifically for a three neighborhood LCA. Its extension for larger neighborhood can be easily derived. 4.1.4 LCA Synthesis from Elementary Divisors The synthesis of LCA from the Elementary Divisors is accomplished by the following tasks. Task 1 : Convert each elementary divisor - ϕ_i(x)^{ni} into LCA_i - that is, the corresponding characteristic matrix T_i.

Task 2 : Merge T_is to get the complete LCA - that is, T .

Illustrative examples and algorithms follow the explanations of the tasks. Task 1: Under the assumption of 3-neighborhood dependency of the cells of LCA, a tridiagonal matrix is constructed corresponding to an elementary divisor ϕ_i(x). The elementary divisor may either represent a cyclic subspace or it can also represent an acyclic subspace of depth (d) of the machine, where the corresponding irreducible polynomial is x^d. Both the conditions are addressed in the subsequent discussions.

Case 1: Elementary Divisor Representing a Cycle Structure : For this case, we convert the underlying irreducible polynomial ϕ(x) into 3-neighborhood T Matrix. The algorithm proposed in [45] is implemented to obtain the matrix. The formation of T_i with characteristic and minimal polynomial as ϕ_i(x)^{ni} is next undertaken employing the result of the following theorem.

Theorem 4.7 [96] If d_{n−1}(x) be the greatest common divisor of all minors of order (n − 1) in the matrix (T + Ix) of order n and ϕ(x) be the characteristic polynomial of T , then the minimal polynomial M(x) of T is M(x) = ϕ(x)/d_{n−1}(x)

The next theorem provides the methodology on how to derive the matrix T (ϕ_i(x)^{ni} ) corresponding to ϕ_i(x)^{ni} .

Theorem 4.8 If T (ϕ_i(x)) is the tridiagonal matrix corresponding to the characteristic polynomial ϕ_i(x), then the matrix T (ϕ_i(x)^{ni} ) where

T (ϕ_i(x)^{ni} ) =

T (ϕ_i(x)) 1 0 · · · 0 T (ϕ_i(x)) 1 0 · ·· · · 0 · · · 0 T (ϕ_i(x)) has characteristic and minimal polynomial both as ϕ_i(x)^{ni} .

Proof : The proof is presented for n_i =2. It can be easily generalized for any value of

n_i. The characteristic polynomial of T (ϕ_i(x))^2 = [ T (ϕ_i(x)) 1 0 T (ϕ_i(x)) ] is det [ T (ϕ_i(x)) + Ix 1 0 T (ϕ_i(x)) + Ix ] = ϕ(x) · ϕ(x) − 1 · 0 = ϕ(x)^2.

The minimal polynomial of T (ϕ_i(x)^2) can be found from Theorem 4.7. To have the irreducible polynomial represented by a 3-neighborhood LCA, all the elements of the superdiagonal and sub-diagonal has to be non-zero [45], where super(sub)-diagonal represents the elements just above(below) the diagonal. Placing one in the junction provides us a nonzero minor(d_i), whose value can be shown as ‘1’. Therefore, gcd of all minors d(x) = gcd(d_1(x), · · · , d_n(x)) = 1, since d_i = 1.

Hence the minimal polynomial =^{ϕ(x)2}_1 = ϕ(x)^2. �

Example 4.12 Consider (x^2 + x + 1)^2 as an elementary divisor. The T matrix for (x^2 +

x + 1) is T (x^2 + x + 1) = [ 1 1 1 0 ] . Then T (x^2 + x + 1)^2 =

⌈1 1⌉ 0 0 ⌊1 0⌋ 1 0 0 0 ⌈1 1⌉ 0 0 ⌊1 0⌋ .

The T (x^2 + x + 1)^2 has the characteristic and minimal polynomial as (x^2 + x + 1)^2.

Case 2 : Elementary Divisor representing the depth d : The elementary divisor which represents the depth d of an LCA is given by x^d (follows from Relation 3.2). The algorithm to synthesize an LCA with characteristic polynomial x^d is reported next.

Algorithm 4.6 Build D Matrix(d, D) Input : d : Depth Output : D matrix with characteristic polynomial x^d Initialize the d × d matrix(D) with all 0’s element. Assign D[i][i − 1] = 1 where i = 2, · · ·, d. Output D.

Example 4.13 Let depth = 3. Then the [D]_{3×3} matrix resulted from the algorithm is D = 0 0 0 1 0 0 0 1 0

Once all the LCA matrices T_is for elementary divisors are obtained, the next task is to merge them to form the final T matrix of the LCA.

Task 2 : This operation involves the construction of the final T with characteristic polynomial f(x), where f(x) = ϕ_1(x)^{n1} · · · (ϕ_i(x)^{ni} ) · · · (ϕ_N (x)^{nN} ), (product of ϕ_i(x)^{ni} , i = 1, 2, · · · N ). The T for the characteristic polynomial f(x) can easily be formed following the theorem given next.

Theorem 4.9 If the characteristic matrices T (ϕ_i(x)^{ni} )s, ∀ i with characteristic polynomial ϕ_i(x)^{ni} are arranged in block diagonal form, then the resultant matrix

T =

T (ϕ_i(x)^{n1} ) 0 · · · 0 T (ϕ_2(x)^{n2} ) 0 · ·· · · · 0 · · · T (ϕ_N (x)^{nN} ) has characteristic polynomial f(x) = ϕ_1(x)^{n1} · · · (ϕ_i(x)^{ni} ) · · · (ϕ_N (x)^{nN} )

Example 4.14 (Example 3.2 page 34) Let us consider the characteristic polynomial f(x) = x^2 · (x + 1) · (x + 1)^2 · (x^2 + x + 1). T_is corresponding to x^2, (x + 1), (x + 1)^2 and (x^2 + x + 1) are[ 0 0 1 0 ] , [ 1 ] , [ 1 0 1 1 ] and [ 1 1 1 0 ] respectively.

Therefore, the final T matrix by merging T_is are

T =

⌈0 0⌉ 0 0 0 0 0 ⌊1 0⌋ 0 0 0 0 0 0 0 [1] 0 0 0 0 0 0 0 ⌈1 1⌉ 0 0 0 0 0 ⌊0 1⌋ 0 0 0 0 0 0 0 ⌈1 1⌉ 0 0 0 0 0 |1 0⌊

The complete algorithm to find the T matrix from the characteristic polynomial specified as the product of elementary divisors is presented below.

Algorithm 4.7 (Algorithm 3.2, page 34) Enum LCA from ED([ϕ_i(x)^{ni} ], d, T) Input : [ϕ_i(x)^{ni} ] - set of elementary divisors, d - Depth of LCA Output : T matrix.

Build T_i for elementary divisor ϕ_i(x)^{ni} for all i. Build D matrix(d, D).

Form the final Matrix combining all T_is matrices and D Matrix in Block Diagonal Form.

Complexity Analysis : The algorithm to build T matrix from an irreducible polynomial ϕ(x), is non-deterministic. Each iteration of the algorithm takes O(n^3) time [233]. Extensive experimentation shows that in almost all the cases T matrix is obtained after a few iterations. Consider, K number of iterations required to form the T . Therefore required time is O(K · n^3). The typical value of K, as we have experimentally verified, is around 2 or 3. Hence for all practical purpose the complexity is O(n^3). Overall complexity of the algorithm - Enum LCA from CS depth • Theoretically, the algorithm has a super-polynomial [184] complexity. The complexity has been imparted by Step A.

• However, for all practical purpose, for synthesizing LCA of size upto 5000, the Step A has a complexity of O(n^4).

• The Step C beside having time complexity of O(n^4) have space complexity of O(n^2).

• Hence, the complexity of the entire algorithm is O(n^4) with a space complexity of O(n^2).

Based upon the framework established in this chapter, we proceed to extend the concept of synthesis of Additive Cellular Automata.

4.2 Synthesis of Additive Cellular Automata (ACA)

An ACA as noted in Definition 3.7, page 27 is a CA having a combination of XOR and XNOR rules. It can be represented by the characteristic matrix T and inversion vector F . The analysis of ACA state transition behavior has been undertaken in Section 3.3 of Chapter 3. This analysis provides the framework for synthesis scheme discussed in this section. As shown in Chapter 3, an ACA besides producing all the cyclic variations of LCA, can also generate different variations of cyclic space which the LCA cannot produce.

The proposed scheme accepts a given cycle structure and non-cyclic subspace as input and outputs the ACA generating the vector space. In Chapter 3, it is shown that the cycle structure of an ACA follows a definite relationship with that of its linear counterpart - LCA (Linear CA). The basic approach of the synthesis schemes, exploit the relationship between the LCA & ACA. The synthesis of the non-cyclic space is not discussed here as it is exactly similar to the one followed in LCA. For the sake of clarity, the terms CS, P F CS etc. used with LCA synthesis are noted as CS^′, P F CS^′ for ACA. The basic overview of the synthesis scheme is presented below.

• To synthesize the linear operator T , for an ACA, the Primary Cycle Structure (PCS) is derived from the given additive cycle structure (CS^′). The Additive Primary Family Cycle Structure (P F CS^′) acts as an intermediate step in this derivation process.

• Once P CS is formed, the synthesis of the characteristic matrix T follows the same methodology as derived for LCA in Section 4.1.

• The inversion vector F for ACA is next synthesized to meet the input specification.

The major steps of the synthesis process are noted in the Algorithm 4.8 reported below. Steps A - D refers to synthesis of T while design of F vector is handled in Step E.

Algorithm 4.8 Enum ACA from CS^′&depth(CS^′, d, T, F) Input : Cycle Structure (CS^′) & depth(d) Output : ACA - T matrix & F Vector Step A : Generate each individual Additive Primary Family Cycle Structure (P F CS^′) from CS^′.

Step B : Generate Primary Cycle Structures(P CS) in triplet form from each P F CS^′. Steps C & D : The Steps C & D are same as that for LCA synthesis. (Algorithm 4.1, page 63).

Step E : Synthesize F Vector.

The following example illustrates the execution of the synthesis algorithm. The input Cycle Structure CS^′ taken in the example satisfies the constraints stated in Theorem 3.15 - that is, the Characteristic Polynomial of T Matrix contains a factor of (x + 1) which is responsible for the difference in cycle structure between the ACA and its corresponding LCA. [The steps of ACA synthesis is similar to that of LCA Synthesis, In view of this, in each subsequent algorithms and examples, the corresponding LCA algorithms and examples are noted.]

Example 4.15 (Example 4.1, page 63) The CS^′ = [16(4), 24(8), 1397760(12), 3072(20), 44039680(24), 4608(40), 71302144(60), 2246048256(120)] and the value of minimum additive factor - M = 2.

Step A: Separating each primary cycle family we obtain CS^′ = [64[4], 24(8)] × [1(1), 4095[12], 2560(24)] × [1(1), 15[20]] ×[1(1), 15[60]] Step B: From each P F CS^′ we obtain P CS in triplet form CS = (1, 1)^2 × (1, 1)^5 × (1, 3)^2 × (1, 3)^6 × (3, 5)^1 × (1, 15)^1 Step C & D: After performing Steps C & D, the linear operator T is obtained.

T =

1 1 0 1 0 0 1 1 0 1 1 0 1 1 0 1 1 0 1 0 0 1 1 1 0 1 0 1 1 1 0 0 0 1 1 1 0 1 0 1 1 1 0 1 0 1 1 1 0 1 0 1 1 1 0 1 0 1 1 1 0 1 0 1 1 1 0 0 0 0 1 1 1 1 1 0 1 1 0 0 0 0 1 1 1 1 1 0 1 1 1 31×31

(Since the CA follows the three neighborhood constraints, only the tridiagonal elements of the matrix are shown, the rest of the elements are zero.) Step E : Corresponding to T , the inversion vector F is synthesized, where F = [ 1 1 0 0 1 1 0 0 0 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ]^t_{31×1} is synthesized.

The above example points to the fact that similar to the divide and conquer policy adopted in LCA synthesis, for ACA synthesis from the given CS^′, it is necessary to identify each participating primary cycle structure. To execute this identification process, we introduce the term Cycle Information defined below.

Definition 4.2 Cycle Information (CI) is denoted as S_2M_{·k}[2^M · k] where S_2M_{·k} represents the number of states covered by the cycle length starting from k and ≤ 2^M · k; M is the Minimum Additive Factor (Definition 3.20, page 59).

The definition is reproduced for easy reading.

Minimum Additive Factor : The least cycle length of any primary cycle (k) in CS^′ is given by 2^M · k; where M is denoted Minimum Additive Factor.

The terms P F CS^′ and CS^′ are redefined with reference to Cycle Information (CI).

Let β^′_i = [ S_2M_{·k1} [2^M · k_1],

m_{k1}∑

j=M+1

μ_2j_{·k1} (2^j · k_1)], then

P F CS^′ = { β^′_i, k_i = 1 1(1) + β^′_i, k_i > 1 and CS^′ = { ∑ i β^′_i, if k_1 = 1 1(1) + ∑ i β^′_i, if k_1 > 1

[The reason behind two different cases for k_i = 1 & k_i > 1 has been explained through Relation 3.35 in Theorem 3.15 page 56.]

Cycle Structure CS^′ of an ACA is illustrated by the following example.

Example 4.16 The CS^′ of example 4.15 = [16(4), 24(8), 1397760(12), 44039680(24), 3072(20), 4608(40), 71302144(60), 2246048256(120)].

In line with the new definition of CS^′, the above CS^′ will be re-written as CS^′ = [64[4], 24(8), 16773120[12], 44039680(24), 61440[20], 4608(40), 4278128640[60], 2246048256(120)].

The details of the Steps C & D of Algorithm 4.1 are given in Section 4.1.3 and Section 4.1.4 respectively. The following subsections describe the schemes to execute the Steps A, B & E. 4.2.1 Generation of P F CS^′ from Cycle Structure (CS^′)

Generation of P F CS^′ from cycle structure CS^′ [Step A, Algorithm 4.8] is exactly same as that of LCA where we have generated P F CS from CS in Section 4.1.1. The only difference is the process of generating Cycle Information(CI), that is the information regarding the number of states covered by the cycles ≤ 2^M · k_i, where M is the minimum additive factor and k_i is the value of the primary cycle. From Theorem 3.15, it is clear that the cyclic components of cycle length greater than 2^M · k_i, ∀k_i, are the same in CS & CS^′ and hence are derived using the same process as in case of LCA.

Generation of Cycle Information from the given additive cycle structure (CS^′) demands the partition of CS^′ corresponding to its P F CS^′s that is,

CS^′ = [P F CS^′_1] × [P F CS^′_2] × · · · × [P F CS^′_Ñ ]

To separate each primary family cycle structure, the recursive technique, noted in Section 4.1.1 for LCA, is employed which divides CS^′ = CS^′_1 × CS^′_2. Here CS^′_1 is the P F CS^′ with the smallest primary cycle and

CS^′_2 = {CS^′ − {CS^′_1, CS^′_2 × CS^′_1}} (4.10)

The following algorithm converts CS^′ to P F CS^′ whereas, Algorithm 4.10 generates CS^′_1 & CS^′_2 from CS^′. The two algorithms are analogous to Algorithms 4.3 & 4.2 respectively executed for LCA synthesis.

Algorithm 4.9 (Algorithm 4.3, page 68) Enum P F CS^′ from CS^′ (CS^′, [P F CS^′]) { Input : CS^′ - Cycle Structure Output : Primary Family Cycle Structure Set P F CS^′_1, P F CS^′_2 · · · P F CS^′_Ñ : [P F CS^′] Enum CS^′_1&CS^′_2 from CS^′(CS^′, CS^′_1, CS^′_2) (Algorithm 4.10) P F CS^′_i = CS^′_1 [P F CS^′] ← P F CS^′_i If (CS^′_2 = P F CS^′) { [P F CS^′] ← P F CS^′_N exit } else CS^′ = CS^′_2 Enum P F CS^′ from CS^′ (CS^′,[P F CS^′]) } This algorithm is exactly same as Algorithm 4.3 executed for LCA.

The Algorithm Enum CS^′_1&CS^′_2 from CS^′(CS^′, CS^′_1, CS^′_2) differs from that of its linear counterpart Enum CS_1&CS_2 from CS^′(CS, CS_1, CS_2) (Algorithm 4.2) only in the enumeration of Cycle Information (CI). As in Algorithm 4.2, the following algorithm produces CS^′_1 and CS^′_2 from the given input cycle structure CS^′. The lines where it is differing are marked within a box.

It is worth noting the fact that CS^′_1 = β^′_1, if k_1 = 1 or (1(1), ∑ i β^′_1), if k_1 > 1, where

84 β^′_1 = [ S_2M_{·k1} [2^M · k_1],

∑m_{k1}

j=M+1 μ2^j ·k1 (2

j · k_1)] and k_1 is the length of the primary cycle. While S̃ denotes CI in CS^′, S denotes CI in CS^′_1 and CS^′_2.

Algorithm 4.10 (Algorithm 4.2, page 66) Enum CS^′_1&CS^′_2 from CS^′(CS^′, CS^′_1, CS^′_2) Input : CS^′ = [1(1), ∑ i β^′_i] Output : CS^′_1, CS^′_2 CS^′_1 = [1(1), β^′_1], where k_1 is the smallest member of k_i - cycle family set. CS^′ = CS^′ - CS^′_1. CS^′_2 = [1(1)] for each k_i ∈ CS^′_i in ascending order { k_2 = k_i if k_1 is a factor of k_2 { Obtain S_2M_{·k2} (CS^′_2) from Relation 4.16 CS^′_2 ← CS^′_2 + S_2M_{·k2} (CS^′_2) CS^′ ← CS^′ - S̃_2M_{·k2} (CS^′_2) for j > M { Obtain μ_2j_{·k2} (CS^′_2) from Relation 4.2 CS^′_2 ← CS^′_2 + μ_2j_{·k2} CS^′ ← CS^′ - μ̃_2j_{·k2} } } else { CS^′_2 ← CS^′_2 + S̃_2j_{·k2} Obtain S̃_2j_{·k3} from Relation 4.15 (k_3 = lcm(k_1, k_2)) CS^′ ← CS^′ − S̃_2j_{·k3} CS^′ ← CS^′ − S̃_2j_{·k2} for j > M { CS^′_2 ← CS^′_2 + μ̃_2j_{·k2} Obtain μ̃_2j_{·k3} from Relation 3.14 (k_3 = lcm(k_1, k_2)) CS^′ ← CS^′ − μ̃_2j_{·k3} CS^′ ← CS^′ − μ̃_2j_{·k2} /* both the k_2 cycle family and the impact it creates when cross producted with k_1 is removed from CS^′ */ } } }

As seen from the algorithm, for cycles of length 2^j · k_i, j > M, the steps of evaluation are exactly same as those elaborated in case of LCA Synthesis in Algorithm 4.2. Relation 4.15 & 4.16 marks the steps where the ACA and LCA synthesis are differing. The method of deriving S̃ and S, the task done through Relation 4.15 & 4.16, is elaborated next.

To develop the relations, we first formalize the behavior of CS^′ produced from cross product of CS^′_1 and CS^′_2. Since, CS^′_1 = [1 + β^′_1] if k_1 > 1; and [β^′_1] if k_1 = 1, CS^′_2 = [1 + ∑ i β^′_i], where i > 1, therefore,

CS^′ = CS^′_1 × CS^′_2 = [1 + β^′_1 + ∑ i β^′_i + ∑ (β^′_1 × β^′_i)]; k_1 > 1 (4.11)

CS^′ = CS^′_1 × CS^′_2 = [β^′_1 + ∑ (β^′_1 × β^′_i)]; k_1 = 1 (4.12)

Therefore, when cross-product of each cycle family k_2 ∈ CS^′_2 occurs with k_1 ∈ CS_1, besides β^′_1, the components β^′_3 = (β^′_1 ×β^′_2) is produced, in case of k_1 > 1 and just the components β^′_3 = ∑ (β^′_1 × β^′_2) is produced if k_1 = 1. β^′_i consists of CI (Definition 4.2) and regular cyclic components of cycles with length > 2^M · k_i. The formation of cyclic components > 2^{M·ki} are guided by the principles dictated in LCA synthesis.

Theorem 4.10 for deriving Cycle Information (Definition 4.2, page 82) of cycle family k_3 that results from the cross product of k_1 ∈ CS^′_1 and k_2 ∈ CS^′_2 is discussed next. The theorem is in line with Theorem 3.9 (page 46) of Chapter 3.

Theorem 4.10 The Cycle Information (CI) of k_3-cycle family is formed from the cross product of cyclic component of k_1 & k_2-cycle family in CS^′_1 and CS^′_2 is given by,

S_2M_{·k3} = S_2M_{·k1} × S_2M_{·k2} (4.13)

Proof : The proof is analogous to that of Theorem 3.9 . � The case for k_1 = 1, is not discussed as directly S_2M_{·k3} will be added to CS. For k_1 > 1, both β^′_2 and ∑ (β^′_1 × β^′_2) will be added to CS, which raises two cases depending upon the value of k_3. As in LCA, the value of k_3 (= lcm(k_1,k_2)) can be (i) greater than k_2 or (ii) equal to k_2. In the special case, k_3 = k_2, S̃_2M_{·k2} will be added to CS

S̃_{2M·k2} (CS^′) = S_{2M·k1} × S_{2M·k2} + S_{2M·k2} = [S_{2M·k1} (CS^′_1) + 1] × S_{2M·k2} (CS^′_2) (4.14)

If lcm(k_1, k_2) > k_2, S̃_2M_{·k3} (CS^′) = S_2M_{·k3} (as derived in Relation 4.13) (4.15)

Similarly, during the reverse process of generation of CS^′_2 from CS^′, when a cycle family k_2 is encountered, we check the nature of k_2.

Case 1 : If k_3 = lcm(k_1, k_2) > k_2, then the entire cycle family k_2 is added from CS^′ to CS^′_2 and the resultant CI S̃_2M_{·k3} (obtained from Relation 4.15) of k_3 cycle family is subtracted from CS^′.

Case 2 : If k_3 = lcm(k_1, k_2) = k_2, then the CI which will be added from CS^′ to CS^′_2 is determined from the Relation 4.14. Synthesizing back, the S_2M_{·k2} which will be added to CS^′_2 is calculated from the following relation by reorienting the Relation 4.14

S_2M_{·k2} (CS^′_2) =

S̃_{2M·k2} (CS′) [S_2M_{·k1} + 1](CS^′_1)

(4.16)

The following example illustrates evaluation of CS^′_2 as defined in Relation 4.10. The similar examples in LCA is divided in two separate examples - Example 4.4 & 4.3 illustrating Case 1 and 2 respectively.

Example 4.17 (Example 4.4, page 66; 4.3, page 65) Let us assume that the given Cycle Structure CS^′ = [1(1), 4095[12], 2560(24), 15[20], 1044465[60], 130560(120)] and the minimum additive factor M = 2. CS_1 = [1(1), 4095[12], 2560(24)].

The cycle structure of CS^′ after subtraction of CS^′_1 is CS^′=[15[20], 1044465[60], 130560(120)]. The remaining primary cycles in CS^′ is k_i = {5,15}.

• Case 1 : Consider the first cycle k_2 = 5. For this case, k_1 is not divisible by k_2.

Therefore, CS^′_2 = [1(1), 15[20]], that is, the entire cycle structure arising from primary cycle 5 becomes member of CS^′_2.

The cycle family arising as a cross product of k_1 and k_2 is k_3 = lcm(k_1, k_2) = 15. Therefore, from the Relation 4.13, cross product of [12] and [20] produces S_{60} = S_{12} × S_{20} = 4095 × 15 = 61425 that is CI = 61425[60] and cross product of 24 & [20] yields μ_{120} =^{μ8×3 ×S}_5 =^{2560×15}_5 = 7680 - ( Relation 3.14) Both the cycles are subtracted from CS^′.

Therefore, the remaining cycle structure CS^′ = [1(1), 983040[60], 122880(120)].

• Case 2 : The next value of k_2 = 15 is divisible by k_1.

Therefore, following Relation 4.16, cross product of [12] & [60] produces S_{60} =^{S̃60}_{S12+1} =^{983040}

4095+1 = 240, that is CI = 240[60], and cross product of 24 & [60] produces μ120

=^{122880−2560×240× 315}

65536 = 0. - Relation 4.2

Hence CS^′_2 = [1(1), 15[20], 240[60]].

The complexity of the Algorithms 4.9 and 4.10 are next discussed.

Complexity of Algorithm 4.9 and 4.10 : Algorithm 4.10 differs from Algorithm 4.2 only in the derivation of CI which is accomplished in constant time (enumeration of Relation 4.15 & 4.16). Therefore, the complexity of the Algorithm 4.10 is same as that of Algorithm 4.2. Algorithm 4.9 takes the same number of steps as Algorithm 4.3. Hence, its complexity is same as that of Algorithm 4.3.

On compilation of Step A that generates P F CS^′ from CS^′, we next proceed to present the scheme for conversion of CS^′ to regular P CS.

4.2.2 Generation of P CS from P F CS^′

The methodology adopted to generate P CS from P F CS^′ is similar to the one noted in Section 4.10. The only difference is the enumeration of the number of j^{th} factor set - Ñ(F_j ) from the Cycle Information (CI) (Definition 4.2, page 82) of the P F CS^′. To elaborate the similarity we present the algorithm to generate P CS set from P F CS^′. The differences between the algorithm and that of Algorithm 4.4 is pointed out.

Algorithm 4.11 (Algorithm 4.4, page 74) Enum PCS from P F CS^′ (P F CS, [P CS]) Input : Primary Family Cycle Structure(P F CS^′) Output : Primary Cycle Structure Set P CS_1, P CS_2 · · · P CS_N : [P CS] in triplet form.

find μ_k through Axiom 4.1 for each j { If (j ≤ M) find Ñ(F_j ) from CI else find N(F_j ) j > M following Relation 4.5 find N(P CS(j)) following Relation 4.6 N_{j−1} = N(P CS(j − 1)) - N(P CS(j)) - (Relation 4.8) find P_{j−1} for each N_{j−1}^{th} P CS from Relation 4.9 for each N_{j−1}^{th} P CS

[P CS] ← P CS_i j = j + 1 } N_{j−1} = N(P CS(j − 1)) - Relation 4.8 Find P_{j−1} for each N_{j−1}^{th} P CS from Relation 4.9 [P CS] ← P CS_i · · · P CS_N } Subsequent discussions provide the scheme for computation of Ñ(F_j ) which is the number of j^{th} factor set present in all the constituent P CS (Definition 3.18, page 42) Computation of Ñ(F_j)

As per Algorithm 4.11, to convert P F CS^′ to a set of P CS from CI, Ñ(F_j ) has to be computed. Ñ(F_j ) has arisen out of a set of elementary divisors each having the same irreducible polynomial. That is, the underlying elementary divisor set f(x) = ϕ(x)^{n1} · ϕ(x)^{n2} · · · ϕ(x)^{nN} is responsible for generating Ñ(F_j ). Therefore the first task is to derive the elementary divisor set which is responsible for the formation of Ñ(F_j ). The following characteristics explained in Chapter 3 guides this derivation .

1. The Additive Cycle Structure (CS^′) has arisen as a result of presence of an elementary divisor (x + 1)^{ni} , where M = ⌊log_2(n_i)⌋ + 1. Therefore, the value of n_i is given by the following relation.

2^M − 1 ≤ n_i ≤ 2^{M−1} where M = ⌊log_2(n_i)⌋ + 1, (4.17)

and k_1 = 1, as the primary cycle produced by (x + 1) Elementary Divisor is 1.

2. The Additive Cycle Structure has the resultant cycles (≤ 2^M · k_i) merged in (2^M · k_i) and the components have been accordingly adjusted. (Inference 3.2, page 59)

3. The factors of elementary divisors which generates cycles of length ≤ 2^M ·k are ≤ 2^M.

The addition of any higher factors of elementary divisors, as per Theorem 3.7, page 43, does not affect the cycle components of cycle ≤ 2^M · k.

From the above salient features, the following tasks can be executed to arrive at the elementary divisor set responsible for generating S_2M_{·k} - the number of states specified in CI. (i) The enumeration of the j^{th} (j ≤ M) factor set can be done ignoring the existence of higher factors.

(ii) The power of each member ϕ(x) of the elementary divisor set [ϕ(x)] is ≤ 2^M. (iii) The power of at least one member set of the elementary divisor set (x + 1) will be between 2^{M−1} and 2^M − 1. We consider the least value in the range.

Therefore, the Elementary Divisor Sets generating S_2M_{·k} are :-

1. The underlying elementary divisor set f(x) for ϕ(x) ≠ (x + 1), which generates the states S_2M_{·k} is given by the relation

f(x) = ϕ(x)^{2M} · ϕ(x)^{2M} · ϕ(x)^{2M} · ϕ(x)^L L ≤ 2^M (4.18)

2. In case of ϕ(x) = (x + 1), the total number of states S_2M_{·k} have been generated by the characteristic polynomial f(x), where

f(x) = ϕ(x)^{2M−1} · ϕ(x)^{2M} · ϕ(x)^{2M} · ϕ(x)^L (4.19)

This is as because one elementary divisor (x + 1) must have power between 2^{M−1} and 2^M − 1.

Finally, the following lemma formalizes the earlier discussions in respect of enumeration of j^{th} factor set - Ñ(F_j ), where the maximum value of j is M. Certain values act as critical point in determination of Ñ(F_j ). The values are L for ϕ(x) ≠ (x + 1) and L, M -1 for ϕ(x) = (x + 1). Due to this Ñ(F_j ) takes different values noted in the Relation 4.20. The number of Elementary Divisors which is needed for computation of Ñ(F_j ) is derived by finding the number of factors needed to generate the required states S_2M_{·k} and correspondingly the residual value of the last factor L is determined.

Lemma 4.11 Given S_2M_{·k}, the number of j^{th} factor set Ñ(F_j ) (j ≤ M) is given by the equation

Ñ(F_j ) =

N̂ + B j = 0 (N̂ + B)2^{j−1} 0 < j < ⌈log_2L⌉ (N̂)2^{j−1} + (L − 2^{j−1}) j = ⌈log_2L⌉ (N̂)2^{j−1} ⌈log_2L⌉ < j < M (N̂ − 1)2^{j−1} j = M k = 1 (N̂)2^{j−1} j = M k > 1

(4.20)

where

N̂ =

⌊^{log2r (S2M·k)+2M−1}

2^M ⌋ k = 1;

⌊^{log2r (S2M·k+1)}

2^M ⌋ k > 1; r is the degree of the underlying ϕ(x) and L = { (log_2r ((S_2M_{·k}) − 2^{M−1})mod (2^M), k = 1 log_2r (S_2M_{·k} + 1)mod 2^M, k > 1 and B = { 0 L = 0 1 L > 0 (4.21)

Proof : The proof is only shown for ϕ(x) ≠ (x + 1). The proof for ϕ(x) = (x + 1) directly follows. A cycle of length (2^M · k) arises from polynomial ϕ(x)^{2M} . Therefore, the underlying characteristic polynomial f(x) covering S_2M_{·k} is given by the relation

f(x) = ϕ(x)^{2M} · ϕ(x)^{2M} · ϕ(x)^{2M} · ϕ(x)^L

The number of elementary divisors having the power 2^M is N̂ and the residual states which doesn’t require such high factor as ϕ(x)^{2M} is covered by a smaller factor ϕ(x)^L. The number of elementary divisors is N = { N̂ L = 0 N̂ + 1 L > 0

On generalization, we arrive at the following four cases. (i) N = N̂ + B, where B follows the Relation 4.21.

The highest factor set which L covers is given by L̃ = ⌈log_2L⌉. Hence each of the N̂ + B divisor have the full factor set 0 to (L̃ − 1). Therefore, (ii) Ñ(F_j ) = (N̂ + B) · 2^{j−1}; 0 < j < L̃ For j = L̃, the N̂ elementary divisor has full L̃^{th} factor set, while the (N̂ + 1)^{th} elementary divisor has (L − 2^{j−1}) factors of L̃^{th} factor set. Therefore, (iii) Ñ(F_j ) = (N̂) · 2^{j−1} + (L − 2^{j−1}) ; j = L̃ The j^{th} factor set (L̃ < j < M) present in the first N̂ elementary divisor is given by (iv) Ñ(F_j ) = (N̂ ) · 2^{j−1}; L̃ < j ≤ M.

N̂ & L is obtained from equating the number of states covered by f(x) with S_{2M·k}. That is, S_2M_{·k} = 2^{r·2M·N̂} × 2^{r·L} − 1; where ‘1^′ is the all zero state

The value of r is obtained from Relation 3.2 & Axiom 4.1. � The following example illustrates generation of P CS.

Example 4.18 (Example 4.10, page 74) We provide examples for two cases k > 1 and k = 1, that is the underlying irreducible polynomial generating it is (x + 1), for k > 1.

Given P F CS^′ = [1(1), 4095[12], 2560(24)]. Then CI = [4095[12]], M = 2, r = 2, S=4095, k = 3; Ñ = ⌊^{log}2^{2 (4095+1)}

2^2 ⌋ = 1; L = log2^2 (4095 + 1) mod 2

2 = 2; L̃ = log_2(2) = 1;

Therefore, B =1. Calculating each of the factor set, we have Ñ(F_0) = 1 + 1 = 2; Ñ(F_1) = 1 × 21−1 + (2 - 21−1) = 2; Ñ(F_2) = 1 × 22−1 = 2. The total number of factors covered by Ñ(F_0) +Ñ(F_2) +Ñ(F_2) = 6. Next we find Ñ(F_3) which has to be found by Relation 4.5 (page 71) Ñ(F_3) =^1_2 log_2(2560 × 3 × 23−1×2×6 + 1) = log_2(16)/2 = 2

Finding out the P CS is now straightforward. The Table 4.2 shows step by step calculation of each of the parameters to arrive at the final result.

Table 4.2: Calculation of Primary Cycle Structure

j Ñ(F_j ) N(P CS(j)) N_j P_j 0 2 2 0 0 1 2 2 1 2 2 2 1 0 0 3 1 1 1 6

Therefore, the final output of Primary Cycle Structure (P CS) in Triplet Form is CS = (1, 3)^2 × (1, 3)^6 For k = 1;

Given the cycle structure CS = [16(4), 24(8)] M = 2, r=1; CI = [64[4]] The value of Ñ = ⌈^{log21 (16)+21}_{22} ⌉ = 2; L = (log_21 (16) − 2^1)mod 2^2 =0. Hence, B = 0.

Ñ(F_0) = 1 + 1 = 2, Ñ(F_1) = (1 + 1)21−1 = 2, and Ñ(F_2) = 1 × 22−1 = 2. Total number of factors covered is N(F_0) + N(F_1) + N(F_2) = 6. Ñ(F_3) = 1; calculated using Relation 4.5 Therefore, the P CS are (1, 1)^2 and (1, 1)^6 and CS = (1, 1)^2 × (1, 1)^5

Complexity Analysis : The complexity of Algorithm 4.11 is same as that of Algorithm 4.4. This is because the complexity of enumerating Ñ(F_j ) from CI through Relation 4.20 is same as that for enumeration of Ñ(F_j ) from μ_2j_{·k} through Relation 4.5.

We now present the method of synthesizing the inversion vector F to complete the synthesis of ACA generating the state transition behavior specified in terms of its cycle structure and depth.

4.2.3 Synthesis of Inversion Vector

The synthesis of F vector is guided by the principle laid down by the results of the Theorem 3.15 and Theorem 3.14 which states that the inversion vector F should lie only in the null space of (x + 1)^{ni} , where ⌊log_2(n_i)⌋ + 1 = M. To synthesize F satisfying this property, we first synthesize F for the characteristic polynomial f(x) having (x + 1)^{ni} as the single Elementary Divisor - that is, f(x) = (x + 1)^{ni} .

The T matrix representing (x + 1)^{ni} is given by

T (x + 1)^{ni} =

1 1 0 · · · 0 1 1 0 · ·· · · · · · · 0 · · · 0 1

n_i×n_i

Given the above T matrix representing (x + 1)^{ni} , the following lemma characterizes the desired F vector.

Lemma 4.12 The inversion vector F with all 1’s lies only in the null space of (x + 1)^{ni} .

Proof : None of the expressions (T + I)^j · F is 0 unless j = n_i. That is, F = [ 1 1 · · · 1 1 ]^t_{ni×1} lies only in the null space of (x + 1)^{ni} . � Using this result, we generalize the synthesis of F vector for a characteristic polynomial f(x) = ϕ(x)^{n1} · · · (x + 1)^{ni} · · · ϕ(x)^{nN} .

The characteristic polynomial is the direct sum of individual elementary divisors and consequently, the characteristic matrices of the elementary divisors (EDs) are arranged in block diagonal form to obtain the characteristic matrix T (Theorem 4.9). The characteristic matrix correspond to an ED occupies a Block in the characteristic matrix T of the CA as defined below.

Definition 4.3 Block (n_1, R) : A Block (n_1, R) is a R × R submatrix of matrix T starting at position (n_1,n_1) of T .

Example 4.19 Consider the characteristic polynomial f(x) = x^2(x+1)(x+1)^2(x^2 +x+2). Its corresponding characteristic matrix is

T =

⌈0 0⌉ 0 0 0 0 0 ⌊1 0⌋ 0 0 0 0 0 0 0 [1] 0 0 0 0 0 0 0 ⌈1 1⌉ 0 0 0 0 0 ⌊0 1⌋ 0 0 0 0 : 0 0 0 ⌈0 1⌉ 0 0 0 0 0 ⌊1 1⌋ The submatrices T (x + 1)^2 corresponding to the Elementary Divisor (x + 1)^2 occupies Block (4,2).

If T (x+1)^{ni} occupies the Block (L,n_i) in T , then the following lemma defines the method for synthesizing the desired F vector.

Lemma 4.13 The inversion vector F having all 1’s in its L^{th} to (L+n_i -1)^{th} row belongs to the null space of (T + I)^{ni} .

Proof : Since the matrices are arranged in Block Diagonal form, the value of the equation (T + 1)^j · F only depends upon the multiplication of the Block (L,n_i) with the L^{th}-(L+n_i - 1)^{th} rows of the F -vector. Therefore, whatever be the values in the other rows (T +1)^j ·F = 0 only when j = n_i. Hence the proof. �

Example 4.20 The F vector which lies only in the null space of T (x^2(x + 1)(x + 1)^2(x^2 + x + 1)) of the Example 4.19 is given by F = ( 0/1 0/1 0/1 [1 1] 0/1 0/1

)_T where 0/1 implies that either 0 or 1 can be placed in the corresponding cell.

The method of synthesizing F Vector for an ACA discussed above is summarized in the following Algorithm and subsequently the complexity of the algorithm is analyzed.

Algorithm 4.12 Enum F from T(T, M, F) Input : T Matrix, minimum additive factor : M Output : inversion vector F Step 1 : Identify the Block in T matrix representing (x + 1)^{ni} , where M = ⌈log_2(n_i)⌉ + 1. Step 2 : Put 1 in the corresponding rows of F Vector. Step 3 : Put either 1 or 0 in the other rows of F Vector.

Complexity Analysis : Identification of Block takes O(n) time and the formation of F vector also takes O(n) time. Hence the complexity of the algorithm is O(n).

The complexity of the Algorithm 4.8 is next stated.

Complexity of the Algorithm 4.8- Enum ACA from CS^′ depth

The complexity of each of the steps A - D of Algorithm 4.8 is same as the corresponding steps A - D in Enum LCA from CS depth. The additional work of synthesizing F Vector takes O(n) time which is much less than the overall complexity of Enum LCA from CS depth.

Hence, the complexity of Enum ACA from CS^′ depth is same as Enum LCA from CS depth. Enum ACA from CS^′ depth therefore has a time complexity of O(n^4) and a space complexity of O(n^2).

4.3 The Toolkit

A major contribution of this thesis work is to provide the foundation CA Tool Kit named as B. E. College Cellular Automata Tool Kit (BECAKIT) - the first version of the tool kit is called BECAKIT 1.0. The BECAKIT provides a set of modules which can be used for complete characterization of the state transition behavior of the class of Linear/Additive CA based on the analytical framework discussed in Chapter 3 and 4. The toolkit enables the designer to analyze a given CA and identify the state transition behavior of the CA best suited for his/her needs. Designers can also use the kit to synthesize the most efficient configuration of a CA from a given input specification of cycle structure and depth. Each module of the kit implements the theoretical results we have presented for analysis and synthesis of Additive CA.

The Major Modules and functionality of the toolkits are

1. Enum CS depth from LCA - Takes the T matrix of an LCA as input and outputs the Cycle Structure and Depth of the LCA.

2. Enum CS depth from ACA - Takes the T matrix and inversion vector F of an ACA as input and outputs the Cycle Structure and Depth of the ACA.

3. Enum LCA from CS depth - Takes Cycle Structure and Depth as Input and outputs the T matrix of the LCA as output.

4. Enum ACA from CS depth - Takes Cycle Structure and Depth as Input and outputs the T matrix and inversion vector F of the ACA as output.

As elaborated in the previous two chapters, several submodules constitutes the main modules, each of the modules are available separately for researchers to use and analyze. The toolkit also provides several standard mathematical outputs like Rank of a Matrix, Characteristic Polynomial and Minimal Polynomial of a Matrix etc.

All the modules have been coded in C and are designed for execution on Solaris, Digital Unix and Linux environments. All the modules are integrated in the kit; however an individual module can also be executed in a stand alone mode. The Rational Rose Utility ‘PURIFY’ has been used to tap all memory leaks and reduce the probability of encountering run time errors. The scalability factor has been taken into account allowing the user to analyze as well as synthesize CA of size upto 128.

4.4 Conclusion

Based on the CA analysis framework reported in Chapter 3, this chapter reports CA synthesis methodology to realize a given (legal) cycle structure. Compared to LCA, ACA display wider variation of state transition behavior. Hence synthesis of both Linear and Additive CA have been discussed.

The analysis and synthesis schemes and the toolkit BECAKIT 1.0 provide a sound foundation for advancement of Additive and Linear CA Research. These schemes will help CA researchers to explore many new fields of CA applications, and as well as deal with problems in traditional fields with much more confidence for designing CA Based Models. One of the fields - Pattern Recognition /Classification - which is a comparatively new field to CA application is next dealt with based upon the analysis and synthesis framework of the present and last chapter. To develop the applications of CA Based Model for Pattern Recognition and Pattern Classification, we explore a special class of Linear CA - termed as Multiple Attractor Cellular Automata (MACA) in the next chapter.

Chapter 5

Multiple Attractor Cellular Automata (MACA)

Notwithstanding the phenomenal advancement in computing technology, machines have failed to match the ease with which human brains recognize and classify patterns. To match this unique capability of human brain, scientists/researchers have concentrated on exploring machine learning process which can simulate the associativity and classification capacity of human brain.

A CA based model to simulate pattern classi-

Note : The model associates different fonts of a, b, c with patterns A, B, C respectively.

Figure 5.1: Associative Memory Model fication/recognition capacity of human brain is reported in this chapter. The potential of this CA machine is next explored to design Associative Memory (Fig. 5.1) and General Pattern Classifier (Fig. 5.2) in the subsequent chapter. The class of CA employed for this challenging task is referred to as Multiple Attractor Cellular Automata (MACA). The simulation capability of MACA is derived from its unique state transition behavior. It divides the entire vector space into discrete zones converging towards attractor/ sink state (Fig. 5.3). This inherent characteristics of MACA models the associative memory noted in Fig. 5.1 and pattern classifier noted in Fig. 5.2.

We report the properties of the state transition behavior of MACA assuming the division of state space into discrete zones based on distance metric. The unique property of MACA state transition behavior is formalized based on a new concept of Hash Family referred to as Hamming Hash Family (HHF) [123, 117, 282]. The HHF is characterized by the following property : the probability of

Terminologies

weight(w) Number of ones in a pattern MACA(n, m) n-bit MACA having 2^m attractors with m bit pseudo-exhaustive field (P EF , Definition 5.2, page 98).

P_y(w, n, m, x) Set of patterns in 0-basin of MACA where w signifies weight, n signifies size of the pattern, 2^m signifies the number of attractors, x signifies an optional parameter characterizing the 0-basin (x is absent if the parameter we are looking for refers to the average value), y = Number of MACA with specified values of w, n, m, and x (y is ignored if y = 1) |P | Number of patterns in the set P |P (w, n, m)| Number of patterns in the 0-basin of n-cell MACA with 2^m attractors |P̂ (w, n, m)| Number of n-bit patterns with weight w chosen unbiasedly forming a pattern pool of 2^{n−m} N(n, m) All possible n-bit MACA with 2^m attractors P N Partition Number - an MACA(n, m) produces m partitions (page 116) pc A particular partition configuration such that n_{1pc} + n_{2pc} + · · · + n_{mpc} = n P C The set of all pc’s wp Weight of Partition - a particular combination of weight w, for a pc such that w_{1wp} + w_{2wp} + · · · w_{mwp} = w, and w_{iwp} ≤ n_{ipc}.

W P Set of all wp’s for a pc Note : Terminologies such as pc, wp (with small letters) refer to a particular configuration/combination, while terminologies P C, W P with corresponding capital letters refer to the set of all pc’s/wp’s.

collision between a pair of patterns, hashed by a member of HHF , varies inversely with their hamming distance. In Section 5.2, we establish the fact that the MACA, in effect, models the HHF .

Next, we present the methodology of MACA

Note: Classifying Different Objects (Animals, Atheletes, Vehicles) into distinct classes.

Figure 5.2: Classification Model synthesis. The synthesis scheme combines the analytical framework of synthesis reported in Chapter 4 with evolutionary algorithm. The details of the evolutionary methodology for deriving an MACA with the state transition behavior that maps to the given problem is reported in Section 5.3. In the above context, we introduce MACA preliminaries.

The commonly used terminologies are enlisted under the heading ‘Terminologies’ placed adjacent to this page.

5.1 Multiple Attractor Cellular Automata (MACA)

An MACA, as illustrated in Fig. 5.3, has a number of cyclic and non-cyclic states. The set of non-cyclic states forms inverted trees rooted at the cyclic states. The cycles are referred to as attractors. Fig. 5.3 depicts the state transition diagram of a 5-cell MACA with four attractors {00000(0), 00001(1), 10000(16), 10001(17)} having self loop. In rest of the thesis, by an attractor we refer to a cycle of length 1. The states of a tree rooted at the cyclic state α form the α-basin. The leaf states of an MACA tree are the non-reachable states.

Definition 5.1 The depth d of an MACA is the number of edges between a non-reachable state and its attractor. For the 5-cell MACA of Fig. 5.3, d = 3.

The fundamentals of MACA characterization are available in Chapter 4 of the book [56]. A few relevant results, definitions and theorems for an n-cell MACA having k attractor basins is next noted. The proofs of the theorems are noted in [56].

• Result I: The characteristic polynomial of the MACA is x^{n−m}(1 + x)^m, where m = log_2(k).

• Result II: The characteristic polynomial of an MACA can be also written in elementary divisor form as x^{d1} ·x^{d2} · ··x^{dp} ·(1 + x)·(1 + x) · ·m times, where d_1 ≥ d_2 · · ≥ d_p and d_1 + d_2 · · + d_p = n − m.

• Result III: The minimal polynomial of an MACA is x^{d1} ·(1+x), where d_1 is the depth of the MACA.

Figure 5.3: State transition diagram of a 5-cell MACA with Characteristic Matrix T and Rule Vector < 204, 170, 90, 240, 204 > Note : (i) Four cyclic states 0, 1, 16, 17 are referred to as attractors and the corresponding inverted tree rooted on α as α-basin (α = 0, 1, 16, 17).

(iii) The 0-basin covers the pattern set {01000, 01100, 00110, 01110, 01010, 00100, 00010 and 00000}

• Definition 5.2 An m-bit field of an n-bit pattern set is said to be pseudo-exhaustive (P EF ) if all possible 2^m patterns appear in the set.

• Theorem 5.1 In an n cell MACA with k = 2^m attractors, there exists m-bit positions at which the attractors generate pseudo-exhaustive 2^m patterns.

• Theorem 5.2 The modulo-2 sum of two states is a predecessor of 0-state (pattern with all 0’s) if and only if the two states lie in the same attractor basin.

• Theorem 5.3 The 0-basin of an n-bit MACA with 2^m attractors forms a vector subspace of dimension (n − m).

Example 5.1 The example MACA of Fig. 5.3 illustrates the above results and theorems.

• It is a 5-cell MACA having 4 attractors and the depth of the MACA is 3.

• The characteristic polynomial of the MACA is x^3 · (1 + x)^2. Therefore, m = 2; the number of attractors k = 2^m = 4; depth d_1 = 3. Its elementary divisor form is x^3 · (1 + x) · (1 + x) and the minimal polynomial = x^3 · (1 + x).

• The most significant bit and least significant bit positions of the example MACA of Fig. 5.3 constitute the pseudo-exhaustive field (P EF ).

• As per the Theorem 5.2, modulo-2 sum of a pair of states 00101, 00111 of the 00001- attractor basin, is 00010 which is a state in the 0 − basin. By contrast, if we take two states 00011 and 11000 belonging to two different attractor basins 00001 and 10000 respectively, their modulo-2 sum is 11011 which is a state in a non-zero attractor (10001) basin.

• In the 0-basin, (i) the all zero vector is always present; (ii) the modulo-2 sum of any two states in the 0-basin lies in the 0-basin only. These two properties make the 0-basin a vector subspace.

Based upon the earlier preliminaries, we report a design methodology of an n-cell 2^m attractor MACA called MACA(n, m).

Design of MACA(n, m) : The design methodology is guided by the following theorem.

Theorem 5.4 An MACA(n, m) can be constructed through concatenation of m number of n_i-bit (i = 1, 2, · · · m) 2-attractor MACA such that n_1 + n_2 + · · · + n_m = n.

Proof : The characteristic polynomial of an MACA (Result II) can be written in elementary divisor form as < x^{d1} ·x^{d2} · ··x^{dp} ·(1 + x)·(1 + x) · ·m times >. The elementary divisors can be clubbed into m groups each containing one (1 + x) whereby each cluster has the characteristic and minimal polynomial as x^d(1+x), and therefore forms an MACA with 2-attractor basins. Thus, the characteristic polynomial of MACA(n, m) can be written in the form of m groups ([x^{d1} · (1 + x) · · ·] · · · [x^{di} · (1 + x) · · ·] · · · [· · · (1 + x) · x^{dp} ]), each group representing an MACA(n_i, 1). Consequently, the construction of MACA(n, m) can be done by constructing MACA(n_i, 1) corresponding to each group and concatenating them. � Fig. 5.4(a) shows the formation of an MACA(n, m) from concatenation of m number of MACA(n_i, 1). Consequently, the T matrix corresponding to MACA(n, m) is formed from block diagonal placement of T_is where each T_i represents an MACA(n_i, 1) (Fig. 5.4 (b)).

Figure 5.4: Concatenation of m number of 2-attractor MACA to form an MACA(n, m) (Rules and T Matrix)

Example 5.2 Let the characteristic polynomial of an MACA be x^5(1 + x)^2, the minimal polynomial be x^3(1+x), and its elementary divisor form representation be ([x^3 ·(1+x)]·[x^2 · (1 + x)]). The T matrix representing the MACA is formed from block diagonal placement of T_1& T_2, where

T =

⌈1 0 0 0⌉ 0 0 0 |0 0 1 0| 0 0 0 |0 1 0 1| 0 0 0 ⌊0 0 1 0⌋ 0 0 0 0 0 0 0 ⌈1 1 0⌉ 0 0 0 0 |1 1 1| 0 0 0 0 ⌊0 0 1⌉

, T_1=

1 0 0 0 0 0 1 0 0 1 0 1 0 0 1 0 and T_2 =

1 1 0 1 1 1 0 0 1

In the above context, we define the term MACA family.

Definition 5.3 The set of all the MACA(n, m) for any value of n & m formed through concatenation of m number of 2 attractor MACA(n_i, 1) (Theorem 5.4) forms the MACA family, where n = n_1 + n_2 + · · · n_m.

MACA as a Hash Function: The property of P EF (Pseudo Exhaustive Field - (Definition 5.2)) allows MACA to behave as a hash function. For the purpose of hashing, a node in an MACA tree (Fig. 5.3) is viewed as the key to be hashed. The address for a key is given by the P EF of the attractor containing the key. That is,

H_{MACA}(key) = P EF (attractor) (5.1)

where H_{MACA}(key) is the hashed value of given key. The hash table size in this scheme is k, the number of attractors of the MACA.

Example 5.3 The MACA in Fig. 5.3 provides an Hash Table of size 4 with table entry (0 to 3), each attractor uniquely identifies its position in the table by the pseudo-exhaustive field (P EF ). For example, all the patterns of basin 11111 are hashed to table entry 3(11).

The MACA family depicts an unique property while hashing. It forms a Hamming Hash Family (HHF) - a hash family where the probability of collision between two patterns varies inversely with their hamming distance. In view of this property, each basin of MACA contains patterns close to each other in terms of Hamming Distance - that is, MACA basins form natural cluster. This clustering property of MACA, as reported in Chapter 6, enables it to behave as powerful pattern recognizer. The clustering property of the MACA can be easily observed by analyzing each individual basin of the MACA in Fig. 5.3.

Example 5.4 Let us analyze an individual basin (say, 17-basin with 17 as the attractor) of the example MACA in Fig. 5.3. It is seen that if we take all possible pair of patterns (since there are 8 patterns in the basin, the number of all possible pair =^8C_2 = 28) and take average of their hamming distances, it is equal to 1.7. The average Hamming Distance in all other basins are also 1.7.

The hamming distance between a pair of randomly chosen 5-bit pattern will be 2.5 on the average. Therefore, the hamming distance between pairs of pattern resident in the same basin is less than normal. Conversely, if we take two random patterns whose Hamming Distance is less, then they are more likely to fall in the same attractor basin.

The analytical foundation of the clustering property of MACA based HHF is next discussed.

5.2 Hamming Hash Family

Since the pattern formed from XORing a pair of patterns belonging to the same basin, falls in the 0-basin (Theorem 5.2), the 0-basin holds an unique characteristic. While exploring this uniqueness, the concept of HHF is established through a detailed study of the vector space generated by the 0-basin.

Theorem 5.5 The pattern distribution of the 0-basin determines the probability of collision between two random patterns, hashed with the MACA.

Proof : Let P_{incom} be a pattern at a specified Hamming Distance from a pattern P_i. In an MACA, let the pair of patterns (P_{incom},P_i) fall in the same basin where, P_{xor} = P_i ⊕P_{incom}. Let w(P_{xor}) defines the weight of pattern P_{xor} where w(P_{xor}) = the number of 1’s in P_{xor}. So, HD(P_i, P_{incom}) = w(P_{xor}). As per Theorem 5.2, P_{xor} falls in the 0-basin.

Let P_i, P_j ∈ α basin of an MACA, with the state α as an attractor. Therefore, the set [P_{xor(i)}] formed from HD(P_i, P_j ) ∀P_j, j ≠ i has cardinality 2^{n−m} -1, where 2^{n−m} is the cardinality of the α-basin and each member is distinct. Let [P_{0−basin}] be the set of all patterns of 0-basin except the all zero vector, hence the cardinality of the set is 2^{n−m} -1. Therefore the set [P_{0−basin}], [P_{xor(i)}] are equivalent.

To measure the nature of collision, we look into the distribution of pattern set [P_{xor}] formed from HD(P_i, P_j ), ∀P_j ≠ P_i & ∀ P_i. Consequently, each member of [P_{0−basin}] will appear 2^{n−m} times in the set [P_{xor}].

Therefore, studying the distribution of patterns in 0-basin in respect of their weight is equivalent to studying the probability of collision of P_{incom} and P_i. � The behavior of the patterns which collide - that is, fall under the same attractor basin is explained in Example 5.4. The pattern representing modulo-2 sum of two states (patterns) in the same attractor basin of an MACA lies in the 0-basin. For the example MACA of Fig. 5.3, the patterns P_i = 11001 and P_j = 11101 are the members of 17-basin. The pattern P_{xor} = 00100 (11001 ⊕ 11101) is a state of the 0-basin and it corresponds to the hamming distance between 11001 & 11101. Moreover, if we form the [P_{xor}] taking each member P_i ∈ 17-basin and xor them with all P_j ∈ 17-basin, P_i ≠ P_j then each pattern in 0-basin appears 8 number of times in the set.

In HHF , the probability of collision between two patterns varies inversely with their hamming distance - that is, lesser the hamming distance between a pair of patterns P_1 & P_2, higher is the probability of being the members of the same α-basin in the MACA. Moreover, the lesser hamming distance between patterns of same α-basin signifies that the patterns of the 0-basin of MACA should have lesser weight. Therefore, a member (MACA) of HHF has its 0-basin with definite bias for lower weight patterns. The bias gets reflected in the ratio of two probabilities defined below :

(i) the probability of a pattern of particular weight w to fall in the 0-basin; and (ii) the probability that a pattern (chosen from an unbiased pattern pool of cardinality 2^{n−m} (the cardinality of the 0-basin)) will have weight w.

In other words, the bias can also be expressed in terms of ratio of the following two elements: (i) average number of patterns of weight w falling in the 0-basin of an MACA(n, m) referred to as |P (w, n, m)| and (ii) |P̂ (w, n, m)| - the number of patterns of weight w in the pattern pool of cardinality 2^{n−m} (provided each pattern in the pool is chosen unbiasedly from the entire n-bit pattern pool of 2^n). Note that 2^m represents the number attractor basins of MACA(n, m). Consequently, m represents the number of bits in the Pseudo Exhaustive Bits (P EF ) (Definition 5.2).

Therefore, the Expected Occurrence (EO) of patterns P (w, n, m) with particular weight w in the 0-basin of an MACA(n, m) can be denoted as

EO(P (w, n, m)) =

|P (w, n, m)| |P̂ (w, n, m)|

(5.2)

The computation of EO provides a quantitative analysis of the gradient of bias of 0- basins towards patterns of smaller weights. This result in conjunction with Theorem 5.2 (page 98), establishes the clustering property with Low Hamming Distance between a pair of patterns in a MACA basin.

5.2.1 Computation of Expected Occurrence (EO)

The total number of n-bit patterns of weight w =^nC_w. If we want to chose a pattern from the pattern pool of cardinality 2^{n−m} so that there is no bias towards any particular w, then the number of w-weighted patterns |P̂ (w, n, m)| in that pool can be derived by simple unitary method

|P̂ (w, n, m)| = nC_w 2^n

× 2^{n−m} = nC_w 2^m

(5.3)

An MACA(n, m), as per Theorem 5.4, can be constructed by concatenation of m number of MACA(n_i, 1). Therefore, the computation of |P (w, n, m)| is possible from the computation of |P (w, n_i, 1)|. The computation of |P (w, n, m)| and |P (w, n_i, 1)| are explained in Appendix (Section 5.5). Based on such computation, the next subsection describes the behavior of EO(P (w, n, m)) with respect to different values of n, m, and w. 5.2.2 Characterization of the Parameter - Expected Occurrence (EO) The behavior of EO(P (w, n, m)) for different values of n, m, & w is influenced by |P (w, n, 1)| and |P (w, n, m)|. The following theorem formalizes the relation between |P (w, n, m)| and |P (w, n, 1)|.

Theorem 5.6 Each w weighted pattern P (w, n, m) in a 2^m attractor MACA is formed by selecting an unique combination of w_i bit pattern from each of the n_i bit 2-attractor MACA and concatenating them such that w_1 + w_2 + · · · + w_m = w, and n_1 + n_2 + · · · n_m = n.

Proof : An n-bit pattern x in the 0-basin of MACA (T ) follows the relation T^d · x = 0, where d is the depth of the MACA [56]. Since the T matrix representing the MACA(n, m) is formed by placing m number of T_is in block diagonal form, the relation can be reframed as

T^d × x=

[T_1] 0 · · · 0 [T_2] 0 · ·· · · · 0 · · · [T_m]

×

[x_1] [x_2] · · · [x_m]

= 0

where x_i represents n_i-bits of x. Therefore, each T^d_i · x_i = 0. Hence x is formed from concatenation of unique combination of x_is. �

Example 5.5 In the Example 5.2, the T matrix of MACA(7, 2) is formed from two 2- attractor MACA. The depth of the MACA is 3. The characteristic matrices of the two MACA are T_1 and T_2. That is,

T =

⌈1 0 0 0⌉ 0 0 0 |0 0 1 0| 0 0 0 |0 1 0 1| 0 0 0 ⌊0 0 1 0⌋ 0 0 0 0 0 0 0 ⌈1 1 0⌉ 0 0 0 0 |1 1 1| 0 0 0 0 ⌊0 0 1⌉

, T_1=

1 0 0 0 0 0 1 0 0 1 0 1 0 0 1 0 and T_2 =

1 1 0 1 1 1 0 0 1

Let a pattern be (say x) where x =

Figure 5.5: Expected Distribution of MACA with two attractors (m = 1)

[ [0 0 1 1] [1 1 0]

]_t lies in the 0-basin of the MACA(7,2), that is T^3 · x = 0. Consequently, each individual parts of x, x_1 = [0 0 1 1]^t & x_2 = [1 1 0]^t lie in 0-basin of MACAs represented by T_1 and T_2 respectively, that is, T^3_1 · x_1 = 0, T^3_2 · x_2 = 0.

Therefore, each of the patterns in the 0-basin of MACA(7,2) is formed from the concatenation of patterns in the 0-basin of the constituent MACA(n_i,1) (i = 1 & 2; n_1 + n_2 = 7) The pattern distribution of the 0-basin can be easily derived from the pattern distribution of each of the constituent 2-attractor MACA.

(a) EO(P (w, n, 2)) with 4 attractors (m = 2) (b) EO(P (w, 30, m)) with n = 30, m = 1, 2, 3, 4

Figure 5.6: Expected Occurrence (EO) of patterns with weight w in 0-basin (as per Relation 5.2)

The graphs in the figures 5.5 - 5.7 depict EO(P (w,n,m)) - derived from the Relation 5.2. The detailed methodology for computation of |P (w, n, 1)| and |P (w, n, m)| through which we have obtained the Relations 5.5 - 5.7 is reported in the Appendix (Section 5.5). The graphs reflect the nature of clustering property of MACA. In the Figures 5.5 & 5.6, the weights are represented as a fraction of n (the number of bits in a pattern), while in Fig. 5.7 we plot the absolute value of w.

The expected occurrence

Note: Weight noted on x-axis refers to absolute value

Figure 5.7: Expected Distribution of MACA with four attractors (m = 2)

EO(P (w, n, 1)) for different weights of patterns - shown in Fig. 5.5 establishes a definite bias for low weight patterns in the 0-basin. It becomes more prominent as we increase the value of m, where m is the number of bits in P EF (Definition 5.2) and 2^m is the number of attractor basins. The results of Fig. 5.6(a) represent the value of EO for m = 2. The monotonically decreasing function indicates that the probability of lower weight patterns in the 0-basin is significantly higher than its higher weight counterparts. From the Fig. 5.6(b), we can conclude that the expectation of lower weight patterns in 0-basin increases significantly as the value of m is further increased.

The gradient of the bias of lesser weights also increases with the increase in the value of n. The graph of Fig. 5.7 with x-axis representing the first 10 weights in absolute value (rather than fraction of n), confirms that with the increase of n, the value of EO of lower values of w rises significantly.

In the Theorems 5.4 & 5.6, it is proved that the MACA(n, m) and its patterns in 0-basin are formed from the concatenation of m MACA(n_i, 1) and its corresponding patterns. The effect of this concatenation magnifies the slight bias of lower weight patterns as we increase the number of attractors (Fig. 5.6(a) & Fig. 5.6(b)). Theorem 5.7 also characterizes this fact.

To establish the effect of concatenation, let us assume that bias of smaller weights is not present in 2-attractor MACA. It can be shown that even then the effect of concatenation imposes the bias for lower weight patterns in MACA(n, m) for m > 1.

A bias-less 0-basin of a 2-attractor MACA always has the all 0-vector as its attractor state. Hence,

|P (0, n, 1)| = Number of patterns with 0 weight = 1 (5.4)

while the number of patterns with weight w in the 0-basin (Relation 5.3) -

|P (w, n, 1)| =

2^{n−1} − 1 2^n − 1

·^nC_w = κ ·^nC_w, where κ =

2^{n−1} − 1 2^n − 1

(5.5)

and the value of κ is obtained by excluding 0-vector from the vector space which has cardinality of 2^n and 0-basin which has cardinality 2^{n−1}.

The theorem that characterizes the occurrence of patterns with weight w follows next.

Theorem 5.7 : The probability of occurrence of a pattern with weight w in the 0-basin of an MACA(n, m) varies inversely with w.

Proof : We present the proof for m = 2 and show that it can be easily generalized for any value of m. Let an MACA(n, 2) be formed from the combination of MACA(n_i, 1) & MACA(n_i, 1), where n_i + n_i = n.

The number of w-weighted patterns P (w, n, 2) for a particular n is formed by concatenating w_j weighted patterns from n_i and w_j weighted patterns from n_i, where w_j + w_j = w. The number of w_j weighted patterns in MACA(n_i, 1) as well as the number of w_j weighted patterns present in MACA(n_i, 1) is defined by the Relations 5.4 & 5.5. Therefore,

|P (w, n, 2)| = (κ ·^{ni} C_w ·^{ni} C_0 + · · · κ ·^{ni} C_{wj} · κ ·^{ni} C_{wj} · · · · · · · · · +^{ni} C_0 · κ ·^{ni} C_w) = κ · (1 − κ) · (^{ni} C_w +^{ni} C_w) + κ^2 · ( ∑ j n_i C w_j · n_i C w_j ) (5.6)

Hence, the Expected Occurrence EO(P (w, n, 2)) (from Relation 5.2 )

EO(P (w, n, 2)) =

|P (w, n, 2)| |P̂ (w, n, 2)| = κ · (1 − κ) · (^{ni} C_w +^{ni} C_w) + κ^2 · ( ∑ j n_i C w_j · n_i C w_j ) nC_w 4 (5.7)

where |P̂ (w, n, 2)| = nC_w 2^2 from Relation 5 .3

The value of ∑ j n_i C

w_j · n_i C

w_j

nC_w

= 1 as it is a hyper-geometric function [321].

T herefore, EO(P (w, n, 2)) =

(^{ni} C_w +^{ni} C_w)

nC_w

· 4 · κ · (1 − κ) + 4 · κ^2 (5.8)

For any arbitrary n_i, both the functions f_1(w) =^{ni Cw}_{nCw} ; f_2(w) =^{ni Cw}_{nCw} are monotonically decreasing functions with respect to w. That is, EO(P (w, n, 2)) is a monotonically decreasing function. Hence the proof.

For any value of m > 2, the generalization can be done by assuming that the MACA(n, m) is formed from the concatenation of a 2^{m−1} attractor MACA with a 2-attractor MACA. In this case, we have to assume that there is no bias in patterns either in MACA(n_i, m − 1) (an n_i bit MACA with 2^{m−1} attractor basins) or in MACA(n_i, 1) (an n_i bit MACA with 2 attractor basins, where n_i = n - n_i). � The above discussions establish the fact that the 0-basin of an MACA has strong bias for patterns with low weight value. That is, the patterns in a non 0-basin are close to each other in respect of their Hamming Distance (HD). The next section elaborates the method of synthesizing MACA using the concept of Genetic Algorithm.

5.3 MACA Synthesis - A GA (Genetic Algorithm) Formulation

The previous section has characterized the behavior of the MACA basins. It is shown that an MACA basins forms a natural cluster of patterns with low Hamming Distance between any pair of patterns in the cluster. This property of MACA is exploited in two important applications - Pattern Classification (Chapter 6, Section 6.2) and Associative Memory Modeling (Chapter 6, Section 6.1). However, such applications demand synthesis of desired MACA (T matrix) that can memorize the given set of patterns in its attractor basins. The number of attractor basins (say k) of the MACA may be fixed (Scheme 1) or it can vary depending on the design requirement (Scheme 2). The scheme 1, where the number of attractors k is fixed, is applicable for associative memory modeling. On the other hand, the Scheme 2 is applicable in pattern classification problem. The Synthesis of MACA to map a set of inputs in different attractor basins involves exponential complexity. Hence, in both the schemes, we have employed evolutionary algorithm to arrive at the desired MACA. This section reports the methodology to evolve MACA through Genetic Algorithm (GA). GA performs directed search for the desired MACA in the pool of MACA(n, m).

(a) MACA Rules, T Matrix(1) (b) Pseudo-Chromosome format (c) MACA rules, T Matrix(2) & its Elementary Divisor Sequence

Figure 5.8: MACA encoding for GA formulation

The basic structure of GA revolves around the concept of evolving the successive solutions according to its fitness. The fitness function is defined as per the functionality of the purpose for which MACA is evolved. The fitness functions of two different cases of associative memory modeling & pattern classification are elaborated in the next chapter. For the purpose of evolution, each solution (the solution is an MACA) has to be encoded in bit string format (chromosome).

The most obvious method of encoding an MACA would be to encode the binary counterpart of the CA rules employed for the cells. Existing encoding formats are available in [212, 49, 118, 116, 201]. Since MACA is a very specialized class of Linear CA, a different sequence of the same rules may produce CA that does not preserve the MACA characteristics. For example, a 5 cell CA with Rule Vector <204, 170, 90, 240, 204 > is an MACA (Fig. 5.3) whereas <204, 90, 170, 204, 240> employing the same set of CA rules is not an MACA.

In order to circumvent this problem we have introduced an encoding referred to as pseudo-chromosome format to suit the present GA framework. It is based on the knowledge of elementary divisors and its impact on generation of cyclic and non-cyclic subspace of the MACA.

5.3.1 The Encoding Scheme - A Pseudo Chromosome Format The Pseudo-Chromosome Format encodes an n-bit MACA having 2^m attractors. The characteristic polynomial of an MACA(n, m) can be represented as < x^{d1} · x^{d2} · · · x^{dp} · (1 + x) · · · (1 + x) m times > (Result II in Section 5.1). The different sequence of x^{di} ’s and (1 + x)’s construct different MACA(T ). The T matrices of Fig. 5.8 and Fig. 5.9 are constructed from the same set of x^{di} ’s and (1 + x)’s arranged in different sequence.

In a pseudo chromosome, the sequence of x^{di} ’s and (1 + x)’s are encoded. It is a string of n bits where (a) d_i positions occupied by a x^{di} is represented by d_i followed by (d_i − 1) zeros (for example, x^3 as [300]) and (b) (1 + x) is represented by -1. It gives a semblance of the chromosome and hence termed as pseudo-chromosome format. The pseudo-chromosome format of MACA, whose Characteristic Matrix is T of Fig. 5.8(a), is illustrated in Fig.

5.8(b). However, two different MACA can have same sequence of elementary divisor, hence, two different T matrices of (Fig. 5.8(a) & 5.8(c) produces the same underlying pseudo chromosome (Fig. 5.8(b)). Therefore, during evolution the encoding scheme stores both the pseudo-chromosome and the T matrix forming it. To sum up the discussion, Rules forming the MACA changes for the different sequence of elementary divisors (Fig. 5.8 & 5.9) as well as from the method employed to synthesize the T matrix from the same sequence of elementary divisors. The encoding scheme handles both the variation. In the proposed MACA Synthesis scheme,

Figure 5.9: MACA Rules, Characteristic Matrix T and its pseudo-chromosome format the three major functions of GA - Random Generation of Initial Population, Crossover and Mutation operate on this encoded pseudo-chromosome. Implementation of each of these functions is undertaken in subsequent subsections. Variations in each function with respect to Scheme 1 (where the number of attractor basin is fixed) and Scheme 2 - (where the number of attractor basins vary) is highlighted during the discussions.

5.3.2 Random Generation of the Initial Population

In this scheme we randomly generate n-bit MACA with k = 2^m number of attractors where m = ⌈log_2(k)⌉ to form the population for GA. The value of m may be fixed (Scheme 1) or it can be randomly generated (Scheme 2). Depending on the value of m, a sequence of the elementary divisors is generated which finally leads to the desired MACA. The following discussion illustrates the underlying principle employed to generate a member of the Initial Population (IP ).

Let us consider that the given characteristic polynomial is x^8(1 + x)^2. One random sequence of the elementary divisor can be x^4 · (1 + x) · x^2 · (1 + x) · x^2 (Fig. 5.8 (a)). In the proposed synthesis scheme, each elementary divisor is separately synthesized (Algorithm 4.7) to get equivalent T_i matrix. The T matrix for the MACA is finally synthesized by arranging submatrices in Block Diagonal/ Triangular form [321] shown in Fig. 5.8(a). The Block Diagonal Form, as illustrated in Fig. 5.10, can have any of the three alternatives - Method I, II & III. Method II & Method III of Fig. 5.10 places two T_i matrices in Block Triangular Form, while Method I places two sub-matrices in Block Diagonal Form. The Block Triangular Form cannot be used if both T_i matrices correspond to (1 + x). While synthesizing, we randomly choose the possible alternatives from Method I, II & III to generate the final T -matrix. (Depending upon the methods selected, the T matrix can be different even if the pseudo-chromosome may be same (Fig. 5.8 (a) &(c)). The following algorithm formalizes the earlier discussions. For Scheme 2, the values of m (where 2^m is the number of attractors) is randomly generated.

Algorithm 5.1 Rand gen MACA Input: n - the size of MACA, 2^m is the number of attractors and m is the number of bits in Pseudo Exhaustive Field (P EF , Definition 5.2) Output: T matrix representing an MACA with 2^m attractor Step 1: Randomly divide (n − m) into d_1, d_2 · · · d_p.

Step 2: Randomly arrange the sequence of x^{di} ’s and (1+x)’s to form the pseudo-chromosome. Step 3: Synthesize T̂_i matrix corresponding to the ‘elementary divisors x^{di} ’, i = 1 to p. Step 4: Synthesize T̂_j matrix for each elementary divisor (1 + x), j = 1 to m. Step 5: Select any one of the methods I, II or III of Fig. 5.10 to arrange the T_i’s and T_j ’s maintaining the sequence fixed in pseudo-chromosome format and form the final T matrix.

Note: (i) [ T_1 ] & [ T_2 ] in Block Diagonal/ Triangular Form each represents an Elementary Divisor (either x^d or (1 + x)) (ii) While using Method II, III, one restriction to be maintained - T_2 & T_1 both cannot be (1 + x).

Figure 5.10: Different methods to arrange two matrices

The crossover and mutation algorithms implemented for the current GA formulation are similar to the conventional ones normally employed for GA framework. We choose single point crossover and single bit mutation techniques. However, it demands some correction in the structure of the pseudo chromosome, after these two operations, to maintain the structural integrity of the chromosome (shown in Fig. 5.8 (b)). The correction schemes employed subsequent to cross-over differ for Scheme 1 and Scheme 2 for fixed and variable number of attractor basins respectively. However, it is the same in case of mutation. We first describe the Mutation operation in our GA framework. 5.3.3 Mutation Algorithm

The mutation algorithm selects a chromosome of higher fitness from the Present Population (P P ) and generates a new chromosome for the population of next generation (NP ). The T matrix of an example MACA is illustrated in Fig. 5.11a, (its pseudo-chromosome format shown in Fig. 5.11(b(i))) is mutated at a single point. In mutation algorithm, an (1 + x)’s position is altered (from ρ_1 to ρ_2 of Fig. 5.11(b(i)) resulting in a (−1) in ρ_1^{th} position and 0 in ρ_2^{th} position.) Some inconsistencies may crop up due to such alteration. The inconsistencies (encircled in Fig. 5.11(b(ii)) should be resolved to ensure that the new

Figure 5.11: Illustration of Mutation Algorithm

CA after mutation is also an MACA that preserves the property of pseudo chromosome format illustrated in Fig. 5.8. The encircled inconsistencies in the pseudo-chromosome of Fig. 5.11(b(ii)) rising due to mutation can be resolved by replacing ‘4’ and ‘2’ with ‘3’. This leads to a pseudo chromosome of Fig. 5.11(b(iii)) - the corresponding T matrix is shown in Fig. 5.11(c).

The sequential steps of the mutation scheme are noted in the following algorithm.

Algorithm 5.2 Mutation Algorithm Input: An MACA of P P (Present Population) randomly selected Output: New MACA for NP (Next Population) Step 1: Take the pseudo-chromosome format of the MACA.

Step 2: Randomly select a (1 + x)’s position (ρ_1) and put it in a non-(1 + x) position (ρ_2). Step 3: Make necessary modifications at mutated points to maintain consistency (Section 5.3.1) of the pseudo-chromosome format.

5.3.4 Crossover Algorithm

The crossover algorithm implemented for the proposed MACA synthesis scheme is the conventional one normally used for GA framework with minor modification. The algorithm takes two MACA from the present population (P P ) and generates a member MACA for Next Population (NP ). It sets a crossover point and the two halves of the new chromosome around the crossover point are taken from the two MACA selected for the crossover. After crossover, the inconsistencies in the chromosome, if there are any, are resolved to preserve the integrity of the pseudo chromosome format. The technique for removal of inconsistencies differ for Scheme 1 & Scheme 2. In Scheme 1, there is an additional constraint of keeping the number of attractors fixed. Removal of inconsistency for Scheme 2 that supports variable number of attractors has been detailed in subsequent discussions.

Fig. 5.12 describes the crossover process. Two MACA in pseudo-chromosome format are shown in Fig. 5.12(a(i)) and Fig. 5.12(a(ii)), the T matrices of which are shown in the Fig. 5.12(b) and Fig. 5.12(c) respectively. Each of the participating MACA has two occurrences of the factor (1 + x). That is, these are the 2^2 attractor MACA. Let us consider that to form the new chromosome after crossover, the first 6 symbols are taken from MACA_1, while the rest 4 symbols are taken from MACA_2 - that is, 6^{th} position from the left is the crossover point.

The resulting CA, as explained below, violates the pseudo-chromosome format in the 6^{th} position (encircled in Fig. 5.12(a(iii))). The pseudo-chromosome format represents x^{di} by d_i followed by (d_i − 1) number of zeros. But in the case of the newly created chromosome of Fig. 5.12(a(iii)), the 7^{th} symbol should be zero. It is resolved by replacing the 6^{th} symbol ‘2’ with ‘1’ to form a CA having elementary divisor x (Fig. 5.12(a(iv))). Correspondingly, the T matrix of Fig. 5.12(d) which is formed after mutation is modified to form T matrix of Fig. 5.12(e). The resultant chromosome of Fig. 5.12(a(iv)) and T matrix of Fig. 5.12(e) has three (1 + x) factors - that is, it is an MACA with 2^3 attractors. This conforms with the requirement of Scheme 2 and the chromosome in Fig. 5.12(a(iv)) is the candidate for NP without any inconsistencies.

However, while we are using Scheme 1, the restriction is - the resultant MACA should have 2^2 attractors. Hence, to satisfy this constraint for Scheme 1, we should further resolve the inconsistencies that is still present in the pseudo-chromosome of Fig. 5.12(a(iv)).

Since there is one extra (1 + x) factor, we randomly select one as the candidate for removal. In Fig. 5.12(a(iv)), let the last one be selected. We convert the extra factor (1+x) in the form of x^d simultaneously maintaining the degree of the polynomial represented by the chromosome. For Fig. 5.12(a(iv)), we can select the last three cells of the pseudochromosome format - that is, [2, 0, -1] and can modify it to [3, 0, 0] to set the chromosome of Fig. 5.12(a(v)) without any inconsistency. The corresponding changes also occur in T -matrix and T -matrix of Fig. 5.12(f) is produced. The following algorithm formalizes the above discussions.

Algorithm 5.3 Algorithm Cross-over Input: Two randomly selected MACA (MACA_1 & MACA_2) (For Scheme 1 MACA_1 & MACA_2 both should have 2^m attractor) Output: Resultant MACA for NP Step 1: Randomly generate a number ‘q’ between 1 & n.

Step 2: Take the first q symbols from MACA_1 and the (n − q) symbols of MACA_2. Form an MACA concatenating these symbols.

Step 3: Make the necessary modifications of the MACA around the partition points to conform with the pseudo-chromosome format ( Section 5.3.1) for the resulting MACA. Step 4: For Scheme 1, make necessary modifications in pseudo-chromosome format to ensure that the number of attractors is 2^m.

5.3.5 Selection, Crossover and Mutation Probability

The genetic algorithm has been employed to synthesize MACA for two applications reported in the next chapter. The two applications are modeling associative memory and design of General Pattern Classifier. From exclusive study of GA evolutions for these two applications, we have fixed the associated parameters to derive the NP out of P P . The population size at each generation is set to 50. The crossover probability (p_c) is set to 0.8, while the probability of mutation (p_m) is set as 0.001. We follow the elitist model to carry

Figure 5.12: An Example of Cross-over Technique

forward the 10 best solutions of P P for the next generation(NP ). The Fitness Function is determined according to the requirement of the problem, two such requirements will be discussed in the next chapter.

5.4 Conclusion

The chapter establishes an analytical foundation of the state space generated by an MACA. It shows that the states in different MACA basins form natural clusters. Besides the analytical framework, an innovative constrained Genetic Algorithm which subtly combines Linear Algebra with evolutionary methodology provides a sound foundation for synthesis of MACA model for specific applications. Based upon this characterization and evolutionary tool, we develop the applications for modeling Associative Memory and Pattern Classification in the next chapter.

5.5 Appendix of Chapter 5

As reported in Section 5.2.2, computation of |P (w, n, m)| - that is, the expected number of patterns with weight w in the 0-basin of an n-cell MACA with 2^m attractors, is noted in this appendix. The appendix is divided into two parts - Appendix A and Appendix B. The Appendix A elaborates the method of computing |P (w, n, m)| while Appendix B presents the supporting analytical framework.

5.5.1 Appendix A - Computation of |P (w, n, m)|

The computation of |P (w, n, m)| is carried out in two steps. In Step 1, we compute |P (w, n, 1)| and subsequently generalize computation of |P (w, n, m)| for m > 1. To derive the analytical expression for computing |P (w, n, m)|, let us introduce the concept of

Dependency Vector and Dependency String for an MACA.

Dependency Vector and Dependency String : In a subspace of dimension (n − m), if the set of n-bit vectors of the subspace is represented as a system of n variable equations, then there will be m dependent variables. The following example illustrates the point.

Example 5.6 Consider the vector subspace V = {00000, 01001, 10001,11000, 00110, 01111, 10111, 11110}. All the vectors v_i ∈ V are 5 (= n) bits long. The dimension of the vector subspace is 3. Therefore m = 5 - 3 = 2. If the vector set (V ) is represented as the system of linear equations of five variables (a, b, c, d, e), then the elements have equivalent representation as noted in Table 5.1. In the set of equations of Table 5.1, (1) a ⊕ b ⊕ e = 0 in all the vectors v_i ∈ V ; that is, a is dependent on b and e, and (2) c ⊕ d = 0 in all v_i ∈ V , that is, c is dependent on d.

That is, there are 2(m) number of dependent relation existing in the vector subspace.

Table 5.1: System of Linear Equations representing a set of Vectors

Vector Corresponding Linear Equation 00000 0 · a + 0 · b + 0 · c + 0 · d + 0 · e = 0 01001 0 · a + 1 · b + 0 · c + 0 · d + 1 · e = 0 10001 1 · a + 0 · b + 0 · c + 0 · d + 1 · e = 0 11000 1 · a + 1 · b + 0 · c + 0 · d + 0 · e = 0 00110 0 · a + 0 · b + 1 · c + 1 · d + 0 · e = 0 01111 0 · a + 1 · b + 1 · c + 1 · d + 1 · e = 0 10111 1 · a + 0 · b + 1 · c + 1 · d + 1 · e = 0 11110 1 · a + 1 · b + 1 · c + 1 · d + 0 · e = 0

Formal definition of Dependency Vector and Dependency String follows.

Definition 5.4 Dependency Vector (DV) represents the linear dependency relationship supported by all the elements in a vector sub-space (V ).

Each of the n bits signifies the order of the variables- that is, the bits in the DV represents the variable in the sequence < abcde >. The two dependency vectors for the illustrative example 5.6 are < 11001 > (corresponding to dependent variables a, b, e) & < 00110 > (corresponding to dependent variables c and d). The 1’s in the DV signify the dependent variables; that is,

DV · v^t_i = 0 ∀v_i ∈ V (5.9)

Definition 5.5 Dependency string (DS) represents the multiple linear dependency, if it exists in the vector sub-space (V ). The Dependency String in Example 5.6 is [11221] where ‘1’ indicate the relationship between a, b & e while ‘2’ indicates the relationship between c and d. In essence, the two Dependency Vectors (DV ) are merged to form the string.

The dependency vector and the dependency string has important connotation with respect to 0-basin of MACA. The 0-basin of an MACA(n, 1), having 2 attractor basins, is a subspace of dimension (n − 1) (Theorem 5.3). So there is one dependent variable in the vector subspace and thus the characterization of the 0-basin can be solely done by a dependency vector. The 0-basin of an MACA(n, m) is a subspace of dimension (n − m). Therefore, there are m dependent variables in the subspace. A dependency string representing multiple DV is necessary for characterization of MACA(n, m).

The design methodology specifies that MACA(n, m) is formed from concatenation of m two attractor MACA. The analysis of 0-basins is also guided by this specification. We first analyze the pattern distribution of 0-basins of 2-attractor MACA and subsequently generalize it for 2^m attractor MACA. The pattern distribution for two and multiple attractor MACA is denoted as |P (w, n, 1)| and |P (w, n, m)| respectively. Computation of |P (w, n, 1)|

To calculate |P (w, n, 1)|, we first find out the total number of Dependency Vector supported by 0-basin of an n-cell 2-attractor MACA. The Dependency Vector supported by 0-basin is termed as legal dependency vector (LDV). The number of LDV specifies the number of MACA(n, 1) with distinct 0-basins and is denoted by N(n, 1). Next, we calculate |P_{N(n,m)}(w, n, 1)| - the total number of w-weighted patterns formed in a 0-basin of these MACA(n, 1). Finally, we measure the average. (a) Computation of N(n,1) To compute N(n,1), the first task is to calculate the number of LDV (Legal Dependency Vector) defined below. This is equivalent to computing the number of n-cell 2-attractor MACA with distinct 0-basin. A 3-neighborhood MACA whose next state depends on itself, its left neighbor and right neighbor, cannot produce 0-basin supporting all the variations of dependency vector. The properties of legal dependency vectors which can be generated by 0-basin of MACA(n, 1) is defined below.

Definition 5.6 A Legal Dependency Vector (LDV ) is a vector which doesn’t contain 2 or more zeroes in between two 1’s.

The theoretical foundation of the basis of LDV definition is reported in the Appendix B (Section 5.5.2, page 121).

Example 5.7 Some examples of legal dependency vectors are < 101011 >, < 11010111 >, < 001100 > etc. while the examples of Dependency Vectors which cannot be generated by a three neighborhood MACA are < 100011 >, < 1001001 >. In both the cases, there are two or more zeroes between a pair of 1’s.

To calculate the total number of n-bit LDV , that is N(n, 1), we introduce the concept of Dependency weight. Let a dependency vector involve w̃ number of variables. That is, the number of 1’s (that is weight) of the vector is w̃. The set of Legal Dependency Vector involving w̃ number of variables is denoted as D(w̃) while its cardinality is denoted as |D(w̃)|.

The following Lemma specifies the relation for computing N(n, 1).

Lemma 5.8 The total number of Dependency Vectors - N(n, 1) for two attractor basins (m=1) MACA is given by

N(n, 1) = n∑ w̃=1

|D(w̃)| (5.10)

where |D(w̃)| denotes the set of Legal Dependency Vector of weight w̃.

Proof : As per the Definition 5.6, in all the legal dependency vector D(w̃), the 1’s are placed in such a way so that there are no two or more consecutive zeroes in between a pair of 1’s. So the number of legal |D(w̃)| is given by

|D(w̃)| = ḱ∑ k=0 C^{w̃−1}_k .(n − w̃ − k + 1) (5.11)

where ḱ = Min{(w̃ − 1), (n − w̃ + 1)}.

Hence the total number of Dependency Vectors (N(n, 1)) - that is, the number of MACA(n, 1) each having a different zero basin configuration is given by

N(n, 1) = n∑ w̃=1

|D(w̃)| � (b). Computation of |P_{N(n,1)}(w, n, 1)| After computation of N(n,1), the computation of w-weighted patterns |P_{N(n,1)}(w, n, 1)|, in all the N(n,1) number of MACA(n,1) is initiated. To facilitate further discussions, we introduce the term P (w, n, 1, w̃). The set of w-weighted patterns in the n-bit vector subspace of dimension (n − 1) generated by the dependency vector whose Dependency weight is w̃ is denoted as P (w, n, 1, w̃); its cardinality is denoted as |P (w, n, 1, w̃)|.

The pattern distribution of an (n − 1) dimensional vector subspace (V ) is determined by weight of the dependency vector (DV ) representing the subspace. The relationship is expressed through the following lemma.

Lemma 5.9 The value of |P (w, n, 1, w̃)| is given by

|P (w, n, 1, w̃)| = w̃∑ k=0,2,···

w̃C_k.^{n−w̃}C_{w−k} (5.12)

Proof : Let V be a vector subspace. In any vector (v ∈ V ), since w̃ bits are dependent, the summation of the corresponding w̃ bits in v is zero. Therefore, in those w̃ bits, the number of 1’s is even. Hence the Relation 5.12 follows. � Based upon the computation of |P (w, n, 1, w̃)|, we enumerate |P_{N(n,1)}(w, n, 1)|.

Lemma 5.10 In two attractor basins MACA, the total number of patterns with weight w denoted as (|P_{N(n,1)}(w, n, 1)|) is given by

|P_{N(n,1)}(w, n, 1)| = n∑ w̃=1

|D(w̃)| · |P (w, n, 1, w̃)| (5.13)

Proof : As per Lemma 5.9, each member of D(w̃) has |P (w, n, 1, w̃)| (Lemma 5.9) number of patterns with weight w. So, in all possible vector space N(n, 1), the number of patterns with weight w will be

|P_{N(n,1)}(w, n, 1)| = n∑ w̃=1

|D(w̃)| · |P (w, n, 1, w̃)|

� Therefore, by averaging -

Theorem 5.11 The value of |P (w, n, 1)| is given by

|P (w, n, 1)| = n∑ w̃=1

|D(w̃)| · |P_{N(n,1)}(w, n, 1)| ∑_n

w̃=1 |D(w̃)|

(5.14)

Proof : The value of |P (w, n, 1)| is given by |P (w, n, 1)|=^{|PN(n,1) (w,n,1)|}_{N(n,1)} . The rest of the proof directly follows from that of Lemma 5.8 and 5.10 - that is, from Relation 5.10 and 5.13. � Computation of |P (w, n, m)|

Based upon the results of |P (w, n, 1)|, the value of |P (w, n, m)| can be computed. The concept of Legal Dependency String (LDS) is next introduced to enumerate the number of 2^m attractor n-cell MACA. The following lemma characterizes Legal Dependency String. Lemma 5.12 A Legal Dependency String (LDS) has the constituent legal dependency vectors (LDV ) placed in non-overlapping positions.

Proof : From Theorem 5.4 & Fig. 5.4, an MACA(n, m) is so formed that the constituent T_i matrix, each representing an MACA(n_i, 1) are placed in Block Diagonal Form. So each T_i has no dependency or overlap with any T_j . Since each T_i represents a 2-attractor MACA, corresponding to each T_i, there is a dependency vector. Hence, the MACA(n, m) is concatenation of m non-overlapping dependency vector. �

Example 5.8 An example Legal Dependency String is [101012020], whereas the following dependency string [12010], where 1 & 2 are interleaved, is illegal. The vectors of the 0-basin of an MACA(n, m) will not generate such illegal dependency string.

To compute P (w, n, m), we first calculate the number of Legal Dependency Strings - that is, the number of MACA(n, m) with distinct 0-basins which is denoted by N(n, m). Next, we calculate |P_{N(n,m)}(w, n, m)| - the total number of w-weighted patterns formed in a 0-basins of these N(n, m) number of MACA. Finally, we measure the average.

The study of placements of LDV in the LDS helps us to determine both N(n, m) and P(w, n, m). In order to facilitate further discussions, we next introduce the terms Partition Configuration (P C), Weight of Partition (W P ) illustrated in Fig. 5.13. The figure illustrates the nature of LDV placement in each partition, variation of which is responsible for formation of new LDS.

Partition Configuration (P C), LDV (Legal Dependency Vector) Placement, and Weight of Partition (W P ) Partition Configuration (P C) : Since the LDV ’s are placed in non-overlapping position during formation of LDS, the formation of MACA(n, m) produces m partitions, each partition containing an LDV . Fig. 5.13(a) illustrates the concept of partition. The MACA(10, 3) has 3 partitions numbered as PN(1), PN(2), PN(3). The partition configuration can be constructed in different ways. Fig. 5.13(a) shows two representative partitions (2, 4, 4) and (3, 3, 4) respectively. The total set of all possible such partition configurations is denoted with capital letters (P C), while each individual instance is denoted with small letters - pc. In Fig. 5.13(a), we have shown two pc’s (2, 4, 4) and (3, 3, 4) respectively. LDV Placement : Given a fixed partition configuration (pc), each partition encompasses an LDV (Legal Dependency Vector). The LDV at each partition, can be of different types, each type changing the nature of LDS (legal Dependency String). Fig. 5.13(b) shows that at pc = {3, 3, 4}, the LDV at each partition differs. In the first case, the LDV has been placed as [101|222|3030], while in the second case it is [001|222|3030]. The change in LDV at P N(1) from Fig. 5.13(b(i)) to Fig. 5.13(b(ii)) results in a different configuration of LDS. Hence, all possible LDS is the product of Distinct LDV in each partition. Uniqueness of LDV in a Partition Configuration : To ensure uniqueness, such that a particular LDS is a member of a single partition configuration, each LDV except the last one should have non-zero in the last position of its corresponding partition. Fig. 5.13(c(i)) & (c(ii)) shows two different pc forming the same LDS namely [0102023030]. However, it is considered only as member of pc = (2,4,4) - that is, Fig. 5.13(c(i)) since in the case (ii) of Fig. 5.13(c) PN(1) has ended with ‘0’ violating the legality constraint. The condition of uniqueness is formalized through the following axiom Axiom 5.1 : Given a particular pc = (n_{1pc}, n_{2pc} · · · n_{mpc}), where n_{ipc} is the width of the i^{th} partition, an LDS is a member of the pc, if all the n_{ipc}-bit LDV , except the last, has the n^{th}_{ipc} -bit non-zero.

Weight of Partition (W P ) : A w-weighted vector can be constructed from pc by distributing the weights in each of the partitions. For example, Fig. 5.13(d) shows two different methods to construct a pattern of weight(w) = 5. In the first case, Fig. 5.13(d(i))

(a) 10-cell MACA can be partitioned into three partitions in a number of ways. Partition Configuration pc = (2,4,4) & pc = (3,3,4) are two representative examples.

(b) Given a partition configuration (pc) two different configurations of LDV (Legal Dependency Vector) constructing LDS (Legal Dependency String)

(c) Each LDV should have non-zero at the last position of its constituent partition. The case (ii) violates the rule, hence illegal, while case (i) is legal

(d) Given a particular Partition Configuration pc of Fig. 5.13(a), two such representative weight distribution for w =5.

Figure 5.13: Concept of Partition Number, Partition Configuration, LDV Placement, and Weight of Partition

w_1 = 1, w_2 = 2, w_3 =2, while in the second case, w_1 = 3, w_2 = 1, w_3 = 1. The set of all such configurations is denoted as W P , while an individual instance is termed as wp. The two example wp are (1, 2, 2) and (3, 1, 1) respectively.

We now elaborate the methodology to compute N(n, m).

(a) Computation of N(n, m) : The essential steps are elaborated below. Since a Legal Dependency String(LDS) is formed from m non-overlapping Legal Dependency Vector, at a particular partition configuration (pc) = (n_{1pc}, n_{2pc} · · · n_{mpc}), the total number of LDS - N_{pc}(n, m) - is the product of the number of Distinct LDV denoted as N̂(n_{ipc}) possible in each partition. For example, let us take an LDS comprising of 3 LDV s of length 10, then a particular partition configuration is (3, 3, 4) (Fig. 5.13(a(ii))). Let the number of Distinct LDV at each partition be 7, 7, 9 respectively. Therefore, the total number of LDV s = 7 × 7 × 9 = 441. Formalizing, for a particular configuration (say pc)

N_{pc}(n, m) = N̂(n_{1pc}) × N̂(n_{2pc}) × · · · × N̂(n_{mpc}) (5.15)

where n_{ipc} implies the width of i^{th} partition for the particular pc. The total number of N(n, m) is the summation over all such pc, that is, the set P C. Therefore,

N(n, m) = ∑ P C N̂(n_{1pc}) × N̂(n_{2pc}) × · · · × N̂(n_{mpc}) (5.16)

We next elaborate the methodology of enumerating N̂(n_{ipc}) - the number of distinct Legal Dependency Vector (LDV ) in a specific partition configuration denoted as pc. Enumeration of N̂(n_{ipc}): The enumeration of N̂(n_{ipc}) is guided by the principle stated in the Axiom 5.1. It points to the fact that for each of the partitions except the last one, a non-zero bit should be present in the n^{th}_{ipc} (i = 1, 2, · · ·, m - 1) position. Therefore, enumerating the number of Distinct LDV - N̂(n_{mpc}) in the last partition - (PN(m)) is quite straight forward. It is equal to the number of MACA - N(n_{mpc}, 1) where n_{mpc} is the width of the partition.

We are elaborating the methodology of calculating N̂(n_{ipc}), where partition number(PN) i < m. All (n_{ipc} - 1) bit LDV are members of n_{ipc}-bit LDV with the addition of 0 in the n_{ipc}^{th} bit. For example, a member of 4-bit LDV [1010] is basically formed from a 3-bit LDV [101] with an addition of ‘0’ in the 4^{th} bit. Therefore, the LDV s which have 1 in the n^{th}_{ipc} position are those which are not directly produced from the set of (n_{ipc} − 1)^{th} bit LDV . Hence, the number of n_{ipc} bit Distinct LDV - N̂(n_{ipc}) is given by

N̂(n_{ipc}) = N(n_{ipc}, 1) − N((n_{ipc} − 1), 1)

On generalization,

N̂(n_{ipc}) = { N(n_{ipc}, 1) − N((n_{ipc} − 1), 1) for PN(i) where i = 1 to m-1 N(n_{ipc}, 1) for PN(i) where i = m

(5.17)

(b) Computation of |P_{N(n,m)}(w, n, m)| :

To compute |P_{N(n,m)}(w, n, m)| - that is the total number of patterns of weight w in all the N(n, m) constituent MACA, (i) we first compute |P_{Npc(n,m)}(w, n, m, wp)|, that is the number of patterns of weight w in the constituent N_{pc}(n, m) MACA for a particular Partition Configuration (pc), with the restriction that weights are formed by maintaining a particular ‘weight of partition’ (wp). (ii) Next, we enumerate |P_{Npc(n,m)}(w, n, m)|, that is patterns of weight w at a particular pc (the weights considered are formed through all possible wp). Subsequently, we add the number of such patterns for each of the pc’s to compute |P_{N(n,m)}(w, n, m)|. The following steps are executed to enumerate |P_{N(n,m)}(w, n, m)|.

Patterns at a Particular (pc, wp) : Each w weighted pattern in MACA(n, m) is formed from concatenation of w_i patterns, each contributed by the constituent i^{th} partition such that w_1 + w_2 · · · + w_m = w. The number of w_{ipc} weighted patterns present in the i^{th} partition is given by |P_{N̂ (nipc)}(w_{iwp}, n_{ipc}, m)|. Therefore, the total number of wweighted patterns in the 0-basins of the candidate MACA, at a particular (pc, wp) - denoted by |P_{Npc(n,m)}(w_i, n_i, m, wp)| is equal to the cross-product of the number of w_{iwp} weighted patterns formed at each i^{th} partition.

|P_{Npc(n,m)}(w, n, m, wp)| = m∏ i=1 |P_{N̂(nipc)}(w_{iwp}, n_{ipc}, m)| (5.18)

Patterns at a Particular (pc) : The total number of w-weighted pattern in the 0-basins of N_{pc}(n, m) number of MACA at a particular partition configuration (pc) is denoted as |P_{Npc(n,m)}(w, n, m)|. It is computed by summing |P_{Npc(n,m)}(w, n, m, wp)| over all wp - that is W P . Thus,

|P_{Npc(n,m)}(w, n, m)| = ∑ ∀wp∈W P m∏ i=1 |P_{N̂ (nipc)}(w_{iwp}, n_{ipc}, m)| (5.19)

Therefore, the average |P (w, n, m, pc)| number of w weighted patterns each individual MACA formed at the partition configuration (pc) is |P (w, n, m, pc)|, where

|P (w, n, m, pc)| =

|P_{Npc(n,m)}(w, n, m)|

N_{pc}(n, m)

(5.20)

Patterns over all the pc’s : Hence, to sum over all partition configurations, we take the weighted sum of each configuration(pc)

|P_{N(n,m)}(w, n, m)| = ∑ ∀pc∈P C

|P (w, n, m, pc)| × N_{pc}(n, m) (5.21)

Consequently, the average number of w weighted patterns in each 0-basin of an MACA(n, m) is specified by the following theorem.

Theorem 5.13 The value of |P (w, n, m)| is given by

|P (w, n, m)| = ∑ pc (|P (w, n, m, pc)|) × N_{pc}(n, m)

N(n, m)

(5.22)

Proof : The value of |P (w, n, m)| is given by |P (w, n, m)|=|P_{N(n,m)}(w, n, m)|/N(n, m). The rest of the proof directly follows from the Relation 5.21. �

5.5.2 Appendix B - Legal Dependency Vector

The Theorem 5.16 which lays foundation for definition of legal dependency vector (Definition 5.6) is next presented. Two background lemmas necessary to build up the Theorem 5.16 is first reported. [Dependency Vector (DV ), as per the Definition 5.9, represents the linear dependency relationship supported by all the elements in a vector sub-space (V ).]

Lemma 5.14 In a 2-attractor MACA represented by T matrix and having depth d, the T^d matrix and Dependency Vector generating the 0-basin of the MACA are equivalent

Proof : All states in the 0-basin of the MACA reach the attractor within d steps that is, T^d · v = 0, ∀v ∈ 0 − basin (5.23)

Since it is a 2-attractor basin MACA, the number of elements in 0-basin is half the total number of elements in the vector space. Therefore, there is only one independent row in T^d.

Similar to T^d, dependency vector (DV ) also generates the 0-basin, as according to Relation 5.9

DV · v^t_i = 0 ∀v_i ∈ V

Hence, the independent row of T^d matrix is equivalent to the n-dimensional dependency vector (DV ) generating the vector sub-space of the MACA 0-basin. �

Lemma 5.15 Given a DV of the form DV = [ 1 · · · 1_i 0 0 1_{i+3} · · · 1 ] , where [0 0] is in the (i + 1)^{th} and (i + 2)^{th} cell, the T matrix will be of the form

T =

· · · · · · · · · ∗ [0]_{i,i+1} 0 0 · · ∗ ∗ ∗ 0 · · · · 0 ∗ ∗ ∗ · · 0 0 [0]_{i+3,i+2} ∗ · · · · · · ·

(* indicate either 0 or 1)

Proof : The characteristic and minimal polynomial of an n-cell MACA, as noted in [56], is x^d(1 + x)(Result III), where d is the depth of its attractor basin, and d = n - 1.

From Cayley Hamilton Theorem [124], the following result follows :

T^d(I + T ) = 0 i.e. T^d · T = T^d (5.24)

where T is the n × n characteristic matrix of an MACA matrix.

Since T^d has a single independent row, each non-zero rows will be same and equivalent to DV denoted as D̂V = [ 1 · · · 1 0 0 1 · · · 1 ] . Therefore, Relation 5.24 can be re-written as [ 1 · · · 1 0 0 1 · · · 1 ] × · · · T · · · = [ 1 · · · 1 0 0 1 · · · 1 ] (5.25)

where T is the 3-neighborhood band matrix representing the MACA and having characteristic polynomial x^d(1 + x).

In order to satisfy the Relation 5.25, the T matrix should be of the form

T =

· i^{th}col · · (i + 3)^{th}col · · ↓ · · ↓ · · ∗ [0] 0 0 → i^{th}row· · ∗ ∗ ∗ 0 · · · · 0 ∗ ∗ ∗ · · 0 0 [0] ∗ → (i + 3)^{th}row· · · · · · ·

(* indicate either 0 or 1)

That is, in the T_{i,i+1}th & T_{i+3,i+2}th position (specified within [ ]) can have only ‘ 0’ element. �

Theorem 5.16 The vector subspace of the 0-basin of a three neighborhood n cell MACA with two attractor basins cannot generate a Dependency Vector (DV ) of the form [1· · · 1 · · · ( k 0’s ) · · · 1 · · ·1] with k number of 0’s between a pair of 1’s, where k ≥ 2.

Proof : The proof is presented for the case of k (= 2) numbers of 0’s between a pair of 1’s. It can be easily generalized for any value of k. The DV as per the theorem, is DV = [ 1 · · · 1_i 0 0 1_{i+3} · · · 1 ] , where the 1’s at either end ensures its uniqueness for a particular value of n. It is worthwhile to note that ‘0’ at either end would imply that the DV is supported by smaller values of n and hence the proof can proceed accordingly.

The T matrix, as per Lemma 5.15, will be of the form

T =

· i^{th}col · · (i + 3)^{th}col · · ↓ · · ↓ · · ∗ [0] 0 0 → i^{th}row· · ∗ ∗ ∗ 0 · · · · 0 ∗ ∗ ∗ · · 0 0 [0] ∗ → (i + 3)^{th}row· · · · · · ·

(* indicate either 0 or 1)

That is, in the T_{i,i+1}th & T_{i+3,i+2}th position (specified within [ ]) can have only ‘0’ element.

For the T matrix of the above form, there will be a dependent row between the first i rows. Similarly, there will be a dependent row between (i + 3)^{th} to n^{th} rows (Lemma 5.17). So from the above two instances there are at least two separate dependent rows in the T -matrix and therefore, we can conclude rank(T ) ≤ n−2. But the rank of a 2-attractor MACA, generating the given DV , as per [56] is n − 1. Hence, there is a contradiction.

123 Therefore, dependency vector of the form DV = [ 1 · · · 1 0 0 1 · · · 1 ] cannot exist. � The dependent row relationship which has formed the foundation for the above theorem is next elaborated.

Lemma 5.17 There is at least one dependent row among the first i rows in the T matrix of the form

T =

· · · · · · · · · ∗ [0]_{i,i+1} 0 0 · · ∗ ∗ ∗ 0 · · · · 0 ∗ ∗ ∗ · · 0 0 [0]_{i+3,i+2} ∗ · · · · · · ·

(* indicate either 0 or 1)

Proof : Let any pattern v ∈ 0 − basin be v = [ b_1 · · · b_i b_{i+1} b_{i+2} b_{i+3} · · · b_n ] . Therefore, as per the Relation 5.23, T^d · v = 0, specifies that we obtain the all 0 vector by multiplying v by the T matrix successively d times.

Considering the bit b_i, the successive product of i^{th} row of T matrix produces b_i|t_d = 0, where b_i|t_d indicates the state of the bit b_i after d time steps. The computation of b_i after d time steps depends on other rows of T in addition to its i^{th} row. We next probe this nature of dependency. We first illustrate the nature of dependency for t = 2, then generalize the result for t = d.

In the i^{th} row, only the elements T_{i,i−1}, T_{i,i} & T_{i,i+1} can be non-zero, hence the following relations can be written. After one time step,

b_i|t_1 = T_{i,i−1} · b_{i−1} + T_{i,i} · b_i + T_{i,i+1} · b_{i+1} (5.26)

After two time steps,

b_i|t_2 = T_{i,i−1} · (b_{i−1}|t_1) + T_{i,i} · (b_i|t_1) + T_{i,i+1} · (b_{i+1}|t_1) (5.27)

The Relation 5.27 can be substituted with Relation 5.26 and can be written as follow

b_i|t_2 = T_{i,i−1} · (T_{i−1,i−2} · b_{i−2} + T_{i−1,i−1} · b_{i−1} + T_{i−1,i} · b_i) + T_{i,i} · (T_{i,i−1} · b_{i−1}+ T_{i,i} · b_i + T_{i,i+1} · b_{i+1}) + T_{i,i+1} · (T_{i+1,i} · b_i + T_{i+1,i+1} · b_{i+1} + T_{i+1,i+2} · b_{i+2})

Reorienting the relation by clubbing each of the b_k’s together.

b_i|t_2 = T_{i,i−1} · T_{i−1,i−2} · b_{i−2} + (T_{i,i−1} · T_{i−1,i−1} + T_{i,i} · T_{i,i−1}) · b_{i−1} + (T_{i,i−1} · T_{i−1,i} + T_{i,i} · T_{i,i} + T_{i,i+1} · T_{i+1,i}) · b_i + (T_{i,i} · T_{i,i+1} + T_{i,i+1} · T_{i+1,i+1}) · b_{i+1}

+(T_{i,i+1} · T_{i+1,i+2}) · b_{i+2} (5.28)

Since from Lemma 5.15, T_{i,i+1} = 0, the relation can be rewritten as

b_i|t_2 = T_{i,i−1} · T_{i−1,i−2} · b_{i−2} + (T_{i,i−1} · T_{i−1,i−1} + T_{i,i} · T_{i,i−1}) · b_{i−1} + (T_{i,i−1} · T_{i−1,i} + T_{i,i} · T_{i,i}) · b_i

That is,

b_i|t_2 = k=i∑

k=i−2 ( min(k+1,i) ∑ j=max(k−1,i−1)

(T_{i,j} · T_{j,k})) · b_k (5.29)

For subsequent generalization, we use the function J_{i,j} where J_{i,j} = 1(0) if T_{i,j} = 1(0).

b_i|t_2 = k=i∑

k=i−2 ( min(k+1,i) ∑ j=max(k−1,i−1)

(J_{i,j} · T_{j,k})) · b_k (5.30)

Consequently, the result can be generalized for d time steps

b_i|t_d = k=i∑

k=i−d ( min(k+1,i) ∑ j=max(k−1,i−d+1)

(J_{i,j} · T_{j,k})) · b_k = 0 (5.31)

where J_{i,j} = 1(0) if

∏_{d−1} a=1 T_{la,ka} = 1(0), {l_1 = i, k_{d−1} = j, l_{a+1} = k_a, where k_a = {l_a or l_a - 1 or l_a + 1}}

The significance of the Relation 5.31 is noted below :

(i) The coefficient of each variable b_k is formed from summation of k^{th} columns (from T_{j,k}) of the [dj] rows, where [dj] specifies the set of rows on which the evaluation of b_i depends (if J_{i,j} = 1).

(ii) Since. T_{i,i+1} = 0, the maximum value of j ∈ [dj] is i. Hence from the Relation 5.31 maximum value of k = i. That is d_j is a subset of the first i rows. (iii) The Relation 5.31 is a multiple-variable equation, its variables are denoted by b_k.

A multiple variable equation a_1 · x_1 + a_2 · x_2 + · · · + a_ℓ · x_ℓ = 0 is possible if (a) there is some linear dependency between variables and (b) all the coefficients are individually zero. However in Relation 5.31, a dependency will not exist among the first i bits because according to definition, the dependency vector binding the vector subspace has dependency between b_i & b_{i+3} and b_{i+3} is not present in Relation 5.31.

Therefore, each of the coefficient ∑ ∀k(J_{i,j} · T_{j,k}) = 0. The expression ( ∑ (J_{i,j} · T_{j,k})) implies summation of all the elements of the dependent [dj] rows over the k^{th} column. Hence, it directly follows that among the [dj] rows there is at least one dependent row. �

Chapter 6

MACA Based Model for Pattern Recognition/Classification

The previous chapter has established the fact that the states in a MACA (Multiple Attractor Cellular Automata) basin form a natural cluster maintaining low Hamming Distance (HD) among its elements. This important property of MACA ideally suits for modeling Associative Memory. Further, this model can be employed to develop a generic Pattern Classifier for different application domains.

Associative Memory Model introduced in the

Note : The model associates different fonts of a, b, c with patterns A, B, C respectively.

Figure 6.1: Associative Memory Model earlier chapter provides an elegant solution to the problem of identifying the closest match to the patterns learnt/stored [37]. The model, as shown in Fig. 6.1, (Fig. 5.1 of Chapter 5 is reproduced as Fig. 6.1) divides the entire state space into some pivotal points (say) A, B, C. The pivotal points (patterns) are assumed to be learnt by a machine during its training phase. A state close to a pivotal point is the noisy vector (pattern) associated with that specific pivotal point. The process of recognition of a pattern, with or without noise, amounts to traversing the transient path (Fig. 6.1) from the given pattern to the closest pivotal point learnt. In effect, the time to recognize a pattern in Associative Memory Model is independent of the number of patterns stored [37].

Since early 80’s the model of Associative Memory has attracted considerable interest among the researchers [43, 145]. Both sparsely connected machine (Cellular Automata) and densely connected network (Neural Net) have been explored to design the Associative Memory Model for pattern recognition [43, 49, 149]. The seminal work of Hopfield

[149, 150] made a breakthrough by modeling a recurrent, asynchronous, neural net as an Associative Memory system. However, the complex structure of neural net with nonlocal interconnections has partially restricted its application for design of high speed low cost pattern recognition machine. This scenario has encouraged a series of works to design Hopfield Net with reduced connectivity [295, 85]. The concept of Cellular Neural Network [16, 73, 74] has been also proposed.

The limitation of Hopfield version has also motivated the researchers to concentrate on the design of Associative Memory with the sparse network of Cellular Automata (CA) [49]. This alternative model would not only make the underlying circuit simpler but also have an efficient V LSI implementation on supporting the speed and scalability required for the on-line applications. Consequently, the search for alternative model around the simple structure of CA [49, 166] continued. The Associative Memory Model developed in this chapter provides a foundation to launch the MACA (Multiple Attractor Cellular Automata) as an efficient model for Associative Memory that can be employed for pattern classification/recognition.

Pattern classification is the process of identifying common properties within a set of objects in a database. A classification tool is built for a predefined set of data classes. A sample set from the database, each member/tuple belonging to one of predefined classes, is used to train the model. The classifier is trained based on a specific set of features. The training is also termed as supervised learning of the classifier. Subsequent to training, the model performs the task of recognizing the class of any incoming pattern, that may or may not been trained. The essential prerequisite of designing the classifier for current information age is - it should have high throughput with less storage requirements. Further, low cost hardwired implementation of the scheme is becoming a very important criterion for on line real time applications. The conventional techniques developed for classification, Bayesian Classification [58], Neural Network [145], Genetic Algorithm [131], Decision Tree [34] etc - are too complex to meet such requirements.

The design of Classifier with the special class of CA referred to as the MACA has been explored in a number of works [53, 258, 310, 311]. However, these works limit the design of classifier to mere classification. The issue of identification of patterns with/without noise (in the testing phase) has not been adequately addressed. Lack of efficient MACA synthesis methodology is the major source of limitation of the previous works so far reported in the literature. MACA synthesis employing BDD (Boolean Decision Diagram) based optimization technique has been reported in [52]. However, the synthesis scheme suffers from exponential complexity and as well as fail to synthesize the required MACA in many cases.

The problem of MACA synthesis has been addressed in the previous chapter. An efficient scheme evolved around genetic algorithm has been detailed in Section 5.3 (page 106). This evolutionary synthesis scheme coupled with the detailed theoretical analysis of MACA basins presented in Section 5.2 (page 106) provides a sound foundation for the model. Based upon this foundation, in this chapter we design MACA based models for Associative

Memory and its application for Pattern Recognition/ Classification. We also report an indepth theoretical prediction regarding its capacity to memorize and recover noisy patterns.

In the above background, this chapter is organized as follows. In Section 6.1, we provide the design, performance analysis and experimental results of Associative Memory Model. The model has been developed using both single and multiple MACA. The application of MACA based Pattern Classifier are reported in Section 6.2 along with experimental results. For ease of reference to the results of the earlier chapter, we have reproduced the example MACA of Fig. 5.3 (Chapter 5) in this chapter as Fig. 6.2.

Figure 6.2: State transition diagram of a 5-cell MACA with Characteristic Matrix T and Rule Vector < 204, 170, 90, 240, 204 > Note : (i) Each of the cyclic states 0, 1, 16, 17 form a self-loop and is referred to as an attractors and the corresponding inverted tree rooted on α as α-basin (α = 0, 1, 16, 17). (iii) The MSB and LSB of the attractors represent the Pseudo-Exhaustive Field (P EF - Definition 5.2, page 98) of the attractors, that is the attractors can be uniquely represented by these two bits.

6.1 MACA Modeling Associative Memory

An Associative Memory Model is trained to get familiarized with some specific pattern set {P_1, · · · , P_i, · · · P_k}, where each pattern is referred to as a pivot point. Ideally, it can recognize an incoming pattern as P_i even if the pattern is distorted with limited noise. If a new pattern P_{incom} is input to the system, the model identifies it as P_i, where P_{incom} is the closest match to P_i. The hamming distance between P_{incom} and P_i (HD(P_{incom}, P_i)) is the least. This distance metric is viewed as the measure of noise in a generic sense.

If an MACA has to function as an Associative Memory storing the pattern set P = {P_1, · · · , P_i, · · · , P_k}, each of its attractor basins should have at most one of the given patterns of P. While the MACA is run for maximum of d time steps with P_{incom} as an input, it should return the pivot point P_i closest to it. It may be recalled that ‘d’ denotes the Depth (Definition 5.1, page 97) of an MACA basin. In order to ensure this property, both P_{incom} and P_i should lie in the same α-basin of the MACA (Fig. 6.2) with α as an attractor state.

The design guidelines for an MACA that can act as an Associative Memory are specified by the following two constraints:

C1: Each attractor basin of the MACA should contain atmost one pattern (P_i ∈ P) = {P_1, · · · , P_i, · · · P_k} to be learnt. The learnt patterns (also referred to as pivot points) may or may not be the attractor of the basin.

C2: The Hamming Distance - HD(P_{incom},P_i) - between each state P_{incom} and P_i is lesser than the HD(P_{incom},P_j ), where P_j ∈ P and P_{incom} and P_i lie in the same α-basin and j ≠ i that is,

HD(P_{incom}, P_i) < HD(P_{incom}, P_j ) ∀P_{incom}, ∀j = 1, 2, · · · k & j ≠ i. (6.1)

Satisfiability of C1 : To satisfy C1, the design demands construction of an MACA with k attractors where no two pattern P_i & P_j lie in the same attractor basin. In order to ensure the inclusion of patterns in separate attractors, the following relation has to be met.

T^d · x ≠ 0 ∀x ∈ X, X = {x | x = P_i ⊕ P_j ∀^k_{i,j=1} & i ≠ j} (6.2)

that is, X is the pattern set formed from XORing each pattern of P_i basin with P_j ∈ P, T is the desired MACA with at least k attractors and d is its depth.

Inequation 6.2 directly follows from the Theorem 5.2 (page 98). If two patterns P_i and P_j fall in the different attractor basins, the pattern x = P_i ⊕P_j should necessarily fall in a nonzero attractor basin. In effect, x while multiplied with T^d yields a non-zero attractor. The evolutionary algorithm elaborated in Chapter 5 is used to search for the MACA satisfying the condition C1.

Satisfiability of C2 : As discussed in Chapter 5, the MACA family, which can act as an effective Hash Function forms the Hamming Hash Family (HHF ). It maintains an inverse relationship between the collision of a pair of patterns hashed and their hamming distance.

The concept of HHF imparts an important property to the attractor basin of MACA. Since keys (patterns) that collide lie in the same attractor basin, the keys (patterns) which lie close to each other in terms of hamming distance are more likely to belong to the same basin. That is, if a set of patterns P satisfies C1, then it is highly probable that for majority of the input patterns P_{incom}, the constraint C2 will be satisfied.

The following example illustrates how an MACA satisfies constraints C1 & C2. Besides the satisfiability, the example also elaborates the design methodology for identification of a pivot point (that is, learnt pattern) when a P_{incom} is input to the system.

Example 6.1 Let the pattern set to be learnt is P = < 01010, 01111, 10010, 10001 >. Fig. 6.3 shows the division of the entire state space when each pivot point P_i gets associated with noisy patterns close to it in terms of Hamming Distance (HD). The nature of association of

Figure 6.3: Division of State Space around the given pattern set P = <01010, 01111, 10010, 10001> referred to as pivot points.

Note (i) Each tree shows the patterns each pivot point attracts towards itself. (ii) The pivot point 01010- lies on the 0-basin, 01111 → 00001-basin, 10010 → 10000-basin & 10001 → 10001-basin of the example MACA of Fig. 6.2. (iii) Each tree of Fig. 6.3 maps to the basins of the MACA of Fig. 6.2.

each P_i ∈ P with noisy patterns, as shown in Fig. 6.3, follows the Relation 6.1 - that is, an incoming pattern P_{incom} is associated with the pivot point with which its HD is minimum. The tie between two pivot points for any incoming pattern - that is, HD(P_{incom}, P_i) = HD(P_{incom}, P_j ) is resolved by associating P_{incom} arbitrarily to one of the pivot points. To design an MACA which will simulate the required behavior of association of the pattern set P illustrated through the Fig. 6.3, the search algorithm may output the MACA of Fig. 6.2 as a candidate. It is seen that this MACA satisfies both the constraints C1 and C2. Satisfiability of C1 : The MACA of Fig. 6.2 act as a tool to memorize the pattern set P, where each pattern P_i ∈ P falls in separate attractor basins. The PEF identifying an attractor basin is used to store the patterns in memory ( Fig. 6.4 ).

Satisfiability of C2 : The MACA of Fig. 6.2 has correctly associated all but 2 patterns out of the 32 patterns. The patterns 00001 & 11111 for which the MACA fails is marked within rectangle in Fig. 6.3. That is, in the present example, C2 is satisfied for 30/32 = 93.75% of the incoming patterns.

This associative nature of MACA - that is, the power to satisfy C2 is derived from the property of HHF which specifies that an attractor basin predominantly attracts patterns close in terms of their Hamming Distance. The nature of noisy patterns associated with each pivot point can be derived from the distributions of patterns that are in the same attractor basin.

For example, for the pivot point P_1 = 01010 which lies in the 0-basin of the MACA (Fig. 6.2), we arrive at following values.

1. There can be 5 patterns at Hamming Distance 1 out of which 3 patterns (01110, 01000,

00010) lie in the same attractor basin.

2. There are 10 patterns possible at Hamming Distance 2. Three patterns (01100, 00110, 00000) out of those 10 lie in the same attractor basin.

3. The only pattern (00100) having Hamming Distance 3 with P_1 lie in basin of 01010 although there can be 10 such patterns.

4. None of the patterns at Hamming Distance 4 or 5 lie in same basin as P_1 Hence, the attractor basin covers (a) 60% of the patterns at Hamming Distance 1, (b) 30% of the patterns at Hamming Distance 2, and (c) 10% of the patterns at Hamming Distance 3.

Each of the other pivot points associated with a specific attractor basin also display similar characteristic (Theorem 5.5, page 101).

It is worthwhile to note that the dominance of patterns with lesser Hamming Distance in the attractor basins imparts the associative nature to the MACA basins.

Once the search for requisite MACA is completed, that is the training phase is over, the next step is to design the recognition mechanism of the pivot point P_i, with which the input pattern P_{incom} has minimum Hamming Distance.

Recognition Mechanism : The Fig. 6.4 illustrates the recognition mechanism. Each P_i has fallen in separate attractor basin of the MACA of Fig. 6.2 - (00010 in 0-basin, 01111 in 00001(1)-basin, 10010 in 10000(16)-basin, 10001 in 10001(17)-basin). An attractor of each basin is identified by the unique memory address generated by its P EF (Theorem 5.2, page 98) (00000 attractor is identified as 00, 00001(1) as 01, 10000(16) as 10 and 10001(17) as 11).

In the corresponding memory location,

Figure 6.4: MACA Associative Memory the value of the pivot point which lie in the basin is noted (00 stores 00010, 01 stores 01111, 10 stores 10010 while 11 stores 10001). When a P_{incom} is input to the MACA, it travels through the basin and reaches the attractor state. The P EF of the attractor points to the pattern (pivot point) stored at that location.

Note : The earlier discussions illustrated with the help of figures 6.2, 6.3, & 6.4 clearly establish the MACA as an excellent modeling tool for Associative Memory. Moreover, the P EF ensures that each pattern in a basin can act as a virtual attractor. In this background, we broaden the term α-basin (Fig. 6.2) where α has been solely referred to as attractor of the basin. An α-basin of an MACA may either mean a basin with α as its attractor or it may be a pivot point (Fig. 6.1) belonging to that basin. �

The earlier discussions on the MACA model re-emphasizes that higher the degree of satisfiability of constraint C1, greater is the power of association of the model to correctly associate an input pattern to the learnt pattern with which it has best match. The power of association reflects its capability to retrieve correct pattern out of noisy input.

Performance analysis in respect of memorizing capacity and capacity to recover noisy patterns are the topics addressed in the next two subsections. 6.1.1 Performance Analysis

This section reports the performance analysis of MACA based Associative Memory. The performance is measured with respect to two major aspects - (i) Memorizing Capacity, and (ii) Recovery of patterns with noise. These two parameters gives an effective measure of the MACA’s capacity to satisfy constraints C1 & C2. Memorizing Capacity of MACA Based Model

Memorizing Capacity (MC) is defined as the number of patterns a machine can store/learn. It gives the measure of the number of n-bit patterns (say k) for which all possible combination of patterns can be memorized. To memorize any random pattern set P in a MACA based Model, the requirement is that - there should be at least one MACA in which each of the patterns P_i ∈ P fall in separate attractor basins. As mentioned through Example 6.1, each pattern in a basin can act as a virtual attractor through the utilization of P EF ; the separation of patterns in different basins ensure the stability of each of the patterns P_i in the set P.

Therefore, to have each pattern of P in separate attractor basins, P should satisfy Relation 6.2 - T^d · x ≠ 0; ∀x ∈ X, where X is formed by XORing each pair of patterns P_i, P_j both belong to P. That is, none of the x ∈ X should lie in the 0-basin. If the cardinality of P is k, then the maximum cardinality of the set X is k̃ =^{k·(k−1)}_2 .

Let p_i be the probability of a pattern x_i ∈ X to fall in the 0-basin of the MACA that models an Associative Memory. Then q_i = (1 - p_i) is the probability that the x_i is not in the 0-basin. Therefore, the probability that the patterns of X are not in the 0-basin is

Q = q_1 × q_2 × · · · × q_{k̃}, where k̃ = k · (k − 1) 2 (6.3)

To memorize k patterns, the candidate MACA should have 2^m number of attractors, where 2^{m−1} < k ≤ 2^m. Let the number of all possible MACA(n, m) be N(n, m) (Derived in Appendix of Chapter 5). Then the number of MACA capable of memorizing the pattern set X is given by

Ñ = Q · N(n, m) (6.4)

For memorizing any pattern set P of cardinality k (for all values of Q), Ñ should have values greater than or equal to 1, that is at least one MACA should be present to memorize the pattern set P. Therefore, to find the lower limit of Ñ, the necessary task is to determine the least value of Q.

|P (w, n, m)| is the average number of patterns with weight w in the 0-basin of an MACA(n, m) (Derived in Section 5.2 & Appendix of Chapter 5). Hence, the probability of patterns having weight w fall in the 0-basin is

p_w =

|P (w, n, m)| 2^{n−m}

(6.5)

where 2^{n−m} is the number of patterns in the 0-basin. Consequently, the probability of non-occurrence of the patterns with weight w in the 0-basin is

q_w = 1 − p_w (6.6)

Since for different values of w the value of q_w will differ, the least value of Q is directly determined from the least value of q_w. (It is observed that q_w is least while w is around n/2.) So, the Relation 6.4 can be rewritten as

Ñ = (least(q_w))^{k̃} · N(n, m) (6.7)

where Ñ is the number of MACA capable of memorizing the pattern set P of cardinality k and k̃ =^{k·(k−1)}_2 .

As q < 1, with respect to k̃, Ñ is a decreasing function. Therefore, if we find the greatest value of k̃ for which Ñ ≥ 1, we can directly derive the cardinality of set k. The value of k gives us the measure of memorizing capacity of MACA based Associative Memory.

The greatest value of k̃ for which Ñ ≥ 1 is found from the Relation 6.7 for different values of n = 10, 20, · · · 100. Subsequently the values of k are derived. The results are noted in Table 6.1. The Table 6.1 depicts that memorizing capacity of an MACA based model is very high for smaller values of n. However, for values of n > 60, the memorizing capacity increases by 2 units with the increase of 10 units of value of n.

Table 6.1: Memorizing Capacity (Theoretical Estimation) for different values of n

No of No of Random cell (n) Patterns 10 9 20 13 30 17 40 22 50 25 60 28 70 30 80 32 90 34 100 36

Capacity to Recover Noisy Pattern

For effective Associative Memory design, the learnt patterns should attract patterns close to it in terms of Hamming Distance. Due to the inherent clustering feature of MACA, a pattern P_i will have a bias to recover/attract patterns having less hamming distance with it. The quantitative assessment of the bias directly follows from the characterization of MACA and its associated Hamming Hash Family (HHF ) detailed in Section 5.2 & Appendix of Chapter 5. Based upon this knowledge, we formulate the noise recovery capacity of an average MACA satisfying C1 for a set of patterns P. However, there are a number of candidate MACA satisfying the constraint C1. The theoretical framework for assessing the noise recovery capacity of the best MACA is reported in the Appendix of this chapter.

The Expected Occurrence EO (introduced in Section 5.2) reflects the estimation of occurrence of pattern set having weight w in the 0-basin. It is denoted as

EO(P (w, n, m)) =

|P (w, n, m)| |P̂ (w, n, m)| = |P (w, n, m)| × 2^m nC_w

where, |P̂ (w, n, m)| is the number of n-bit patterns with weight w chosen unbiasedly forming a pattern pool of 2^{n−m} and |P (w, n, m)| is the average number of n-bit patterns with weight w in 0-basin of 2^m attractor MACA. As per the Relation 5.3 (page 102).

|P̂ (w, n, m)| = nC_w 2^m

nC_w is the total number of n-bit patterns with weight w. Therefore, the fraction of w-weighted patterns that are present in the 0-basin is given by

p(w) =

|P (w, n, m)| nC_w = EO(P (w, n, m)) 2^m

(6.8)

where, p(w) denotes the probability of occurrence of a pattern in the attractor basin of P_i, where Hamming Distance of the pattern with P_i is w. P_i is member of pattern set P to be memorized. p(w) directly reflects the noise recovery capacity of MACA based Associative Memory Model.

Fig.6.5 shows the average noise recovery capacity of an MACA computed from the Relation 6.8. It is observed that the noise recovery figure (Fig. 6.5 & 6.6) has an ideal dominance behavior - that is, an incoming pattern P_{incom} has higher probability of converging towards a pivot point P_i than the pivot point P_j if HD(P_i, P_{incom}) < HD(P_j , P_{incom}). For w = 1, the recovery, (as per the Relation 6.8), is around 30% of the total number of patterns. That is, the P_i-basin has on the average 30% of the total number of patterns with hamming distance w = 1 from P_i.

Fig.6.6 depicts the noise recovery capacity (theoretical value) of the MACA of size n = 40 for different k (number of patterns to be stored). Since an MACA basin only breaks into 2^m attractors (m = 1, 2, · · ·, n), therefore, pattern set of cardinality k, where 2^{m−1} + 1 < k ≤ 2^m, will have same noise recovery capability. However, as we decrease the number of patterns to be stored below 2^m, the noise recovery capability increases.

[Note : It is worthwhile to note

Figure 6.5: Theoretical Estimation of noise recovery capacity of MACA at memorizing capacity for n = 10, 30, 40, 60 the fact that as per the experimental results reported in Section 6.1.4, the noise recovery capacity of an MACA is much better than the theoretical results noted in Fig. 6.5 and 6.6. The Appendix of this chapter reports an analysis explaining this gap.]

The efficiency of noise recovery capacity can be improved by employing multiple MACA. The next subsection elaborates the scheme of Associative Memory design with Multiple MACA.

6.1.2 Multiple MACA Based Associative Memory Model

In the earlier subsections, we have dis-

Figure 6.6: Theoretical Estimation of noise recovery capacity of MACA (n = 40) for different values of k (= number of patterns memorized) cussed the Associative Memory designed with a single MACA. The potential of the model in respect of noise recovery capacity is also established. In Theorem 5.5 (page 101), it is noted that the MACA basins gets characterized by the vector subspaces of its 0- basin from which we have derived the noise recovery capacity (Fig. 6.5 & 6.6). Such results re-emphasize the fact that a pattern P_{incom} has a tendency to converge towards the pivot point P_i with which P_{incom} is the closest in terms of hamming distance. However, the full advantage of this behavior is not derived due to the restriction in the structure of the vector subspace of the 0- basin of the specific MACA employed for the Associative Memory Model. Majority of the patterns in an MACA basin conform to the HHF characteristic - that is, overwhelming presence of patterns of lower Hamming Distance in the 0-basin of the MACA. However, there are patterns in a basin that violate the HHF characteristic. Thus the characteristic vector subspace of a specific MACA may adversely affect the model.

In order to fully utilize the ideal dominance behavior of the Associative Memory Model, the design should be such that the restriction of the vector subspace of the 0-basin of a specific MACA can be removed. This can be achieved by developing the model using multiple MACA. Majority (Voting) Function is employed to determine the attractor state closest to P_{incom}.

To express the concept of Multiple MACA based model let us assume the number of n-bit MACA with 2^m number of attractor basins (denoted as MACA(n, m) ) be N , where each MACA memorizes the same set of patterns P in their distinct attractors. Any incoming pattern P_{incom} is hashed upon all such number of MACA. At each instance of hashing, P_{incom} collides with a pattern P_i ∈ P. Each P_i ∈ P records the number of times it collides with P_{incom}.

Once the process of hashing is completed, the maximum number of times P_{incom} collides with a pivot point P_i is recorded as the identifiable (desired) pattern. An example illustrating the limitation of single MACA based model and advantage derived due to multiple MACA based model follows. The algorithmic steps for majority function are subsequently reported.

Example 6.2 Let a 10-cell MACA be trained to memorize P = {P_1, P_2 · · · P_k}. Let p(1) - that is the fraction of 1-weight patterns present in the 0-basin be 0.5 and p(2) be 0.3. Therefore, in the 0-basin of the candidate MACA, 5 out of 10 possible 1-bit patterns and just 13 out of 45 possible 2-bit patterns are present. Let these two pattern sets be termed as [P̂_1] and [P̂_2] respectively.

Let P_{incom} be the 10-bit incoming pattern and it has HD = 1 with a pivot point P_i and HD = 2 with another pivot point P_j. Let (P_{incom} ⊕P_i) be P_{xor1} and (P_{incom} ⊕P_j ) be P_{xor2} where w(P_{xor1}) = 1 and w(P_{xor2}) = 2. Since p(1) > p(2), it is likely that it will identify the pivot point correctly. However, the structure of the 0-basin of the particular MACA may be such that a few pattern of [P̂_1] are not present in the 0-basin; P_{xor1} may be one such pattern. Similarly, some patterns of [P̂_2] will be present in the 0-basin; P_{xor2} may be the member of such set. This will result in P_{incom} be classified wrongly. Thus, although there is dominance behavior, the association accuracy gets restricted by the structure of 0-basin of the particular MACA used to memorize the set P.

To overcome this problem, (say) 4 MACA be employed each memorizing the same set P. Therefore, the total number of 1-bit patterns present in 0-basin of the 4 candidate MACA are (5 × 4) 20. Hence assuming uniform distribution, each pattern of [P̂_1] including P_{xor1} appears in 0-basins of at least 20/10 = 2 MACA. The total number of 2-bit patterns present in the 0-basin of the 4 MACA are 13 × 4 = 52. Consequently, each pattern of [P̂_2] appears in the 0-basin of (52/45 ≈) 1 MACA. Therefore, if P_{incom} is hashed in all the 4 MACA and majority count of its collision with pivot points is taken, it is almost certain that P_i will be the winner. Thus this scheme overcomes the restriction of 0-basin of a single MACA. �

The algorithm to implement majority function is next stated.

Algorithm 6.1 Find Majority Input : Incoming Pattern : P_{incom}, MACA_j (j = 1, 2, · · · N )

Output : Desired Pivot Point : P_i for j = 1 to N hash P_{incom} with MACA_j .

pick P_i with which P_{incom} collides the maximum number of times; Output P_i.

Thus, the concept of Majority Function

Figure 6.7: Number of MACA vis-a-vis Noise removes the restriction imposed by a single MACA. The advantage of using Multiple MACA is reflected in Fig. 6.7 and 6.8. The figures are theoretically derived, the theoretical background is elaborated after explanation of the figures.

Fig. 6.7 shows the enhanced capacity of the Associative Memory Model developed with Multiple MACA for n = 40 & k = 22. The three nearly vertical lines respectively show the limit of recovery capacity while designing the system with 10, 20 and 30 MACA. For N = 10, it is observed that the system can recover upto 2 bits of noise. That is, all the patterns within two bits distance from a pivot point P_i converge towards it. The perfect recognition beyond this point is uncertain.

With the increase in the value of N , ra-

Figure 6.8: Number of MACA required to recover fixed bit noise(w = 1, 2, 3 · · ·) dius of the basin of attraction - that is, the number of bits of noise which can be recovered, increases. The value of recoverable noise reflected by the value w (Fig. 6.8) specifies the radius of the basin of attraction. For example, we can recover upto 7- bits of noise if we apply 20 MACA to design the Associative Memory. While for N = 30, the system can recover upto w = 17 bit noise. Fig. 6.8 shows the number of MACA (N ) required to design the memory system which can recover w (= 1, 2, 3 · · · 40) bits of noise for n = 40 & k = 22. It is shown that the number of MACA is to be increased linearly (almost) with the increase of noisy bits w in the patterns to be recognized.

Theoretical Background : The value of N depends upon the radius of basin of attraction w to be achieved. For a radius of w, a pattern P_{incom} with distance w from the pivot point P_i should be identifiable by the Majority Function. That is, Number of Collisions of P_{incom} with P_i denoted as Col(P_{incom}, P_i) > Col(P_{incom}, P_j ) ∀j ≠ i. In order to attain this, P_{incom} should collide with P_i at least for 2 instances, so that it can be distinguished from the other patterns P_j ∈ P, (the number of collision with P_j will be less than 2). Therefore, the following equation holds, where p(w) denotes the fraction of patterns with weight w present in the 0-basin of the MACA.

p(w) × N ≥ 2 (6.9)

Hence, both the values of w (Fig. 6.7) and N (Fig. 6.8) are computed keeping either p(w) or N as constant. The recovery of noise beyond the threshold limit w cannot be done at all because p(w) × N ≤ 2 - that is, the probability of the incoming pattern colliding maximum number of times with a pivot is ‘1’. Hence, it will collide with different pivot points 1 time each, making it impossible to differentiate by majority function.

In general, complexity of MACA synthesis satisfying the design constraints C1 & C2 is exponential. In this background, we formulate an evolutionary synthesis methodology. The next subsection elaborates the evolution of MACA with GA (Genetic Algorithm) formulation.

6.1.3 Evolution of MACA for Associative Memory

The Genetic Algorithm reported in Section 5.3 is used to design the MACA that satisfies Design Constraints C1 & C2. All members of the MACA family that are the candidates for evolution have the same number of attractors - 2^m where 2^{m−1} < k ≤ 2^m and k is the number of patterns to be learnt. Therefore, the evolution scheme follows the algorithm described for Scheme 1 in Section 5.3 (page 106). The fitness function is defined ensuring maximum degree of satisfiability of C1 & C2. It is designed in a fashion so that we find the MACA satisfying condition C2 to the best extent among the MACA set that can satisfy C1. We follow a non-deterministic methodology to evaluate fitness function. The non-determinism is followed to speed up the evolution process. Fitness function

Efficient Evolution of MACA to memorize the pattern set P = {P_1, P_2, · · · P_i, · · ·, P_k} demands appropriate tuning of the Fitness Function for GA evolution.

The fitness F(MACA) of a particular MACA in a population is determined by the weighted mean of two factors - F_1 and F_2. The factor F_1 reflects satisfiability of the equation T^d · x ≠ 0; ∀x ∈ X (Relation 6.2, page 128). X is the set formed from modulo-2 sum of each pattern of P_i with the patterns of P_j where P_i, P_j ∈ P and i ≠ j. With 30 randomly chosen patterns from X, we find the fraction of X satisfying T^d · x ≠ 0; ∀x ∈ X. The factor F_1 is determined by the percentage of patterns satisfying the relation. For example, if 15 out of 30 chosen patterns from X satisfies relation T^d · x ≠ 0; ∀x ∈ X, then F_1 = 0.5.

It has been observed that many candidate MACA memorize a given set of patterns. So in order to chose the MACA which has best noise recovery capacity, the factor F_2 is introduced - that is, F_2 reflects the recovery capacity of the MACA. To determine

F_2, we select 30 random patterns (P_{incom}) and check whether these patterns got correctly associated with the pattern P_i of an evolved MACA - that is, it belongs to the same basin as P_i where HD(P_{incom}, P_i) < HD(P_{incom}, P_j ) ∀^k_{j=1} & j ≠ i. The percentage of patterns correctly associated with P_i, as noted in Section 6.1.1, gives the measure of noise recovery capability.

Subsequent to extensive experimentation, we have fixed the relative weightage of F_1 and F_2 to arrive at the following empirical relation for the fitness function of the evolved MACA.

F(MACA) = 0.9 · F_1 + 0.1 · F_2 (6.10)

The evolutionary process is assumed to have converged if for successive 5 generations a particular chromosome is found to have the value of F_1 = 1 or the number of generations exceed 100.

6.1.4 Experimental Observation

Experiments have been performed to evaluate the Memorizing Capacity and the Basins of Attraction for both Single and Multiple MACA based Associative Memory. The results are reported along with comparison with the values derived through theoretical analysis in Section 6.1.1.

Memorizing Capacity(MC)

Memorizing Capacity (MC) is enumer-

Figure 6.9: Experimental Results of noise recovery capacity of MACA(n = 40) at different values of k ated for different values of n. The MC is enumerated through experimentation on n cell MACA evolved through Genetic Algorithm. The random pattern set P is taken as the input and cardinality of P is increased progressively during experimentation. For each cardinality k, 30 different random sets of patterns P are taken. Out of the 30 sets, if for 29 sets, genetic algorithm successfully generate MACA that are capable of memorizing the patterns of P, we increase the cardinality of the next generated 30 pattern set by 1. If it fails to generate MACA for more than 1 set, decision is taken that MACA is not capable of memorizing pattern set of that cardinality and Memorizing Capacity at that particular n is set to (k − 1).

The Table - 6.2 reports the experimental results for different values of n. Column 2 shows the maximum cardinality upto which we can generate the set of MACA. That is, an entry in Column 2 denotes the memorizing capacity for an a specific value of ‘n’.

Table 6.2: Memorizing Capacity (Experimental Result) at different values of n

No of No of Random No of Theoretical cell (n) Patterns Generation Estimation 10 8 5 9 20 13 11 13 30 17 13 17 40 22 17 22 50 24 29 25 60 27 30 28 70 27 31 30 80 31 39 32 90 33 43 34 100 37 47 36

Column 3 gives the average number of generations required to evolve the MACA that can memorize the patterns. It can be observed that the Memorizing Capacity experimentally derived is almost same as that of the theoretical predicted values, reported in Table 6.1. The theoretical estimation are reproduced from Table 6.1 on Column 4 of Table - 6.2 for convenience. The minor differences observed between the theoretical values and the experimental results are due to sampling error. Noise Recovery Capacity

The nature of the basins of at-

Figure 6.10: Experimental Results of noise recovery for n = 10, 30, 40, 60 at different values of k.

traction - that is, the noise recovery capacity of the MACA - is evaluated through extensive experimentation. The experiments are performed with both single and Multiple MACA based Associative Memory Model. For each given case, experiment is done on 30 different sets of patterns to be memorized. The experimental setup is as follows. Experimental Setup : For each set of patterns P = {P_1, P_2 · · · P_k}, 300 random patterns [P_{incom(w)}] are generated each having a fixed hamming distance (w) from any of the randomly chosen patterns P_i. The value of w is varied from 1 to n. The noise recovery at each w is measured as the percentage of patterns which converge to the pivot from which it is generated. The results for single MACA based model is reported first.

Noise Recovery Capacity with Sin-

Figure 6.11: Noise Distribution n = 40 (Experimental & Theoretical) gle MACA : In single MACA based design, the recovery is computed for different cardinality (k) of the pattern set.

The Figures 6.9 & 6.10 depict the experimental results illustrating the noise recovery capacity of MACA. Fig. 6.9 shows the results for different values of k (= 7, 15, 17, 22) and a fixed value of n (= 40). The result for different values of n (= 10, 30, 40, 60) and for different memorizing capacity k are highlighted in Fig. 6.10. In all the cases, the average results evaluated from 30 different sets are shown. The nature of the graph is similar to that of one predicted through theoretical analysis (Fig. 6.5 & 6.6).

However, the experimental results are significantly better compared to the theoretical prediction regarding the noise recovery capacity of the MACA. Fig. 6.11 reports the remarkable improvement in the experimental results compared to the the theoretical ones derived for n = 40, k = 22. The reason for this gap between experimental results and theoretically derived values has been analyzed in the Appendix of this chapter. Noise Recovery with Multi-

Figure 6.12: Noise Recovery capacity of (n = 40) Multiple MACA ple MACA : The experimental results of noise recovery capacity of the Associative Memory developed with multiple MACA are reported in Fig. 6.12. The experiment is performed on a particular pattern set P, for n = 40 and k = 22 patterns.

The curve 1 shows the behavior of nature of association of the pattern set P with noise. The behavior is studied by taking 300 random patterns [P_{incom}] of hamming distance w for each w (= 1, 2, · · · 40), from any of the random patterns P_i ∈ P. It is then checked whether in reality P_i is the closest pivot point for P_{incom} or not. That is, the relation HD(P_{incom}, P_i) < HD(P_{incom}, P_j ) ∀^k_{j=1} & j ≠ i, is checked for the pattern P_{incom}. The curve depicts the fraction of times for which the relation is true - that is, the closest pivot point of P_{incom} is P_i from which it has been generated. It is observed that for w ≤ 10, it always follow the relation; beyond which it begins to degenerate. At w = 18, none of the patterns P_{incom} never relaxes to the pivot point P_i from which it is generated. During evolution we have obtained 20 different MACA each of which can memorize the given input pattern set P. The curve 4 shows the noise recovery capability of a single MACA.

The noise recovery capacity of the system developed with 6 MACA is shown in the curve 3. Fig. 6.8 shows that theoretically 6 MACA are required for fully recovering 1-bit of noise. Hence, the value 6 is taken to get a fair understanding about the relationship between the theoretical and experimental results. The salient features of the experimental results reported in Fig. 6.12 are

• We can fully recover 3-bits of noise as well as we can recover 75% of the noise for upto 8 bits with 6 number of MACA’s.

• The noise recovery capacity does not degenerate as sharply as predicted theoretically (Fig. 6.7). However, the rate of degeneration is much sharper than the behavior exhibited by single MACA. Around 20 noise bits on x-axis, the recovery capacity is less than that of single MACA. This also shows that the multiple MACA system exhibits much more accuracy in recovering noise. According to curve 1, an incoming pattern P_{incom} can have at most 18 bit distance from its nearest pivot point P_i. Therefore, if the P_i-basin of an MACA attracts a pattern P_{incom} of hamming distance more than 18 bit, it is attracting patterns belonging to a different class - that is, HD(P_i, P_{incom}) > HD(P_j , P_{incom}) for some j ≠ i.

The theoretical analysis of the above salient features are noted below :

• The value of w - that is, the number of bits upto which the MACA System can recover noise, for a given value of N is enumerated through the Relation 6.9. The relation is reproduced below

p(w) ≥ 2 N (6.11)

The value of w, for which expected probability ≥^2_N gives us the point till which the multiple (N ) MACA System will recognize noise. Consequently, the noise recovery capacity of Multiple MACA is better than the theoretically predicted result because the noise recovery capacity (p(w)) of individual MACA, as noted in the figures 6.9 and 6.10, is much better than the theoretically predicted limit (Fig. 6.5 & Fig. 6.6).

• The capacity enhancement through multiple MACA is not as good as that predicted by the theoretical limit (Fig. 6.7). This is because the theoretical formulation has made the assumption that all constituent patterns of a certain weight (w) occurs uniformly whereas in actual experimentation there are more repetition of some patterns than others.

• The sharpness in fall has mellowed down due to the same reason. The non-uniformity of pattern distribution of a particular weight gets more reflected as we increase the number of MACA to design the system. The rate of improvement in noise recovery capacity also slows down as we introduce more and more MACA to the system. The curve 2 of Fig. 6.12 displays the result with 20 MACA. We find that the capacity enhancement is marginal compared to that in curve 3 of Fig. 6.12 derived with 6 MACA only.

The extensive experimental results coupled with detailed analytical framework confirm the feasibility and versatility of using the sparse network of CA as a modeling tool for the complex operation of Associative Memory. This MACA based model is next employed to develop the application of Pattern Classification in the next section.

6.2 Design of MACA Based Pattern Classifier

A classifier is trained to partition some specific set of patterns P = {P_1, · · · , P_i · · · , P_k} into classes {C_1, · · · C_i, · · · C_k} respectively. This is called the training phase of the classifier. Subsequent to training phase, during the testing phase any pattern P_{incom} which may or may not be the member of the training set, gets classified in the class with which it has the best match. That is, the class with which its average hamming distance is least.

[The symbol P_i in this section is used to indicate a set of patterns unlike in earlier section where it meant a single pattern. To represent j^{th} pattern in P_i, the double subscript of P_{ij} is used.]

An n-bit MACA with k-attractors can be viewed as a natural classifier. It classifies a given set of patterns into k-distinct classes, each class containing the set of states in the attractor basin. In other words, a k-attractor MACA can be designed to classify a pattern set that consists of k or lesser number of pattern classes. Let an MACA (Fig. 6.2) based classifier be designed to classify 2 classes, where Class I is represented by a set of attractors (00001, 10001 & 10000) and Class II by the attractor 00000. When the MACA is loaded with a pattern p_i (00010) ∈ P and the CA is run for a number of cycles equal to its depth d, it settles down to an attractor (00000) representing the class (Class II)(Fig. 6.13) the pattern p_i (00010) belongs to. The pseudo-exhaustive field P EF (least and most significant symbol - that is, 00) of the attractor (00000) identifies the class of the pattern p_i (00010). The P EF acts as the index to memory location, where the class information is stored. Design of MACA based two class classifier is reported in [53, 263, 311]. Multi-Class Classifier is implemented by employing the concept of two class classifier recursively.

We next introduce the design constraints to be maintained while designing MACA based two Class Classifier followed by its generalization to design Multi-Class Classifier. 6.2.1 Design Constraints

To design an MACA based two class classifier, two important Design Constraints(DCs) have to be satisfied.

DC1 : Given two pattern sets P_1 and P_2 to be classified (into two classes), the members of each class should fall in different attractor basins of the MACA.

DC2 : Any pattern P_{incom} should fall in the class with which its Hamming Distance is lesser. Hamming Distance between an incoming pattern P_{incom} and a class C_1 or C_2 is measured by averaging the Hamming Distance with P_{incom} and each member of the constituent pattern set P_1 or P_2. This is referred to as AHD.

AHD(P_{incom}, C_{1(2)}) =

∑κ_{1(2)} i=1 (HD(P_{incom}, P_{1(2)i})) κ_{1(2)}

∀P_{1(2)i} ∈ P_{1(2)} (6.12)

where P_{1(2)} is the pattern set constituting the class C_{1(2)} and κ_{1(2)} = cardinality of the set P_{1(2)}. That is, Average Hamming Distance(AHD) should conform to the following relation if P_{incom} has lesser distance with P_1

AHD(P_{incom}, P_1) < AHD(P_{incom}, P_2) (6.13)

Satisfiability of DC1: The design of MACA based Classifier for two pattern sets P_1 and P_2 should ensure that the elements of one class, say P_1, are covered by a set of attractor basins that do not include any member from the class P_2. Any two patterns a ∈ P_1 and b ∈ P_2 should fall in different attractor basins.

In order to ensure that any two patterns a ∈ P_1 and b ∈ P_2 fall in different attractor basins, the pattern derived out of modulo-2 sum of a and b (a ⊕ b) should lie in a non-zero attractor basin (follows from Theorem 5.2, page 98). Let X be the set formed from modulo- 2 sum of each member of P_1 with each member of P_2. Therefore, all the members of X should fall in the non-zero basin. This implies that the following set of equations should be satisfied.

T^d · x ≠ 0 ∀x ∈ X, X = {x | x = (a_i ∈ P_1) ⊕ (b_j ∈ P_2)∀_{i,j}} (6.14)

where, T is a valid MACA to be employed for designing the two class classifier and d is the depth of the MACA.

Satisfiability of DC2 : As discussed in chapter 5, the MACA forms the Hamming Hash Family(HHF). It maintains an inverse relationship between the collision of a pair of patterns hashed (with MACA) and their hamming distance.

The concept of HHF imparts an important property to the attractor basin of MACA. Since keys (patterns) that collide lie in the same attractor basin, the keys (patterns) which lie close to each other in terms of hamming distance are more likely to belong to the same basin. Therefore, when a pattern P_{incom} is given as an input, (the input may or may not have been used during training) it is more likely that it will fall in the same attractor basin as the patterns of the class with which its hamming distance is less.

The following example illustrates the concept.

Example 6.3 Let us consider the two 5 bit pattern sets P_1 and P_2. where P_1 = {P_{11} =

11111, P_{12} = 01111, P_{13} = 11010} and P_2 = {P_{21} = 01000, P_{22} = 01010} respectively. In order to classify P_1 and P_2 into two distinct classes, Class I and II respectively, we have to construct an MACA such that the patterns of each class fall in distinct attractor basins of the MACA.

The MACA of Fig. 6.2 is able to clas-

Figure 6.13: MACA based Classification Strategy sify P_1 and P_2 into distinct attractor basins, where Class I is represented by one set of basins having attractor set as {00001, 10001 & 10000}. Class II is represented by {00000} basin.

When the MACA is loaded with an input pattern x = 00010 and is allowed to run in autonomous mode for a number of cycles equal to the depth of CA, it traverses through the intermediate states and ultimately reaches the attractor state.

The Hamming Distance (HD) between x and Class I = (HD(x, C_1)) is measured by the Average Hamming Distance (AHD) of x with each member of the class. For example, HD(x, P_{11}) = 4 , HD(x, P_{12}) = 3, HD(x, P_{13}) = 2 and the AHD(x, C_1) =^{4+3+2}_3 = 3. Similarly, AHD(x, C_2) = 1.5.

Therefore, AHD(x, C_2) < AHD(x, C_1). Hence, the input pattern x = (00010) settles to the attractor 00000 - the attractor representing Class II.

Design Constraint (DC3) : The Example 6.3 points to an important design constraint to be satisfied in the classifier design. For an ideal classifier, to distinguish between two classes, we would need one bit(P EF ). The classifier of Fig. 6.13 requires four attractors to distinguish between two classes. Hence two bits are required for P EF and incurs a memory overhead of the design. Therefore, while designing MACA based classifier, care should be taken to minimize the number of attractor basins of the selected MACA’s.

6.2.2 Design of Multi-class Classifier

A two class classifier can be viewed as a single stage classifier. For designing a Multi-Class classifier, this scheme of single stage classification will be repetitively employed leading to a multi-stage classifier consisting of multiple MACA, each MACA corresponds to a single stage.

Fig. 6.14 depicts an MACA based multi-class classifier for the pattern sets P_1, P_2, P_3, P_4. The T s in the figure represent two class classifiers and they form an MACA tree. T_0 divides the given pattern sets in two classes [P_1 ∪ P_2] and [P_3 ∪ P_4]. Similarly, T_1 classifies [P_1 ∪ P_2] into P_1 & P_2, whereas T_2 classifies [P_3 ∪ P_4] into P_3 & P_4. Let us assume that the class of a pattern P_{incom} is to be determined in run time using the multi-class classifier designed with the MACA tree of Fig. 6.14. The time taken to identify the desired class i of the element P_{incom} can be estimated as the time needed to reach the node P_i of the MACA tree.

Thus the time complexity of searching the de-

Figure 6.14: MACA based Multiclass Classifier Note : A leaf node represents a class in input set P = {P_1,P_2,P_3,P_4} sired class is proportional to log_2T , where T is the number of classes upon which the pattern classification algorithm is developed.

In the rest of this chapter, we concentrate on designing an efficient two class classifier. The exponential complexity of the design satisfying Relation 6.14 has provided the motivation to fall back on the evolutionary program of Genetic Algorithm. In order to reduce the memory overhead, the design will strive to find an MACA that would have least number of attractor basins.

6.2.3 MACA Evolution for Pattern Classification

The framework of Genetic Algorithm (GA) discussed in Section 5.3 is used for evolution of MACA. We employ Scheme 2 discussed in Section 5.3 as there is no constraint on the number of attractors. The fitness function is designed in a fashion so that it can guide the evolution process towards the most efficient MACA classifying pattern set P_1 and P_2 into classes C_1 and C_2 respectively. Fitness function

The fitness F(MACA) of a particular MACA in a population is determined by the weighted mean of three factors F_1, F_2 and F_3. The F_1 reflects satisfiability of Relation 6.14 in Section 6.2.1 - that is, satisfiability of constraint DC1. The F_2 reflects the estimate of correctness of its classification in testing phase (DC2). The design issue regarding the number of attractors of the MACA (DC3) gets reflected in the factor F_3.

As noted in Relation 6.14 of Section 6.2.1, X is the set formed from modulo-2 summation of each pattern of P_1 with each pattern of P_2. With 30 randomly chosen patterns from X, the fitness criteria F_1 of the MACA is determined. The fraction of X satisfying Relation 6.14 is the measure of F_1. For example, if 15 out of 30 randomly chosen patterns from X satisfy Relation 6.14, then F_1 = 0.5.

The fitness function F_2 measures whether a noisy pattern P_{incom} has fallen in the proper class of the classifier. We select 30 patterns randomly and then check whether Relation 6.13 is satisfied for each of the selected patterns. For example, if 18 out of 30 randomly chosen patterns satisfy Relation 6.13, F_2 = 0.6.

The factor F_3 varies inversely with the number of attractors required to classify the pattern set. It has been defined as -

F_3 = 1 − [(m − 1)/n]^l (6.15) where 2^m denotes the number of attractor basins for the n cell MACA, and l is set to 1·8.

Subsequent to extensive experimentation, we have set the relative weightage of F_1, F_2 and F_3 are set as follows.

F(MACA) = 0.7 · F_1 + 0.15 · F_2 + 0.15 · F_3 (6.16)

The experimental results reported in Section 6.2.4 confirms that the Relation 6.15 and 6.16, although evolved empirically, provides the direction for fast GA evolution to arrive at the desired MACA.

6.2.4 Performance Analysis of MACA based Classifier

In this subsection, we present the details of the experimental results performed. The data set for which the classifier is designed is artificially synthesized so that it can test the theoretical framework followed by the MACA basins. Since MACA basins form natural clusters, the two class classifier behaves most efficiently when (a) patterns within a class form natural cluster and (b) the distance between classes are high.

To characterize the data sets that are to be classified in two classes, we introduce the parameters D_{min} and D_{max}. The D_{min} is the minimum hamming distance (inter-cluster distance) between two patterns P_{1i} and P_{2j} in classes C_1 and C_2 respectively. On the other hand, D_{max} is the maximum distance (intra-cluster distance) between two patterns within a class. (In order to distinguish between inter and intra class distance, the two symbols D and D has been used respectively). Distribution of Patterns

For the sake of completeness of performance analysis, the distributions of patterns in two classes are assumed as shown in Fig. 6.15. Each pair of sets on which the classifier runs are characterized by the curves (a − a^′, b − b^′, c − c^′, d − d^′). The ordinate of the curves represents the number of pattern pairs having the specified hamming distance. For example, the point A on the curve for a has y number of pairs of patterns which are at hamming distance x. The abscissa has been plotted in both the directions, from left to right for Class I while from right to left for Class II. The curves of Class I & Class II overlap if D_{min} < D_{max}. An ideal distribution a − a^′ is represented by the continuous line without any overlap of the two classes. Experimental Setup and Results

In each of the above distributions, different values of n -that is, the length of the pattern, are considered. For a specific value of n, 2000 patterns are taken for each class. Out of this set, 1000 patterns are taken from each class at the training phase. The rest 1000 patterns of a class are used to test the prediction accuracy of the model. We experiment on 10 such pairs of pattern sets for each n and the GA has been evolved for 100 generations.

Table 6.3 displays the classification efficiency of the data set a − a^′, b − b^′ and c − c^′. Column II represents number of attractor basins (2^m) for which GA results in the best possible solution, m represents the number of bits in P EF of attractors. The Column III to

Table 6.3: Experiment on Synthesized Data Size Value Curve a-a^′ Curve b-b^′ Curve c-c^′ (n) of m Training Testing Training Testing Training Testing 20 2 85.40 85.60 83.20 82.00 81.20 72.40 3 96.10 94.35 92.20 93.35 92.20 83.35 40 3 98.20 97.75 97.60 96.80 77.60 66.80 4 98.35 98.85 97.20 97.45 94.28 87.45 60 3 98.55 97.75 96.90 96.05 86.98 77.55 4 98.50 98.00 96.90 96.05 91.90 86.60 80 3 98.81 98.65 98.70 97.70 81.70 76.35 4 99.15 99.20 98.70 97.70 88.79 87.30 5 99.75 99.70 98.30 97.30 91.65 87.10 100 3 99.65 99.25 98.30 97.45 86.40 77.95 4 99.67 99.35 98.40 97.30 83.10 80.35

VIII show the classification efficiency during the training and testing phase for the specified test data set. The classification efficiency of a training set is the percentage of patterns that can be classified in different attractors whereas the efficiency of testing implies the percentage of data which can be correctly identified during the testing phase. The classifier predicts the class of a pattern in constant time. The best result of classification efficiency corresponding to an m in the final generation is taken. The results noted for an (n, m) pair is the average of the resulted efficiencies of the 10 different pairs of pattern set taken for each value of n.

6.2.5 Analysis of Classifier Performance

The experiment, noted below, validate

Figure 6.15: Distribution of patterns in Class 1 and Class 2 (HD denotes Hamming Distance) the theoretical foundations laid in the earlier sections.

Expt 1: Study of GA Evolution - The GA starts with different values of m. The GA parameters are so formulated that it soon begins to get concentrated in a few specific zones. The genetic algorithm is allowed to evolve for 100 generations. In each case 80% of the population in the final solution assumes the two or three values of m noted in Column II.

This shows that our scheme of GA is able to hit the correct zone of classification, the values of m where classification efficiency and design overhead is optimum is reported. It has been tested that even if we increase the value of m than the ones reported, the classification performance improves at a very slow gradient.

Expt 2: Experiment done on a − a^′ and b − b^′ (with nil/low overlap of patterns in two classes) - It displays that classification accuracy is above 98% in most of the cases (the Columns III to VI). Moreover, the classification accuracy on test data is also almost equal to the classification accuracy of the data set used during the training phase. This validates the theoretical foundation that MACA basins are natural clusters. The reasons for better efficiency of the classifier with higher value of n is discussed next

1. The number of patterns (say |A|) upon which training is done is constant (2000), irrespective of n. This conforms to the methodology followed while classifying data set from real life. However, when we form the classifier, a class is represented by an attractor basin. The elements in the basin (say B) consists of the given set A and some don’t care states C (states which can fall in any class), where |A| + |C| = |B|. As the value of n increases, the number of elements in the basin B increases and consequently the don’t care states also increases. This results in higher freedom in choosing the desired MACA with better clustering property to be employed as the classifier.

2. Moreover, as n increases, the tendency of cluster formation of individual basins also increases. This is clear from the graph in Fig. 5.7 where Expected Occurrence of smaller weights is significantly more for larger value of n if we keep the number of attractors constant for all the case.

Expt 3: Experiment on data set c − c^′ - With increasing overlapping of data set (curve c − c^′), the classification efficiency of test data set falls below that of training data set (Columns VII & VIII of Table 6.3). But even in this case the classification efficiency doesn’t deteriorate significantly.

In the theoretical analysis, it has been shown that the expected behavior of MACA is that its basins form natural clusters. But since it is a statistical behavior, there are a few number of MACA in which basins doesn’t conform to the condition. In view of availability of such MACA’s, the results for data set c − c^′ do not deteriorate to an appreciable extent. Naturally, the capacity of classification in the testing phase deteriorates as there is no such metric to bind each individual class of the data set.

Expt 4a: Experiment with data sets having implicit clusters - It is observed that even if the data set between two classes may have a fair amount of overlap (d − d^′), the classifier functions well if the classes have implicit clusters among themselves. The following experiment is performed to validate this observation.

We first randomly generate four pivot patterns which are separated by a fixed hamming distance (say D_{min}). Then around each pivot, we randomly generate a cluster of p patterns within D_{max} distance (maximum hamming distance between a pivot and an element in the associated cluster), where D_{max} <= D_{min}/2.

Fig. 6.16 represents the four pivots A_1, A_2, A_3 & A_4 which are separated by hamming distance D_{min} . We generate two classes by combining two clusters each. For example, the data set of clusters A_1 and A_2 is represented by Class 1; whereas Class 2 represents the data set of clusters A_3 and A_4. When two clusters together form an individual class, the elements of the new class do not maintain (D_{min}, D_{max}) relationship - a variant of the form denoted by the curve (d − d^′) in Fig. 6.15. It is shown that the MACA based clas-

Figure 6.16: Cluster detection by Two-class classifier sifier performs classification task very well even though the distribution of patterns of each class is not ideal. Table 6.4 reports the detail result of cluster detection. The Columns III and IV depict the classification efficiency of the training and testing data set respectively at different values of m. Expt 4b: The last experiment is subjected to further study. The contents of each attractor basins are probed. For example, the first row in Table 6.4 has employed 2^2 attractors to classify the patterns. Clusters A_1 & A_2 form a class (Class I) and occupies two attractors while Cluster A_3 & A_4 occupies the other two attractors. In the two attractors (say a_1 & a_2) which Cluster A_1 & A_2 occupy, it is found that 99% of patterns of Cluster A_1 occupies attractor a_1, while 99% of patterns of Cluster A_2 occupies the attractor a_2. It is similar in case of the class formed from A_3 and A_4.

Table 6.4: Cluster Detection by MACA based Classifier n = 100, p = 2000, D_{min} = 20, D_{max} = 5 Combi^n Value Performance (%) of Clusters of m Training Testing A_1 & A_2, A_3 & A_4 2 95.90 92.30 4 99.82 97.10 A_1 & A_3, A_2 & A_4 2 94.50 92.30 4 98.70 96.62 A_1 & A_4, A_2 & A_3 2 94.60 90.40 4 99.20 96.82

The experimental observations illustrates beyond doubt that the classifier proposed is very robust one and has the capacity to execute a wide variety of practical classification task.

6.3 Conclusion

This chapter has developed two very important applications of Multiple Attractor Cellular Automata - the modeling of Associative Memory and construction of General Pattern Classifier. The applications have been developed exploiting the property of MACA basins, which behave as natural clusters. While addressing the problem of pattern recognition/classification, we have dealt with binary data files and the metric used for classification, has been Hamming Distance. The next task in this line is to generalize the scheme for multivalued data as well as develop the classification scheme based on other metrics especially Euclidean Distance. This would be an important sequel to the research work reported in this thesis.

The versatility of the proposed schemes has been largely derived from the innovative scheme of evolving vector space of MACA with Genetic Algorithm. This GA formulation has provided the foundation of design and practical implementation of the CA based models. Based upon this experience, we generalize the concept of GA to evolve desired Group CA for other modeling applications in the next chapter.

6.4 Appendix of Chapter 6

Noise Recovery Capacity - Experimental and Theoretical Values The experimental results of noise

Figure 6.17: Noise Distribution n = 40 (Experimental & Theoretical) recovery capacity of MACA based Associative Memory Model, as reported in Section 6.1.4, are significantly better compared to the theoretical prediction regarding the noise recovery capacity of the model. The figure 6.17 reports the remarkable improvement in the experimental observation compared to the the theoretical ones for n = 40, k = 22. (In this section, we have reproduced Fig. 6.11 as Fig. 6.17 for convenience.) We observe that for w = 1, the theoretical estimate of p(w), that is the fraction of patterns of weight w present in the 0-basin is 0.3 while the experimental results of p(1) is around 0.85. The reason for this gap between experimental results and theoretically derived values is next investigated. The theoretical values, as shown in Fig. 6.17 have been derived from MACA having average noise recovery capacity. On the other hand, while evolving MACA with GA, the factor F_2 of the Fitness function always drives the evolutionary process of Section 6.1.3 towards an MACA having best noise recovery capacity. This implies that for each set of patterns, the best MACA always has above average noise recovery capacity. A theoretical framework of this phenomenon is next reported.

The theory has been developed based on an important assumption about memorizing capacity. Computation of Memorizing Capacity in Section 6.1.1 is implicitly based upon the concept that some pattern configuration can be memorized more easily than others. In the following discussion, we use the assumptions that memorizing each pattern configuration is equally easy/difficult. Based upon this assumption, we show that with only a small percent of the total MACA pool, all the distinct configurations (K) of the k- cardinality pattern set P can be memorized, where k is the memorizing capacity (MC) of the system (defined in Section 6.1.1, page 131). Consequently, this small percentage of MACA will certainly have above average Noise Recovery Capacity. A quantitative measure of this small percentage of MACA follows.

In the following discussions (a) we enumerate the percentage of MACA required to memorize pattern sets of cardinality k, and (b) we next model a frequency distribution of the MACA pattern space to derive the noise recovery capacity of the best MACA. (a) Fraction of MACA Required to Memorize the Entire Pattern Set : The number of all possible pattern set - K - of cardinality k chosen from all possible 2^n patterns is K =^{2n} C_k Let the cardinality k of the pattern set P follow the relation where 2^{m−1} < k ≤ 2^m. An n-cell MACA(n, m) can memorize K different sets of patterns P each of cardinality k, that is, in the MACA each member of the set P falls in different attractors where K̂ = 2^m C_k(2n−m)k. The relation is obtained by selecting an element from each of the selected k-basin.

Therefore, the number of MACA on the average required to classify the whole set of combination is given by N̂ = K/K̂ The number of such pattern classifying MACA forms a small fraction of the entire space of the MACA, the fraction is given by

fracMACA(n, m) = N̂ N(n, m)

where N(n, m) is the total number of MACA(n, m) which can be formed.

The impact of fracMACA(n,m) is elaborated through the following table. The Column 1 & 2 of Table 6.5 denotes the pattern width (n) and the Memorizing Capacity (MC) at that width. It has been reproduced from the Table 6.1 (page 132). The Column 3 shows the fracMACA, that is the fraction of MACA required to memorize all variations (K) of pattern set of the given cardinality, computation of which has been based on the assumption that each pattern set is equally difficult to memorize. For example, in the case of n = 40, k = 22, we see that the fraction is around 10^{−10}, which implies that such a meager percentage of the whole population (10^{−8} %) is sufficient to memorize all possible variations of the pattern set. The process of derivation of z(Frac) noted in Column 4 of Table 6.5 is explained in the later part of the section.

Based upon this information, we next have a look at the MACA pattern space and finally derive a mathematical formulation based on the information reported in Table 6.5. (b) Modeling of MACA Space : The MACA(n, m) pattern space can be conceived as an (n + 2) - variable frequency distribution, where there are (n + 1) independent variables

Table 6.5: Fraction of MACA Pool Required to Memorize Patterns

No of No of Random fracMACA z(Frac) cell (n) Patterns

10 9 2.4 × 10^{−3} 2.8 20 13 5.4 × 10^{−5} 3.9 30 17 2.3 × 10^{−9} 5.9 40 22 3.8 × 10^{−10} 6.2 50 25 4.7 × 10^{−11} 6.5 60 28 2.4 × 10^{−11} 6.6 70 30 8.3 × 10^{−12} 6.8 80 32 1.8 × 10^{−11} 6.6

- |P (w, n, m, x)| (w = 0 to n). (|P (w, n, m, x)| indicates the number of patterns with weight w in the 0-basin of an n-cell MACA with 2^m attractors; the number of patterns in 0-basin of an MACA is controlled by the variable parameter x. For convenience, we henceforth denote |P (w, n, m, x)| as |P (w, x)|.) The dependent variable is the number of MACA(n, m) - N(n, m). Therefore, the dependent variable N(n, m) can be conceived as a function of (n + 1) independent variables. Defining in functional form

N(n, m) = f(|P (0, x)|, |P (1, x)|, · · · |P (n, x)|)

For the sake of simplicity in exposing the underlying principle of our analysis, we concentrate on 2-dimensional functional form. The Fig. 6.18(a) is a simplified 2-dimensional representation of the MACA space with a single independent variable |P (w, n, m, x)| for w = 1 in x-axis. The dependent variable N(n, m) is represented in the y-axis. For developing mathematical formulation, we assume that the frequency distribution is Gaussian in nature with 2-dimensional Normal Distribution (Fig. 6.18(a)). The value of the independent variable X = |P (w, x)| increases from left to right. The middle point indicating the mean where number of MACA - N(n, m) formed is highest. The total area under the curve indicates the total number of possible MACA(n, m) and the shaded area shows the number of MACA required to memorize all possible configurations (K) of pattern set of cardinality k. This implies that MACA’s which have memorized different variations of the pattern set P with cardinality k has the value of |P| ≥ γ, which is much above average. The value of γ is next calculated.

Computation of γ : Through statistical technique [321], the distribution can be converted to Standard Normal Distribution by changing the scale of the variable X (= |P (w, x)|) to X =^{X−μ}_σ , where μ and σ implies the mean and standard deviation of the distribution respectively. Fig. 6.18(b) shows the Normal Distribution after being converted to Standard Normal(SN) form. The mean and standard deviation of the SN Distribution are 0 and 1 respectively. The total area under the curve is 1 and therefore the value of the shaded portion under the curve is fracMACA. The value corresponding to γ is denoted by z in the

Figure 6.18: Gaussian(Normal) Probability Distribution Function of the relation N(n, m) = f(w, n, m, x) and its corresponding Standard Normal form obtained through scaling

figure. For a given fracMACA, the value of z can be directly obtained from z-distribution table available in all standard textbook of statistics. (The z value corresponding to each fracMACA is provided in Column 4 of Table 6.5).

The value of γ (Fig. 6.18(a)) can be calculated from the value of z through conversion of scale. The formula for calculating γ is given by

γ − μ σ = z (6.17)

where μ and σ implies the mean and standard deviation of the distribution respectively and z is the value from which fracMACA area begins in the Standard Normal Distribution. We next elaborate the method of calculation μ and σ.

Computation of μ and σ : We calculate the mean (μ) and standard deviation (σ) of the frequency distribution formed from the Relation 5.22 (page 120) reproduced below

|P (w, n, m)| = ∑ ∀pc∈P C

(|P (w, n, m, pc)|) × N_{pc}(n, m)

N(n, m)

The relation can be rewritten as

|P (w, n, m)| = ∑ pc X · p(x) (6.18)

where

X = (|P (w, n, m, pc)|) & p(x) =

N_{pc}(n, m) N(n, m)

From the Relation 6.17, it is quite clear that the value of γ is much more than the mean μ. We illustrate the calculation for n = 40 at memorizing capacity 22 through the following example.

Example 6.4 Let n be 40 and k = 22. Therefore, the mean μ and standard deviation (σ) are 14.20 & 3.25 (from Relation 6.18) respectively and fracMACA = 3.8 × 10^{−10} (from Table 6.5). Therefore, the value of γ will be

γ − μ σ = z(3.8 × 10^{−10}) = 6.2 ⇒ γ = 6.2 × 3.25 + 14.20 = 34

Hence EO(P (1, n, m)) =^{34}n_{C12m} =^γ_{|P̂ (1,n,m)|} =^{34}_{40} = 0.85 which is roughly equal to the experimental observation noted in Fig. 6.17.

The above formulation explains the reason behind this gap in Theoretical and Experimental Results of noise recovery capacity of MACA based Associative Memory Model. It establishes the importance of MACA with best noise recovery capacity and highlights the dividend derived through the introduction of F_2 fitness factor in the evolutionary design methodology in Section 6.2.3 (page 145). However, the reasoning in this chapter has been done on a simplified version for w = 1. A important extension of the work in the future will be to theoretically derive the noise recovery capacity of the best MACA for all values of w.

Chapter 7

Group CA Based Model for Pseudo-Random Pattern Generator (P RP G) Without Prohibited Pattern Set (P P S)

This chapter deals with the application of Group CA for modeling Pseudo Random Pattern Generator (P RP G). Group CA and Linear Feedback Shift Register (LF SR) are traditionally employed to design Pseudo Random Pattern Generators (P RP Gs) that are widely used for testing V LSI (Very Large Scale Integrated) circuits [24, 154]. P RP G based on maximum length Group CA or LF SR generates a large volume of patterns. Such test patterns are applied to test different CUT s (Circuit under Test) of a V LSI chip that may be accessed through a full or partial scan path [146]. However, there are applications where some patterns are declared prohibited to a CUT . If the CUT is subjected to a pattern of the Prohibited Pattern Set (P P S), the CUT may be placed to an undesirable state and even may get damaged. Test Designers do face the problem while testing a V LSI chip equipped with P RP G based Test Pattern Generator (T P G).

In this chapter we address the problem of modeling a P RP G using Group CA. The P RP G based T P G generates large volume of pseudo-random test patterns while avoiding generation of the patterns declared prohibited for a CUT . While designing Pseudo-Random Test Pattern Generator, the test designers identify the prohibited patterns either as a set of vectors or as the functions of primary inputs (P Is) of a CUT . That is, the prohibited pattern set (P P S) can be of two different types.

Type I : It consists of random patterns regarding which the test designer has gathered information in the process of testing. These patterns are random in nature and do not display any co-relation whatsoever. The test engineer may not have any idea why those patterns are creating problem. Consequently, the cardinality of such a prohibited pattern set is usually small.

Type II : These class of P P S are formed out of some prohibited functions (P F s) on a subset of primary inputs (PIs) of the circuit to be tested. Test designer identifies the functions from analysis of the circuit. Generally, a few number of P Is are involved for this type of P P S. However, the prohibited function (P F ) may produce P P S of cardinality much larger than that of Type I.

The design of a CA based Test Pattern Generator (T P G) to generate large volume of test patterns without the given PPS (Prohibited Pattern Set) has been first proposed in [122, 313]. Subsequent improvements of this design has been reported in [121].

The design methodology proposed in the chapter ensures a P P S free T P G considering both the Types I and II noted above. The solution is based on a novel scheme that combines the guided search technique provided by Genetic Algorithm (GA) and the analytical framework of cyclic subspaces generated by Group CA.

The next section revisits Group CA theory related to this specific application for modeling P RP G based T P G (Test Pattern Generator). The Section 7.2 presents the T P G design scheme followed by GA based evolution strategy of the desired Group CA in Section 7.3. The experimental results are subsequently reported in Section 7.4, that clearly establishes the fact that the proposed model of CA based T P G provides a desirable solution to address the real life problem V LSI test design community encounters.

7.1 Group CA Revisited

In the present application, we concentrate on Linear CA (LCA) which employs the XOR logic for the next state function of its cells. The detailed theoretical foundation of LCA has been reported in the Chapters 3 & 4. This section reproduces some of the important topics of Linear CA (LCA) from Chapters 3 & 4, that are necessary to follow the proposed design of T P G without prohibited pattern set (P P S).

An n-cell Linear CA is represented by the n × n characteristic matrix T , where T_{ij} = { 1, if the next state of the i^{th} cell depends on the present state of the j^{th} cell 0, otherwise.

In 3-neighborhood dependency, the characteristic matrix T becomes a tri-diagonal matrix. The state s_t of an n-cell CA at t^{th} instant of time is a string of n binary symbols. The next state (pattern) - s_{t+1} and the state after p^{th} instance of time - s_{t+p} of the CA is given by s_{t+1} = T · s_t ⇒ s_{t+p} = T^p · s_t

The CA can also be represented by a polynomial referred to as the characteristic polynomial of the CA. The polynomial f(x) of which the characteristic matrix T is a root, is referred to as the characteristic polynomial of the CA. It comprises of invariant polynomials ϕ_i(x)^{ni} , where ϕ_i(x) is irreducible that is, f(x) = ϕ_1(x)^{n1} · ϕ_2(x)^{n2} · · · ϕ_N (x)^{nN} . The polynomials ϕ_i(x)^{ni} , invariant to the linear operator T , are referred to as the elementary divisors. The elementary divisors and characteristic polynomial maintain the following properties elaborated in Chapter 3 & 5. These are relevant for the proposed T P G design.

Property 1: Different characteristic polynomials produce different vector subspace. Property 2: Multiple T ’s (characteristic matrices) can have the same characteristic polynomial

Property 3 : Elementary divisors arranged in different orders produce different vector subspaces.

If all the states in the state transition diagram of a CA lie in some cycles, it is a Group CA, whereas a Non-Group CA state transition graph has both cyclic and non-cyclic states. The Group CA has been employed for the proposed CA based T P G design. 7.1.1 Properties of Group CA All the states of a Group CA lie on some

Figure 7.1: A 4-cell maximal length Group CA cycles. The Group CA can be classified as maximal length and non-maximal length CA. The maximal length CA (Fig. 7.1) is the special class of Group CA having a cycle of length 2^n − 1 with all non-zero states, where n is the number of cells in the CA. Maximum length CA generates excellent pseudo-random sequence [154]. The characteristic polynomial of an n-cell maximal length CA is the n^{th}-degree primitive polynomial.

For a non-maximal length CA (T_1 of Fig. 7.2), the characteristic polynomial gets factored to invariant polynomials (elementary divisors). The characteristic polynomial f(x) of such a CA with N elementary divisors can be represented as

f(x) = ϕ_1(x)^{n1} · ϕ_2(x)^{n2} · · · ϕ_N (x)^{nN} .

Each of the elementary divisors ϕ_i(x)^{ni} forms cyclic subspace - which leads to the generation of multiple cycles in a Group CA. The entire state space V of a non-maximal length Group CA is the direct sum

V = I_1 + I_2 + · · · + I_N

where I_i is the cyclic subspace generated by the divisor ϕ_i(x)^{ni} .

The proposed design of T P G employs non-maximal length Group CA. An example non-maximal length Group CA is shown in Fig. 7.2 with its T matrix (Fig. 7.2a) and its four cyclic subspaces (Fig. 7.2b). The subsequent two subsections reproduce the relevant portions of analysis and synthesis algorithm of Chapter 3 & 4 required to develop the particular evolutionary scheme for generating P RP G based T P G devoid of P P S. 7.1.2 Analysis of Group CA

In this subsection, we reproduce some of the important results relating to analysis of Group CA formulated in Chapter 3. The results are related to (a) Enumeration of Cycle Structure, (b) Relation between Elementary Divisor and Primary Cycle Structure, and (c) Relationship between degrees of Characteristic Polynomial f(x), Elementary Divisor ϕ_i(x)^{ni} and irreducible polynomial ϕ_i(x).

(a) Enumerating Cycle Structure of a CA

In the given problem of generating P RP G without P P S, we require to enumerate the cycle structure of CA whose characteristic polynomial in elementary divisor form is provided. That is, given f(x) = ϕ_1(x)^{n1} ·ϕ_2(x)^{n2} · · · ϕ_N (x)^{nN} , generate the final cycle structure CS. The Steps 2 and 3 of Algorithm 3.1 (page 32) are required to be executed to solve this problem. We are reproducing the steps in the following algorithm Enum CS from ED([ED], CS). The Steps 2 & 3 are reproduced as Steps 1 & 2 respectively.

Algorithm 7.1 Enum CS from LCA([ϕ_i(x)^{ni} ], CS) Input : Set of Elementary Divisors ϕ_i(x)^{ni} where f(x) = ϕ_1(x) · ϕ_2(x) · · · ϕ_N (x)^N Output : Cycle Structure (CS) Step 1: Generate cycle structure of each elementary divisor ϕ_i(x)^{ni} .

Step 2: Output the final cycle structure (CS) by crossproducting the cycle structures of all the elementary divisors.

The detailed description of Step 1 is provided in Algorithm 3.3 (page 37). The crossproduct operation is defined in Definition 3.15 (page 38), while Step 2 has been described in detail in Algorithm 3.5 (page 44) & Algorithm 3.7 (page 48).

A simple example is provided to illustrate the enumeration process.

Example 7.1 Let the T matrix of a 5 cell LCA be

T = [1] 0 0 0 0 0 ⌈1 1⌉ 0 0 0 ⌊0 1⌋ 0 0 0 0 0 ⌈0 1⌉ 0 0 0 ⌊1 1⌋ and the characteristic polynomial of the CA in elementary divisor form be (x + 1)(x + 1)^2(x^2 + x + 1).

Step 1 : Cycle Structures generated by each individual elementary divisor are

CS_{LCA(x+1)} = [1(1), 1(1)], CS_{LCA(x+1)}2 = [1(1), 1(1), 1(2)], CS_{LCA(x}2_{+x+1)} = [1(1), 1(3)]

Step 2 : The complete cycle structure of the CA is enumerated by cross-producting the cycle structures obtained from Step 2 and it results in the final structure.

CS_{LCA} = [1(1), 1(1)] × [1(1), 1(1), 1(2)] × [1(1), 1(3)] = [4(1), 2(2), 4(3), 2(6)].

(b) Relationship between Elementary Divisor and Primary Cycle Structure (P CS)

The definition of P CS reproduced from Definition 3.13 (page 36) clearly establishes the relationship between Elementary Divisor and Primary Cycle Structure (P CS). Primary Cycle Structure (P CS) represents the structure generated by an elementary divisor ϕ_i(x)^{ni} . It has two form of representation. Form 1 : CS_{LCA(ϕi(x)}n_{i )} = [1(1) +

∑_{mk} j=0 μ_2j_{·k}(2^j · k)] from Relation 3.5 (page 36).

Form 2 : Triplet representation - (μ_k, k)^{ni} where [1(1), μ_k(k) ] is the cycle structure of the irreducible polynomial ϕ_i(x) with Elementary Divisor as ϕ_i(x)^{ni} .

This triplet form of representation of P CS helps us to understand the direct mapping of P CS with the elementary divisor.

(c) Relationship between Degrees of Characteristic Polynomial and Elementary Divisors

Let R_i be the degree of the elementary divisor ϕ_i(x)^{ni} and n be the degree of f(x). Therefore the degree of f(x) is the summation of degrees of Elementary Divisors that is,

R_1 + R_2 · · · R_N = n (7.1)

where N denotes the number of elementary divisors.

Let the degree of the irreducible polynomial be ϕ_i(x) = r_i. Then its relation with degree of Elementary Divisor ϕ_i(x)^{ni} is given by

R_i = r_i × n_i (7.2)

The last equation specifies the relationship between the cycle structure of the P CS (μ_i, k_i)^{ni} and the degree r_i of ϕ_i(x). It is directly derived from Relation 3.2 (page 35).

r_i = μ_i × k_i + 1 (7.3)

The next section provides a brief overview of the Synthesis Algorithm from Chapter 4 required in this chapter.

7.1.3 Synthesis of Group CA

For Group CA synthesis, it is necessary to generate LCA (Linear CA) from a given set of P CS. That is, given CS = (μ_1, k_1)^{n1} · (μ_2, k_2)^{n2} · · · (μ_N , k_N )^{nN} , synthesize LCA which generates the corresponding cycle structure.

The Steps C and D of Algorithm 4.1 are executed to solve this problem. We are reproducing the steps in the following algorithm - Enum LCA from PCS. The Steps C & D are reproduced as Steps A & B respectively.

Algorithm 7.2 Enum LCA from PCS ([PCS], T) Input : Set of P CS - [(μ_i, k_i)^{ni} ] where CS = (μ_1, k_1)^{n1} · (μ_2, k_2)^{n2} · · · (μ_N , k_N )^{nN} Output : LCA - (T matrix) Step A : Find the elementary divisor ϕ_i(x)^{ni} corresponding to each (P CS). Step B (i) : Find LCA_i (T_i) corresponding to each ϕ_i(x)^{ni} .

B (ii). Synthesize the LCA combining the set of T_i generated, by placing the matrices in Block Diagonal Form.

The Step A is described in detail in Algorithm 4.5 (page 76). Step B(i) and (ii) is based upon the principle laid down in Theorem 4.8 (page 78) and Theorem 4.9 (page 79). The Algorithm 4.7 (page 79) describes in detail the Step B.

Following example illustrates the synthesis procedure.

Example 7.2 Let us consider the P CS set be given as (1, 1)^1, (1, 1)^2 and (1, 3). Step A : Then the characteristic polynomial f(x) = (x + 1) · (x + 1)^2 · (x^2 + x + 1). Step B (i) : T_is corresponding to (x + 1), (x + 1)^2 and (x^2 + x + 1) are [ 1 ] , [ 1 0 1 1 ] and [ 1 1 1 0 ] respectively.

Step B (ii) Therefore, the final T matrix by merging T_is in Block Diagonal Form is

T = [1] 0 0 0 0 0 ⌈1 1⌉ 0 0 0 ⌊0 1⌋ 0 0 0 0 0 ⌈1 1⌉ 0 0 0 ⌊1 0⌋

Based on the above theoretical framework. T P G design scheme employing non-maximal length Group CA is next presented.

7.2 T P G Design Scheme

The patterns generated from a maximal length CA display better ‘randomness’ quality and hence are used as Pseudo Random Pattern Generators (P RP Gs) for testing of V LSI circuits. However, the n-cell (n ≥ 16) non-maximal length Group CA having cycle length greater than 2^{n−1} doesn’t suffer in respect of randomness qualities and also can be used as the T P G for a CUT . This observation has been validated through extensive experimental results reported in Section 7.4.

In the proposed design, the state space of a CA considered for T P G is divided into multiple cycles. At least one of the cycles has large cycle length, fairly close to the maximal cycle length (2^n − 1). Such a large cycle is employed to generate the pseudo-random test patterns free from the given P P S.

The proposed design, as noted in the beginning of the chapter, takes into consideration two types of P P S. For Type I P P S with random vectors (patterns), the cardinality is very small, whereas the Type II P P S displaying some prohibited function on a subset of P I’s has larger cardinality. The Type I is typically prevalent in circuits with small number of P Is, and the second case is applicable for a circuit having large number of P Is. We define the following terminologies to designate the cycles of a non-maximal length Group CA to be designed as a T P G.

Definition 7.1 Target Cycle (TC): The cycle of largest length generated by the CA and used for generating test patterns.

Definition 7.2 Redundant Cycle (RC): The cycles other than T C - these are redundant in the sense that these are not used for generation of pseudo random test patterns.

Design Objectives: In the above background, the basic design objectives for a P P S free T P G design can be enlisted as follows :

• Cover the P P S as far as possible with the RCs.

• Most of the patterns of T C should be free from P P S not covered by the RCs.

• The patterns generated for a T C should display good pseudo-random qualities.

Based on the extensive experimentation in Section 7.4, the following observations provide the guideline for the proposed design.

• If the number of primary inputs (P Is) n of a CUT is large, the number of test patterns needed to test the circuit is comparatively much lesser than 2^n − 1, the total number of patterns generated by an n-cell maximal length CA.

• By contrast, in circuits with lesser number of PIs, the maximal space of the Target Cycle (TC) should be free from P P S so that the number of generated test patterns is close to the maximal length (2^n − 1) as far as possible.

Although, a small percentage of maximal length is required to test the CUT, the T C should be of length close to maximal length, as far as possible, to provide good pseudorandom patterns. The overview of the proposed design is next illustrated with a simple example.

Let us consider the 7-cell Group CA of Fig. 7.2 with characteristic matrix [T_1]_{7×7} (Fig. 7.2(a)). Its characteristic polynomial x^7 + x^5 + x^3 + x^2 + 1 can be factored as (x^4 + x + 1) and (x^3 + x + 1). As per the Algorithm 7.1, the states generated by the CA are divided into three small cycles of length 1, 7 & 15 and only one large cycle of length 105 (Fig. 7.2(b)).

The CA (Fig. 7.2(a)) can be considered as the desired T P G for a CUT with 7 P Is for some given set of prohibited patterns either supplied in the form of random P P S (Type I) or in the form of a prohibited function (P F ) (Type II).

Type I: Let us assume that the P P S of the CUT contains 10 prohibited patterns as shown in Fig. 7.2(a). Out of the given P P S, Cycle II (length = 7) contains 3-prohibited patterns P P S_1 = {0110100, 1101101, 1011001}, whereas the prohibited patterns P P S_2 = {0000110, 0000010, 0001001, 0000111, 0001111} fall in Cycle III(length = 15). The rest 2 prohibited patterns {0010001, 0100100} covered by the Cycle IV are separated by a distance of 10 time steps - that is T^{10}_1 (0010001)^t = (0100100)^t (t denotes the transpose of the vector). To avoid these two prohibited patterns, the CA is loaded with 0100100 and can run for L = 94 time steps to generate the test pattern sequence starting from 1111110 - that is, the state following 0100100. In effect, the Group CA (T_1) with 0100100 as the seed is the desired T P G, which avoids generation of the P P S while generating pseudo random patterns of length 94. The number of enumerated test patterns is close to the maximal length. It is approximately 75% of the maximal length 127.

Type 2: For this case let

Figure 7.2: P RP G without the Prohibited Patterns us assume that the prohibited pattern set is given in the form of patterns satisfying a prohibited function (P F ) on P Is marked as a, b, c · · · g. Consider that out of 7 P Is of the CUT , three P Is - a,b, and c are associated with the given prohibited function (say) abc. So the number of prohibited patterns resulted from the P F is 16. Out of the Target Cycle (T C) we should generate a pattern sequence of sufficient length without encountering a pattern of the P P S.

The task of designing the T P G for a CUT without the P P S is a computationally hard partition problem. For Type I P P S, we reported some heuristic in [313]. However, on detailed analysis we came to the conclusion that design of efficient heuristics to realize the design objectives (noted in the first part of this Section ) is extremely difficult. So, we employ genetic algorithm to evolve the desired CA satisfying the design objectives.

(a) & (b) - CA Rules, T matrix, Characteristic Polynomial in Elementary Divisor Form with P CS of each individual Elementary Divisor.

Figure 7.3: Two Group CA CA1 and CA2 (a and b) having same pseudo-chromosome Representation

The next section reports an efficient scheme for fast convergence of GA evolution leading to the desired T P G.

7.3 Evolution of Group CA Based T P G

The basic structure of GA encodes a solution in bit string format referred to as chromosome. It evolves the successive solutions according to its fitness. For the current application, the evolved solution is a Group CA and the fitness of the solution depends on its capability to meet the design objectives specified as a set of constraints for GA evolution.

The following subsections report the technique to encode a solution (chromosome) referred to as pseudo chromosome and the formation of fitness function for the proposed evolution process. The encoding scheme is similar to the one followed to evolve MACA in Section 5.3. The schemes for implementation of the three major functions of GA - Random Generation of Initial Population, Crossover, and Mutation, as developed in the current GA formulation are reported in following subsections 7.3.1 The Encodong Scheme - A Pseudo-Chromosome Format The basic prerequisite of an encoding scheme is to uniquely represent different candidate solutions participating in the evolutionary process. A pseudo chromosome format, as proposed in Chapter 5 (page 107), is a string of n symbols representing the CA. The pseudo chromosome corresponding to a Group CA represents the sequence of the cyclic subspaces/ elementary divisors of the CA. The representation of each elementary divisor ϕ_i(x)^{ni} of degree R_i is done by R_i number of cells in the pseudo-chromosome as noted in Fig. 7.3(c). The value of R_i can be derived from its P CS (μ_i, k_i)^{ni} through Relation 7.1 - 7.3. as R_i = log_2(μ_i × k_i + 1) × n_i - where, μ_i is the number of cyclic components and k_i is the cycle length of ϕ_i(x). The first cell contains the elementary triplet {μ_i, k_i, n_i} (follows from Form 2 in Section 7.1.2(b)). The rest of the R_i elements in the pseudo-chromosome format are marked as ‘*’ (Fig. 7.3(c)). For example, the ϕ_i(x) = x^4 + x^3 + x^2 + x + 1 having P CS as (3, 5)^1 (in Fig. 7.3(a) marked as ‘A’) is encoded as [{3, 5, 1}, ∗, ∗, ∗].

This form of encoding ensures unique-

Figure 7.4: Group CA, Rules, T matrix, Characteristic Polynomial in Elementary Divisor Form and pseudo-chromosome Representation ness for 2 different situations elaborated next: (a) If the Cycle Structure of the CA is different, then the pseudo-chromosome will differ, and (b) even if the cycle structure is same, the sequencing of the patterns within cycles can differ. This will arise due to the sequencing of the Elementary Divisor participating in the formation of CA. The T matrices of Fig. 7.3 and Fig. 7.4 having same CS are constructed from the same set of elementary divisors arranged in different sequences, hence have different pseudochromosome.

There is one more situation where two different Group CA can have same pseudochromosome yet produce two different T matrices. The T matrices of (Fig. 7.3(a) & 7.3(b)) differ but has the same pseudo chromosome. This is because two different Elementary Divisors can produce same Cycle Structure, for example both (x^3 + x + 1) (in Fig. 7.3(a) marked as ‘C_1’ and (x^3 + x^2 + 1) (in Fig. 7.3(c) marked as ‘C_2’) produces P CS = [1(1), 1(7)]. Therefore, in this case, merely keeping the pseudo chromosome to identify the candidate MACA is not sufficient. In order to handle this situation, during evolution the encoding scheme stores both the pseudo-chromosome and the T matrix forming it. 7.3.2 Generation of Initial Population

While designing the T P G for an n-P I CUT in the GA based framework, it must be ensured that each solution, randomly selected, in the Initial Population is an n-cell Group CA. The characteristic polynomial in elementary divisor form of a Group CA is ϕ_1(x)^{n1} · ϕ_2(x)^{n2} · · · ϕ_N (x)^{nN} - that is, the Group CA has N elementary divisors each of which forms cyclic subspace. The random generation of a Group CA therefore, implies the generation of N elementary divisors. In order to generate the N elementary divisors, we first randomly fix the degrees (R_i) of each elementary divisors ϕ_i(x)^{ni} following Relation 7.1 and the degrees (r_i) of the irreducible polynomial ϕ_i(x). Subsequently, we generate the values (μ_i, k_i) of the P CS (μ_i, k_i)^{ni} corresponding to the elementary divisor. The value of μ_i, k_i is derived from Relation 7.3. The value of n_i is automatically generated through Relation 7.2. Once the values of the N set of P CS [(μ_1, k_1)^{n1} , (μ_2, k_2)^{n2} , · · · , (μ_N , k_N )^{nN} ] is fixed, the LCA is generated through Algorithm 7.2.

We formalize the steps to generate the parameters N and each μ_i, k_i, n_i. Generation of Parameter :

1. Randomly generate the value of N .

2. Randomly generate the degree (R_i) of each elementary divisor ϕ_i(x)^{ni} , where R_1 + R_2 + · · · + R_N = n (Relation 7.1).

3. Randomly generate the degree (r_i) of each irreducible polynomial ϕ_i(x) and power (n_i) following the relation r_i × n_i = R_i.

4. Randomly generate (μ_i, k_i) corresponding to ϕ_i(x), such that μ_i ×k_i = 2^{ri} −1 (Relation 7.3).

The P CS set (μ_1, k_1)^{n1} , (μ_2, k_2)^{n2} · · · (μ_N , k_N )^{nN} is determined by the above sequential steps. Subsequently, the LCA is synthesized in two steps as per the Algorithm 7.2. In the first step, the Elementary Divisors are generated from P CS. Subsequently, the LCA is synthesized in the second step. The cycle structure of the LCA is determined using Algorithm 7.1 and the largest cycle is designated as Target Cycle (Definition 7.1).

Following examples illustrates the random generation of Initial Population.

Example 7.3 The generation of a Group CA for the Initial Population is described with the help of the example CA of Fig. 7.3. Here, the value of n = 11.

• The randomly generated N = 3.

• The degrees R_1, R_2 and R_3 of the elementary divisors are 4, 4, and 3 respectively. • The chosen r_is of the irreducible polynomials are 4, 2 and 3 while the corresponding powers (n_is) are 1, 2 and 1 respectively.

• Therefore, the P CS are (3, 5)^1, (1, 3)^2, (1, 7)^1 respectively.

• The synthesized polynomials ϕ_i(x)^{ni} s are (x^4 + x^3 + x^2 + x + 1), (x^2 + x + 1)^2 and (x^3 + x + 1) respectively.

• The CA synthesized is represented by the T matrix of Fig. 7.3(a). • The cycle structure of the CA (T ) is shown in Fig. 7.3, and the length of the Target Cycle is estimated as 210.

The new form of chromosome representation implemented in the current application demands associated modifications for the conventional cross-over process employed for GA. The following subsection introduces the modified crossover operator.

7.3.3 Crossover Algorithm

The crossover algorithm implemented for the present application is similar in nature to the conventional one with minor modifications as illustrated below. It is employed to form a Group CA for the Next Population (NP ) - that is, next generation from the participating chromosomes of the Present Population (P P ). We implement single point crossover.

Figure 7.5: Illustration of Cross-over Algorithm

Fig. 7.5 illustrate the crossover process. The T matrix of two Group CA - CA_1 & CA_2 are shown in Fig. 7.5(a) and Fig. 7.5(b). Its pseudo-chromosome format are shown in Fig. 7.5(c(i)) & Fig. 7.5(c(ii)) respectively. To form a Group CA of NP , the crossover is so assumed that the first 6 symbols are taken from CA_1, while the rest 5 symbols are taken from the corresponding cells of CA_2.

At the cross over point 6, the resulting CA (CA_3) violates the pseudo-chromosome format (positions 6 - 8 encircled in Fig. 7.5(c(iii))) defined in Section 7.3.1. The violation is also shown in T matrix of Fig. 7.5(d). The pseudo-chromosome of any elementary divisor ϕ_i(x)^{ni} is represented by the triplet {μ_i, k_i, n_i} followed by R_i − 1 number of * symbols, where R_i = log_2(μ_i × k_i + 1) × r_i. In CA_3 (Fig. 7.5(c(iii))), we have the second triplet in the pseudo-chromosome as {3, 5, 1} followed by two *s - that is, R_i = 3. This violates the basic format of the pseudo-chromosome, since log_2(3 × 5 + 1) = 4.

To remove the inconsistencies of the format, the second triplet is removed and it is compensated by randomly generating an elementary divisor ϕ_2(x)^{n2} of degree 3. For the present example, the newly generated P CS of ϕ_2(x)^{n2} is (1, 7)^1. Therefore, the new elementary triplet is {1, 7, 1}. The LCA_i corresponding to (1, 7)^1 is synthesized and it is placed in the corresponding Block replacing the inconsistent elements. The Fig. 7.5(e) shows the resultant Group CA for the next generation whose pseudo-chromosome format is in Fig. 7.5(c(iv)). The formal algorithm for crossover operation is next noted.

Algorithm 7.3 Algorithm Cross-over Input: Two Group CA (CA_1 & CA_2), n - length of the CA Output: Group CA for the next generation Step 1: Randomly generate a number q between 1 & n; q is the cross over point. Step 2: Take the first q symbols from CA_1 and the last (n−q) symbols from CA_2 and concat to form CA_3.

Step 3: Make the necessary modifications of CA_3 at the cross over point to conform with the pseudo-chromosome format ( Section 7.3.1).

7.3.4 Mutation Algorithm

The mutation algorithm makes some minimal changes in the existing Group CA of P P (Present Population) to form a new Group CA for the next generation. In this work, we employ single point mutation. However, unlike crossover algorithm, in mutation no inconsistencies arise after mutation.

In the mutation algorithm, an elementary divisor ϕ_i(x)^{ni} is replaced with ϕ̂_i(x)^{n̂i} , keeping the degree same. To accomplish this, the (μ_i, k_i)^{ni} representing ϕ_i(x)^{ni} is randomly changed to (μ̂_i, k̂_i)^{n̂i} , while maintaining the relation [μ_i × k_i + 1] × n_i = [μ̂_i × k̂_i + 1] × n̂_i. Fig. 7.6 shows an example of mutation. The T matrix of Fig. 7.6(a) is the original matrix. Its pseudo-chromosome format is shown in Fig. 7.6(b(i)). The LCA_i representing the P CS (3, 5)^1 is replaced with the new LCA representing P CS (1, 15)^1 to form the T matrix of Fig. 7.6(c). The resultant pseudo chromosome is also shown in Fig. 7.6(b(ii)).

Algorithm 7.4 Mutation Algorithm Input: Group CA of P P Output: Mutated Group CA for the next generation Step 1: Take the pseudo-chromosome format of the Group CA. Step 2: Randomly select an elementary divisor ϕ_i(x)^{ni} .

Step 3: Generate an elementary divisor ϕ̂_i(x)^{n̂i} and synthesize T̂_i corresponding to the elementary divisor.

Step 4: Replace the existing T_i with the T̂_i.

7.3.5 Fitness Function

The Fitness of the participating Group CA (GCA) are evaluated at each generation to guide the speedy convergence of the solution. The fitness function of the evolution scheme differs in (Type I and Type II) of prohibited patterns defined in the earlier sections. The fitness function for (Type I and Type II) are denoted respectively as F(GCA) and F̃(GCA). The following discussions provide the framework for the formation of fitness function in each of the two cases.

Fitness function for Type 1: The fitness F(GCA) in a population is determined by weighted mean of the following factors.

Figure 7.6: An example of Mutation technique

1. F_1 : The amount of P P S free test patterns available. 2. F_2 : The length of the Target Cycle (T C).

The ideal situation is the complete T C available for generation of test patterns. The maximum possible value is 2^n − 1 for an n-cell CA. The fitness deteriorates while the available space goes down. Let k_1 be the length of the space available, then F_1 = k_1/(2^n − 1) (7.4) As already mentioned, the maximum length CA is an excellent pseudo random generator.

So the best situation would be if the T C is equal to the maximal length cycle. Let k_2 be the actual length of the Target Cycle (T C) of a population (CA), then

F_2 = k_2/(2^n − 1) (7.5) Subsequent to extensive experimentation, we have set the relative weightage of F_1 & F_2 is as follows:

F(GCA) = 0.85 · F_1 + 0.15 · F_2 (7.6) Fitness function for Type 2: In the case of prohibited function the objective is - rather than finding the maximum available free space, find a free space of length k. As Type II Prohibited functions are significant for a circuit with large number of P I, the length of T C for such cases is very large. A typical value of k is assumed to be greater than 1,00,000. Therefore, the fitness of chromosome determined by F̃(GCA) depends upon the weighted mean of two factors

1. F̃_1 : The amount of available space as a factor of k 2. F̃_2 : The length of the T C.

To find the available space, we perform a non-deterministic test. The test generates randomly 10 seeds (S_i) and runs the CA for length p_i (≤ k) with each seed S_i until a prohibited pattern is encountered. Therefore,

F̃_1 = ∀_imax(p_i/k) (7.7)

The F̃_2 is same as the F_2 defined in Relation 7.5. Following the results of extensive experimentation, the relative weightage of F̃_1 & F̃_2 are set as 0.85 & 0.15 respectively. That is, F̃(GCA) = 0.85 · F̃_1 + 0.15 · F̃_2 (7.8)

7.3.6 Selection, Crossover and Mutation Probabilities:

From the study of GA evolutions, we have set the associated parameters to derive population for the next generation out of P P (Present Population). The population size at each generation is set to 50. The crossover probability (p_c) is set to 0.8, while the probability of mutation (p_m) is set as 0.001. We follow the elitist model to carry forward 10 best solutions for the next generation.

7.4 Experimental Results

This section reports a detailed study on the design of proposed T P G with Group CA. The first part of this section contains the findings of the feasibility study pertaining to this T P G design. The study is performed with different classes of prohibited patterns and prohibited functions for a large number of CUT s. The experimental results establish the performance of the Cellular Automata based design to solve the real life problem of V LSI circuit testing.

7.4.1 Feasibility Study

Real life data in respect of P P S for a CUT is proprietary in nature and not usually available. In the absence of real life data the experiments are conducted with randomly synthesized P P S data.

The number of prohibited patterns, structure of the prohibited functions (P F s) - that is, the number of P Is responsible for the formation of P F and the number of minterms in the P F affect the success rate of getting the desired T P G for a CUT with n P Is. The efficiency of the scheme can be evaluated in respect of the percentage of free space available for test generation, success rate of the design, the randomness quality of the patterns generated by the T C and the complexity of the design. The complexity of the proposed design is measured as the number of generations required by the evolution scheme to find a T P G for a given P P S. The free space is computed as, freespace percent =^{#test patterns in T C without P P S}

2^n × 100, where n is the number of cells in

T P G.

Table 7.1: Success rate of the T P G design

#Cell P P S = 10 P P S = 15 T C F reeSpace % T C F reeSpace % 8 217 59.76 225 44.14 9 381 62.30 465 48.63 10 1023 56.73 889 45.41 11 1953 72.31 1905 33.64 12 3255 63.96 3937 39.11 13 8001 67.78 8191 39.13 14 15841 55.02 15841 41.00 15 27559 51.53 31705 50.00 16 63457 64.16 59055 44.90 17 131071 57.78 82677 34.80 18 262143 70.41 259969 37.70 19 458745 57.70 458745 45.70 20 1040257 50.55 1040257 45.54 21 2097151 58.41 1966065 49.51 22 4063201 65.62 3138051 42.65 Note : T C = Target Cycle that generates pseudo-random patterns

The number of prohibitive patterns for a CUT is expected to be very small, it is typically around 15. For experimentation we have considered randomly generated 100 different sets of P P S for a CUT with n P Is. The scheme is employed to arrive at the desired T P G for each of the sets. The experimental results are the average of these 100 sets. The Table 7.1 depicts the summary of

Figure 7.7: Variation of free space with the cardinality of PPS.

the success rate in designing the T P G that generates good quality pseudo random patterns while avoiding generation of the given P P S. The results of Table 7.1 are shown for two different cardinality of P P S (10 and 15). The value of n (for n bit T P G) is noted in the Column 1. Column 2 & 4 denotes the length of T C (Target Cycle) used to generate the test patterns for |P P S| = 10 & 15 respectively. Columns 3 & 5 displays the free space % available for test pattern generation without encountering any prohibited pattern. It is observed that the available free space reduces with the increase of number of prohibited patterns. The more comprehensive result of this fact is shown in Fig. 7.7. It depicts the effect of increasing the |P P S| in achieving the free space for n (number of P Is of a CUT ) = 15. The figure shows that the amount of free space available sharply deteriorates with the increase in the cardinality of P P S. At |P P S| = 10, the free space is around 50 % of the total free space while at |P P S| = 25, it is just around 25%.

The experimentation with Prohibited Functions (P F s) are performed for the CUT s having number of P Is > 20. Graphs in Fig. 7.8 to Fig. 7.10 presents the summary of the experimental results showing the success rate, percentage of free space achieved for a design and the complexity of the scheme to arrive at the final T P G for a given P F of the CUT .

(a) Fig. 7.8 (a) depicts the success rate of the design for a desired amount of free space (say 3,00,000) without prohibited patterns. Assuming a fixed number of P Is are associated with the prohibited function (with fixed number of minterms). The success rate of the design increases with the number of P Is. In the present experimentation, it achieves 100% when number of P Is > 30. Moreover, the complexity of the proposed design reduces with the increase of #P Is (Fig. 7.8(b)). That is the number of generations of evolution required to achieve the final result also decreases. Fig. 7.8(b) shows the number of generations required to achieve the final result. It is seen that while around 90 generations are required for n = 20, to achieve the final result (which is just around 20% success as seen in Fig. 7.8(a)), the target of full 100% success is achieved within 5 generations for n = 30.

(a) Variation of success rate (b) Variation of complexity

Figure 7.8: Variation of success rate and complexity of design with the number of PIs.

(b) For a fixed number of P Is (n) if the number of P Is in P F s increases, then the number of generations to achieve the desired T P G also increases for a specific amount of free space. Fig. 7.9 shows the number of generations required in designing the 25-cell T P G for a CUT . The number of prohibited minterms is assumed to be 2^{p−1}, p being the number of prohibited P Is associated with the specified P F s. While for p = 5, the free space is achieved almost instantly, we have to undergo about 30 generations of evolution when p = 10. (c) For a fixed value of n (number of P Is) and p (# prohibited P Is in P F s), the complexity increases with the number of prohibited minterms that are involved to form the P F . Fig. 7.10 illustrates the fact for 25-cell T P G, where p = 8 and the target free space is 3,00,000. It is seen that the gradient of complexity of design - that is, number of generations required to achieve the specified free space, sharply increases after certain point ( around 180 minterms). Consequently, the number of generations required to achieve the target when the minterm is 225 is around 45. 3. Study of randomness property:

Figure 7.9: Complexity of design with increase of # Prohibited PIs.

The randomness property of the patterns generated by the T C (Target Cycle), for different values of n, are studied, based on the metric proposed in [183] and DiehardC [1]. The comparative studies on randomness quality of the patterns generated by the T C and the corresponding maximal length CA conventionally employed for the T P G design, are presented in the Tables 7.2 & 7.3. DiehardC 1.01 is a public domain tool which supports randomness testing of a set of patterns. It consists of 15 different tests. The results of 10 tests are noted in Table 7.3. Each test produces a set of ‘ρ’ - values. For a pattern set with good randomness quality, the values of ρ’s will be uniformly distributed between 0.001 and 0.999. The first columns of the tables depict

Figure 7.10: Complexity of design with increase of # Minterms.

the names of the tests. The columns under the heading of ‘Max’ specify the test results for an n-cell maximal length CA while the columns under T P G signify the result out of the patterns generated by the proposed design. Each of the tests is performed for a number of runs with different seeds. The results noted for maxlength CA and the proposed T P G are the average of the results produced with different seeds. In Table 7.2, the ‘pass’ implies that the test succeeds at least for 75% cases while for Table 7.3 it means - the ‘ρ’ value is evenly distributed on [0,1] for at least 75% of seeds.

The results reported in the Table 7.2 & 7.3 establish the fact that the randomness quality of the patterns generated by the T C (proposed T P G) is as good as that of maximal length CA. Performance of the design also is measured by efficient fault detection.

Table 7.2: Randomness Test I Random n = 9 n = 15 to 20 Test Max T P G Max T P G Gap test pass pass pass pass Run test pass fail pass pass Serial corr test pass pass pass pass Equidist. test fail fail fail fail Auto-corr test pass pass pass pass Cross-corr test pass fail pass pass

Table 7.3: Randomness Test II Random n = 24 n = 32 n = 48 Test Max TPG Max TPG Max TPG Overlap Sum pass pass pass pass pass pass Run pass pass pass pass pass pass 3Dsphere pass pass pass pass fail fail Parking lot fail fail fail fail fail fail B’day spacing fail fail fail fail fail fail Craps pass pass pass pass pass pass Minimum Dist fail fail fail fail fail fail Overlap 5-permut fail fail fail fail pass pass DNA fail fail fail fail pass fail Squeeze fail pass fail fail pass fail

7.4.2 The fault coverage

It is observed that the T P G designed with the proposed scheme is as powerful as the corresponding maximal length CA based Test Pattern Generator in respect of fault coverage and the number of test patterns required to achieve the desired fault coverage. The fault simulation is done for large number of ISCAS benchmark circuits in the framework of Cadence fault simulator verifault. Table 7.4.2 compares the fault coverage shown by maximal length CA and the T C of the proposed T P G in the columns 4 and 5 respectively. The fault coverage figures are expressed in terms of

faultcoverage = Total no. of detected faults Total no. of faults in the CUT, while the F F s of the sequential circuits are assumed to be initialized to 0. A benchmark circuit is tested with the same number of test vectors for both the designs. Column 3 of Table 7.4.2 indicates the number of test vectors applied for the test.

Table 7.4.2 reports the results of testing of 21 combinational and sequential circuits with maximal length CA and as well as with the patterns generated by the T C of the proposed T P G. It can be observed that out of 21 cases, the fault coverage of the proposed T P G:

(i) is same or better for 11 cases (marked with *), and

(ii) inferior for 10 cases than the result obtained with maximal length CA. However, the difference in fault coverage between the two schemes is marginal.

Table 7.4: Comparison of Test Results

Circuit # # Test Fault Coverage (%) Name PI Vector Max Len T P G s349 9 400 84.00 84.00 * s344 9 400 84.21 84.21 * s1196 14 12000 94.85 94.28 s1238 14 10000 89.67 89.00 s967 16 9000 98.22 98.22 * s1423 17 15000 56.50 53.73 s1269 18 1200 99.18 99.18 * s3271 26 10000 98.99 98.99 * c6288 32 60 99.51 99.51 * c1908 33 4000 99.41 99.41 * s5378 35 8000 67.63 67.54 s641 35 2000 85.63 85.08 s713 35 2000 81.41 80.72 s35932 35 14000 61.91 59.82 c432 36 400 98.67 99.24 * c432m 36 4000 83.57 83.57 * c499 41 600 98.95 98.68 c499m 41 2000 97.78 97.22 c1355 41 1500 98.98 98.98 * c1355m 41 12000 92.23 92.17 s3384 43 8000 91.78 91.78 *

7.5 Conclusion

This chapter formalizes the evolutionary scheme for Group CA synthesis. The chapter reports the methodology of combining cyclic space along with evolutionary methodology to develop a versatile model developed to address the problem of designing a T P G that generates good quality pseudo random test patterns while avoiding generation of Prohibited Pattern Set (P P S). The design methodology proposed in the chapter ensures P P S free T P G (Test Pattern Genrator). The reported solution, evolved through GA, does not incur any extra area overhead than the conventional CA/LF SR based T P G.

With this chapter our journey with Additive CA in the thesis ends. The next chapter provides an introduction to the Non-Linear CA along with a comparison between non-linear and linear rules in modeling Associative Memory. It also points to the future direction of research in this field.

Chapter 8

A Study on Non-Linear Cellular Automata Based Associative Memory Model

The encouraging results of Linear CA Based Associative Memory Model presented in Chapter 6 have motivated us to expand the rule base covering non-linear rules. In this background, a study has been undertaken in this chapter on Non-Linear CA Based Associative Memory model. The number of possible linear rules as noted in Table 3.1 (page 27) are only 7 out of total (2^{23} =) 256 rules in 3-neighborhood 2-state per cell CA. Therefore, it is quite likely that a much more powerful model can be developed employing Non-Linear CA.

However, building Non-Linear CA based Associative Model has its own problem. First of all, the number of possible Non-Linear CA is exponentially large of the O(2^{8·n}) for n-cell CA, while for Linear rule based CA, it is of O(2^{3·n}). Moreover, the MACA which has been used to model Associative Memory is a sub-class of Linear CA and its search space is just around O(2^n). Therefore, search for the desired CA for modeling associative memory is not feasible. Further, unlike for Multiple Attractor Cellular Automata, it is not possible to develop an analytical formulation to characterize Non-Linear CA state transition behavior. In this background, we have relaxed the basic design criterion of Multiple Attractor Cellular Automata (MACA). Unlike single attractor cycle of MACA (Fig. 8.1), the concept of Generalized Multiple Attractor Cellular Automata(GMACA) (Fig. 8.2) whose attractor cycle is greater than 1, is employed to model Non-Linear CA based associative memory.

The GMACA is evolved through Genetic Algorithm. In order to circumvent the obstacle poised by the large unmanageable search space, some important pre-processing regarding generation of Initial Population has been made. Unlike conventional Genetic Algorithm, where Initial Population is randomly/semi-randomly generated, in this case the Initial Population is artificially synthesized for faster convergence. Further, in order to develop and study the proposed model we have utilized the diverse parameters λ, Z, entropy, G-density etc., proposed by the researchers [193, 194, 368, 370] to study Non-Linear CA behavior.

These parameters are employed to characterize the GMACA modeling Associative Memory.

Extensive experimentation on the model pro-

Figure 8.1: State space of a 4-cell MACA with attractors - 0, 1, 8, 9 posed in this chapter has established following facts : (i) The Memorizing Capacity is found to be more than 20% of its lattice size and is better than that of Hopfield network [149], but less than that of Linear MACA based Associative Memory. (ii) However, in all cases the noise recovery capacity - that is, capacity to correctly associate noisy patterns of GMACA is significantly better than that of MACA based model.

(iii) The characterization shows that GMACA rules of different size and memorizing different sets of pattern has a common property - all of them lie in between order and chaos defined as the edge of chaos [193].

The design of GMACA based associative memory and its application for pattern recognition are outlined in Section 8.3, preceded by the design specification noted in Section 8.2. The characterization of the model in respect of different parameters is reported in Section 8.4. A brief introduction to Cellular Automata relevant for the application follows.

8.1 Cellular Automata (Non-Linear)

In continuation of the approach of earlier chap-

Figure 8.2: State space of a 5 cell GMACA < 89, 39, 87, 145, 91 > with two components, each component is an Attractor Basin ters, we concentrate on 3-neighborhood (left, self and right) one dimensional CA, each CA cell having two states - 0 or 1. In a two state 3-neighborhood CA, there are 2^{23} - that is, 256 distinct non-linear rules. A Non-Linear CA employs all possible 256 rules as the next state function, while Linear CA (Chapter 3) employs 7 linear rules with XOR logic. The example Linear CA of Fig. 8.1 is an Multiple Attractor Cellular Automata (MACA).

In this chapter, we generalizes the concept of MACA to Generalized MACA (GMACA) with the following characteristics : (i) it employs nonlinear rules; (ii) its attractor cycle length is greater than or equal to 1; (iii) its tree structure, unlike MACA, is not uniform. A GMACA is illustrated in Fig. 8.2.

The entire state space of an GMACA are divided into disjoint trees rooted on cyclic states. The cyclic states are also collectively referred to as attractor cycle. The inverted trees are also called attractor basins. The states other than the cyclic states of a basin are referred to as Transient States. A transient state when loaded as a seed for the GMACA reaches the attractor cycle after some time steps. The maximum number of time steps needed for any state to reach the attractor cycle is called the depth or Transient Length of GMACA. The non-reachable states, the states which are lying in the leaf node of a basin is referred to as Garden of Eden [126]. The state ‘a’ in Fig. 8.2 is a Garden of Eden state.

Based on different dynamical behavior, W olfram [359] first classified CA into four broad categories - (i) Class 1: CA which evolve to a homogeneous state; (ii) Class 2: those which evolve to simple separated periodic structures; (iii) Class 3: which exhibit chaotic or pseudo-random behavior and (iv) Class 4 which displays complex patterns of localized structure (attractor) with long transients. Wolfram predicted that Class 4 CA with attractors and transients, are capable of doing non-trivial computations. The term edge of chaos is the critical point of a system, where a small change can push the system into chaotic behavior or lock the system into a fixed behavior. The logical and complex computations are likely to occur at the edge of chaos [193]. Packard highlighted that the state transition behavior of Class 4 CA exhibits the property of a system at the edge of chaos [194]. Further, Langton [193] defined the range of a parameter value (λ) to identify the CA rules that exhibit complex computation.

The above observations motivate us to explore GMACA based associative memory model. The guidelines for such a design follows next. The design guidelines are almost similar to the one proposed in Section 6.1 (page 127) of Chapter 6.

8.2 Design of GMACA Model For Pattern Recognition

An associative memory model is trained to get familiarized with some specific pattern set {P_1, · · · , P_i, · · · P_k}, where each pattern is termed as pivot point. Ideally, it can recognize an incoming pattern as P_i even if the pattern is distorted with limited noise. If a new pattern P_{incom} is input to the system, the model identifies it as P_i, where P_{incom} is the closest match to P_i. The hamming distance between P_{incom} and P_i (HD(P_{incom}, P_i)) is the least. This distance metric is viewed as the measure of noise in a generic sense.

If an GMACA has to function as an associative memory storing the pattern set P = {P_1, · · · , P_i, · · · , P_k}, each of its attractor cycle should have at most one of the given patterns of P. While the GMACA is run with P_{incom} as an input, it should return the pivot point P_i closest to it. In order to ensure this property, both P_{incom} and P_i should lie in the same basin of the GMACA.

The design guidelines for an GMACA that can act as an associative memory are specified by the following two constraints:

C1: Each attractor cycle of the GMACA should contain atmost one pattern (P_i ∈ P) = {P_1, · · · , P_i, · · · P_k} to be learnt.

C2: The Hamming Distance - HD(P_{incom},P_i) - between a state P_{incom} and P_i is lesser than the HD(P_{incom},P_j ), where P_j ∈ P (j ≠ i) and P_{incom} and P_i lie in the same attractor basin. That is,

HD(P_{incom}, P_i) < HD(P_{incom}, P_j ) ∀P_{incom}, ∀j = 1, 2, · · · k & j ≠ i. (8.1)

A CA which satisfies both C1 & C2 is the desired GMACA for modeling the Associative Memory. The 5-cell GMACA of Fig. 8.2 can learn two patterns, P_1 = 10000 and P_2 = 00111. It maintains both the relations C1 and C2. The state P_{incom} = 11010 has the hamming distances 2 and 3 from P_1 & P_2 respectively. If P_{incom} is given as the input to be recognized, then the recognizer must return P_1. The GMACA of Fig. 8.2, if loaded with the pattern P_{incom} = 11010, returns the desired pattern P_1 = 10000 after two time steps.

The search to arrive at a rule vector of a GMACA, satisfying both C1 and C2, from all possible combinations of CA rules is of exponential time complexity. So we fall back on Genetic Algorithm (GA) to arrive at the desired GMACA with pattern recognition capability.

8.3 Evolution of GMACA

The aim of this evolution scheme is to arrive at the GMACA (rule vector) that can model associative memory. The rule vector of GMACA is viewed as the chromosome for the current GA formulation. The following subsection reports the techniques of enhancing the fitness of Initial Population for fast convergence of the evolution algorithm. 8.3.1 Selection of Initial Population (IP )

Besides the conventional scheme of Random Generation, three elegant schemes to construct the IP with better fitness value are proposed. The four schemes are next reported. Scheme I : Random Generation of Initial Population (IP )

In this scheme we randomly generate a bit string [0, 1] of length (8·n) for a CA of length n. Each cell of the CA can have any of the 256 rules. To represent it, 8 bits are needed corresponding to each cell.

Scheme II : IP from λ_{pr} Region

Figure 8.3: λ parameter values of uniform and hybrid CA

In this scheme the IP is developed from the study of CA rule configuration. The rules are popularly characterized by Langton’s parameter λ [193]. The number of 1’s in a rule is quantified by λ and defined as λ= (number of 1’s in the rule number)/8. For example, λ value of Rule 90 (01011010) is 0.5 (Fig. 8.3(a)). The present research work employs different rules in each cell unlike uniform CA employing the same rule for all the cells. In order to characterize hybrid CA, we introduce a parameter called λ_{av} , the average value of λ for all the cells in a CA. For example, the λ_{av} for the hybrid CA of Fig. 8.3(b) is 0.425.

It has been observed that the rules of desired GMACA, lie within a specific range of λ_{av} value referred to as λ_{pr} region. The λ_{av} values for each of GMACA are computed for an n. Table 8.1 depicts the mean and standard deviation of λ_{av} of the desired GMACA rules.

Column 3 indicates the mean value below 0·5 while Column 5 indicates the mean above 0·5 for different CA size. The result, as shown in Table 8.1, reports that the λ_{av} values of the desired GMACA rules are clustered around in the areas that are roughly equidistant (0.04) from 0.5 and, therefore, λ_{pr} can be chosen as 0.46± or 0.54±.

Table 8.1: Mean and standard deviations of λ_{av} value of GMACA

CA λav value less than 0.5 λav value greater than 0.5

size (n) Mean Std. Devin Mean Std. Devin

10 0.464423 0.025872 0.530833 0.015723 12 0.454233 0.019912 0.528891 0.019137 15 0.457576 0.025365 0.524074 0.020580 17 0.471336 0.022839 0.529311 0.001763 20 0.463194 0.006875 0.560937 0.013532 22 0.464223 0.031927 0.542419 0.007345 25 0.486250 0.005995 0.517500 0.007500 27 0.461275 0.021345 0.524841 0.024519 30 0.465000 0.024840 0.509375 0.004541

Scheme III : Graph Resolution Algorithm This scheme is based on a reverse engineering technique. It constructs a set of GMACA rules for the patterns P_1, P_2, · · · , P_k to be learnt. The GMACA rules thus derived, are the candidates for IP . The basic concept of mismatch pair algorithm proposed by Meyer [211] is employed to construct the 3-neighborhood GMACA considering patterns to be learnt as the members of different attractor cycles of a GMACA. The following steps illustrate the design.

Step 1 - Construct basin for each of the patterns P_i to be learnt, assuming P_i as the attractor state (single cycle) and each reachable state having ‘p’ number of predecessors. The set of states [P_{incom}] which satisfies the constraint C2 in Section 8.2 are taken randomly as the predecessor nodes of P_i.

Fig. 8.4 represents k arbitrary basins for the k number of patterns P_1, P_2, · · · , P_k to be learnt. For the example design of Fig. 8.4, ‘p^′=3. The symbol P_{incom(j(i))} represents the j^{th} noisy patterns derived out of P_i, i = 1, 2, · · · , k; j = 1, 2, · · ·.

Step 2 - Generate state transition table from the basins [211] generated in Step 1. Fig. 8.5 represents a set of representative patterns of a complete state transition table.

Step 3 - Generate rule vector of GMACA from the state transition table. The identification of rule for the i^{th} cell of GMACA is done on the basis of the (i − 1)^{th}, i^{th} and (i + 1)^{th} columns of state transition table. Let us consider the identification of rule for the 2^{nd} cell of GMACA from Fig. 8.5. States for the 8 present state configurations of 1^{st}, 2^{nd}

Figure 8.4: Empirical basins created for illustration of Graph Resolution Algorithm

and 3^{rd} columns of Fig. 8.5 are -

Neighborhood : 111 110 101 100 011 010 001 000 (i) NextState : 0 x 0 x 1 x 0 0

where, x represents don’t care. Randomly replacing don’t cares by 0/1, we arrive at the rule. Therefore, the rule for the 2^{nd} cell is 01001000 - that is, 72.

The collision in the state transition table - that is, both 0 and 1 appear as the next state for a present state configuration, is resolved heuristically. In Fig. 8.5, we have shown collision for the 5^{th} cell. Let us consider the identification of rule for the 5^{th} cell of GMACA from Fig. 8.5. States for the 8 present state configurations of 4^{th}, 5^{th} and 6^{th} columns of Fig. 8.5 are -

Neighborhood : 111 110 101 100 011 010 001 000 (i) NextState : x x 1 0 1/0 1 x x

The occurrence of ‘0’ in the next state of 011 is n_0 = 1, while number of occurrence of ‘1’ is n_1 = 3. In resolving the collision: (a) we randomly select either 0 or 1 if n_0 ≃ n_1. (b) If n_0 >> n_1 the next state is taken as 0 while next state is taken as 1 for n_1 >> n_0. For the example design of Fig. 8.5, the next state for 011 is 1.

Different sets of CA rules are derived by constructing approximate state transition diagrams for the attractor set P_1, P_2, · · · , P_k. These rules are the member of IP . Scheme IV : Mixed Rules This scheme combines the schemes 1, 2 & 3 in forming the IP . The IP comprises of the (i) chromosomes from λ_{pr} region, (ii) chromosomes produced through graph resolution algorithm, (iii) randomly generated chromosomes, and (iv) chromosomes that are produced from the concatenation of fit CA of smaller sizes.

The next two subsections report fitness function and the selection, crossover and mutation probabilities.

8.3.2 The Fitness Function

The fitness F(C_r) of a particular chromosome

Figure 8.5: An example of State transition table

C_r (that is, CA rule) in a population is determined by the hamming distance between (i) a state Ṕ_j , evolved from the run (generation), and (ii) the desired attractor state P_j (j = 1, 2, · · · k) - an element of the learnt pattern set. A chromosome (CA) C_r is run with 300 randomly chosen initial seeds and the fitness of C_r is determined by averaging the fitness for each individual seed.

Let us assume that, the chromosome C_r is run for a maximum iteration L_{max} with a seed (P_{incom}) and reaches to a state Ṕ_j. If Ṕ_j is not the member of any attractor cycle, that is, it is still a transient state, then the fitness value of the chromosome C_r is considered as zero. On the other hand, if Ṕ_j ∈ an attractor cycle containing P_j, then the fitness of C_r is^{n−|Pj −Ṕj |}_n , where | P_j − Ṕ_j | is the hamming distance between P_j & Ṕ_j and n is the maximum possible hamming distance between an input and the learnt pattern. Therefore, the fitness function F(C_r) can be defined as

F(C_r ) = 1 q q∑ j=1 n− | P_j − Ṕ_j | n (8.2)

where q is the number of random seeds.

8.3.3 Selection, Crossover and Mutation Probability

From the in-depth study of GA evolutions, we have set the associated parameters to derive NP (Next Population) out of P P (Present Population). While designing the GMACA for pattern recognition, the population size at each generation is set to 50. Out of which 35 chromosomes of NP are formed from single point crossover of P P . The 5 chromosomes of NP are formed from single-point mutation. The mutation is performed on any 5 of the best 10 chromosomes of P P . We follow the elitist model and carry forward 10 best solutions to the next generation. The detailed experimental results of next subsection validate the GA framework we have set to arrive at the desired solution with feasible computation. 8.3.4 Experimental Results

This section details (i) the convergence rate of GMACA with different IP selection schemes; (ii) the memorizing capability of the GMACA. While the convergence rate of GA evolution gives the measure of computation cost, the quality of desired solution can be gauged from the memorizing capacity of GMACA finally evolved.

Table 8.2: Comparison of mean fitness and number of generations required to converge with random and preselected rules

CA Random(I) λpr region (II) Graph Resolution(III) Mixed rule (IV)

size No of Mean Std. No of Mean Std. No of Mean Std. No of Mean Std.

genen Fitness Devin genen Fitness Devin genen Fitness Devin genen Fitness Devin

10 166 65.35 7.395 141 67.15 5.249 118 72.86 3.863 128 73.12 7.819 12 160 64.25 5.889 198 66.19 5.116 132 72.71 3.983 96 73.09 7.516 15 156 62.28 5.611 253 65.05 5.463 148 72.67 5.611 66 74.81 9.114 17 328 61.35 6.113 312 63.22 5.714 268 71.89 3.274 94 73.12 8.102 20 512 61.16 5.828 413 61.78 5.926 364 70.66 5.493 172 72.84 7.436 22 634 61.81 4.119 521 61.08 4.761 368 71.88 4.106 198 73.21 8.662 25 721 60.44 4.045 690 61.15 3.746 376 73.46 4.128 210 74.38 8.037 27 785 60.19 6.719 688 61.84 4.992 412 74.29 3.982 235 73.89 7.159 30 852 59.33 5.712 718 62.10 5.139 468 75.03 4.106 280 76.88 8.196 32 * 59.68 6.119 715 61.89 4.329 486 73.67 4.942 312 74.63 9.613 35 * 59.75 4.981 785 60.62 4.107 525 67.96 4.359 340 70.44 7.824 37 * 59.67 5.723 809 60.12 5.006 537 67.46 3.746 362 70.87 7.114 40 * 59.71 5.182 826 59.81 5.628 575 67.21 4.109 410 71.28 8.129 42 * 58.81 6.091 872 59.81 4.984 599 67.82 3.917 428 70.98 7.197 45 * 58.48 5.661 935 58.50 5.647 612 66.78 4.008 485 71.17 8.004

Convergence Rate

The performance evaluation of the four IP

Figure 8.6: The number of generations required for different CA size selection schemes, with respect to the GA convergence rate and the mean fitness with standard deviation is provided in Table 8.2. The entries ‘∗’ in Column 2 of Table 8.2 signify that the GA with random IP does not converge within 1000 generations. The graph showing the number of generations required to converge the GA for different number of CA cells with random (Scheme I) and preselected Initial Populations (Schemes II, III, IV) are presented in Fig. 8.6. It is observed that the convergence rate of GA progressively increases for Scheme I, II, III & IV respectively.

The convergence rate of the schemes vary for two reasons: (i) The initial fitness of the population can be found to be progressively better in Schemes I, II, III & IV respectively and (ii) the more subtle reason lies in the selection procedure implemented for Schemes IV, III & II to identify the right schema instances (as explained below).

A schema is a set of bit strings that can be described by a template made of ones, zeros and asterisks, the asterisks representing wild cards. An example schema is < ∗∗∗∗010∗∗ >.

A chromosome, in fact, has a large number of different types of schemas embedded within itself. When the fitness evaluation of a chromosome is made, implicitly fitness of each of the constituent schema is evaluated. This simultaneous implicit evaluation of a large number of schemas provide implicit parallelism to genetic algorithm. The effect of selection is to gradually bias the schemas whose fitness is above average. The preselected rules enhances the convergence because it finds many schemas from the beginning which help the genetic algorithm climb through the correct path. Two important experiments have been conducted to establish progressive improvement of GA performance of the schemes.

Expt 1: In order to nullify the effect of difference in initial fitness, GA has been evolved with each IP selection scheme to the same level of fitness (say F ). (In Fig. 8.7, it is marked with dotted line F .) Subsequently, the number of generations needed to converge the solutions is noted. Fig. 8.7 depicts that the progressive improvement in performance for the Schemes I, II, III & IV respectively. For the representative example of Fig. 8.7, the number of generations (G) required to converge from fitness level F are 686, 531, 369 & 260 for the schemes I, II, III & IV respectively. The G is computed as G = b − a, where b is the total number of generations and a is the number of generations required by the population to reach the fitness level F .

Expt 2: 50 chromosomes (CR_F ) of the popu-

Figure 8.7: The number of generations required for convergence of different Initial Populations for n = 25 lation that reached the fitness value (say F ) are taken. Each such chromosome is compared bit by bit with 10 best chromosomes (CR_b) of final population. We compute Fraction of match, represented as the number of bits found same between a pair of chromosomes of size n divided by n, for each pair of (CR_F , CR_b).

For Scheme IV, the fraction of match on average is greater than 0.6, while it is just around 0.4 for Scheme I (Fig. 8.8). This validates the claim for higher convergence rate of GA noted earlier.

Memorizing Capacity of GMACA The experiments to evolve n-cell GMACA for different values of n are carried out. For each n, 15 different sets of patterns to be trained are selected randomly. The number of patterns to be learnt by the CA is then progressively increased.

Table 8.3 demonstrates the memorizing capability of the GMACA based model. Column 2 of Table 8.3 depicts the maximum number of patterns that an n-cell CA can memorize - that is, the number of patterns for which the GA has obtained 100% fit rules. This implies that the GMACA evolved beside being capable of separating each member of the pattern set P in different attractor basins, satisfies fully constraint C2. All the incoming patterns P_{incom} gets correctly associated with its nearest pivot point P_i following Relation 8.1. That is, GMACA has an ideal noise recovery capacity. It is found that its Memorizing Ca-

Figure 8.8: Matching in different IP selection schemes pacity is much more than conventional Hopfield Network. The results of conventional Hopfield Net on the same data set are provided in Column 3 for the sake of comparison. Hopfield net (as reported in [150]) memorizes 0·15 · n, where n is the size of the pattern. However, it is less than that of MACA based Associative model. The results of memorizing capacity of MACA based model are reported in Table 6.2 (page 139).

The experimental results clearly establish the fact that the GMACA provides an elegant solution for the pattern recognition problem. It also points to one important aspect/limitation of the whole design. That is, there are CA with better Memorizing Capacity, which Genetic Algorithm in the present case has failed to identify. This is evident from the fact that the MACA based model employing linear (a subset of non-linear) rules display better Memorizing Capacity (Table 6.2, page 139). Thus an important future extension of the initial study of this chapter will be to design a better technique for fast as well as correct convergence.

The rule space covered by the GMACA has gone through extensive study. The diverse parameters proposed over the years to characterize the CA behavior are used to identify the class in which the GMACA belongs. The significance of the parameters and the results of this study are reported in the following subsection.

8.4 GMACA Characterization

The GMACA modeling Associative Memory has been characterized in respect of the parameters proposed by earlier authors [193, 212, 361, 368, 370] to study CA behavior. Discussions on each of the parameters follow. 8.4.1 Space Temporal Study

Dynamical behaviors of space-time patterns generated by the CA provide a guideline to characterize the CA rule space [193, 212, 361]. The macroscopic measurements of CA dynamics like entropy, mutual information are studied to classify the GMACA rules. Entropy is the measure of randomness of a system [103]. The maximum entropy (close to 1) of a system signifies chaotic behavior, whereas low entropy indicates ordered behavior [193]. In case of complex system, mean entropy is close to the critical value 0·84 [193] with high variance.

Table 8.3: Performance of the CA based Pattern Recognizer

CA CA based Conventional size (n) Pattern Recognizer Hopfield Net 10 4 2 12 4 2 15 4 2 17 4 3 20 5 3 22 5 3 25 6 4 27 6 4 30 7 5 32 7 5 35 8 5 37 8 6 40 9 6 42 9 6 45 10 7

To measure the entropy, we select a moving window of 10 time steps (w=10). The system has been run for 10000 time steps from a random initial state. The mean entropy and the standard deviation from the mean have been computed [370]. For each GMACA, from a random initial state, 10000 patterns are generated and the procedure is repeated for 15 times with different random initial states. The values shown in the Columns 2 and 3 of Table 8.4 are the mean and standard deviation of entropy, computed for the evolved GMACA patterns for different size. It is observed that the evolved GMACA patterns have- (i) high standard deviation of mean entropy, and (ii) the mean value clusters around the critical value of 0.84.

Mutual information measures the correlation between patterns generated at a fixed time interval. If a pattern P_1 is the copy of P_2, then mutual information between P_1 and P_2 is 1. The mutual information between two statistically independent patterns is 0. Both the ordered and chaotic CA rules do not create spatial structures and in effect generate pattern set with low mutual information. On the other hand, the complex CA rules create highly correlated structures producing maximum mutual information [194].

To measure the mutual information of the patterns generated by GMACA, we follow the method proposed in [194]. Here, we select patterns separated by a particular window of size 6. The mutual information corresponding to the evolved GMACA rules, noted in Column 4 of Table 8.4, are found to be very high (close to 1).

Table 8.4: Space temporal study to categorize GMACA rule space

CA Entropy Mutual size (n) Mean Std. Devi^n Information 10 0.840966 0.072076 0.969 12 0.832549 0.062185 0.957 15 0.820147 0.064446 0.940 17 0.832854 0.071821 0.942 20 0.845909 0.057592 0.978 22 0.841167 0.042171 0.907 25 0.834503 0.065129 0.929 27 0.829847 0.038596 0.917 30 0.839001 0.070335 0.928 32 0.832786 0.052841 0.943 35 0.838102 0.071002 0.964 37 0.841829 0.030996 0.941 40 0.848010 0.061029 0.953 42 0.832871 0.054291 0.948 45 0.839116 0.0510321 0.933

8.4.2 Z-parameter

The CA rule space can be categorized by evaluating Z [370] parameter. The Z parameter, proposed by Wuensche, provides a scheme to closely track the CA behavior very closely. It not only counts the fraction of 1’s in the rule table, but also takes into account the allocation of rule-table values for sub-categorization of related neighborhoods. The detail is reported in [369]. The value of Z varies from 0 to 1. The Z value close to 1 indicates chaotic behavior of the CA, while Z = 0 indicates order. The intermediate value of Z identifies the complex CA rules [369].

The Z parameters for the evolved GMACA rules of different sizes (n) are reported in Table 8.5. The Column 2 depicts the mean value of Z, while Column 3 reports the standard deviation in Z parameter to arrive at the desired GMACA rules. The values, as shown in the table, are in between 0 and 1.

The attractor basins of a CA helps in classifying the CA in one of the four classes formulated by Wolfram. The concept of complexity, chaos and phase transitions (edge of chaos) in local dynamics can be related to the convergence in the attractor basin topology of the system. Study on the characterization of attractor basin topology of GMACA next follows.

8.4.3 Characterization of Attractor Basin

The global parameters such as G-density, Maximum in-degree, In-degree frequency histogram, Transient length associated with the attractor basin topology, can be used to characterize GMACA rule space. These parameters point to the degree of convergence of

Table 8.5: The Values of Z Parameters of the CA GMACA Z parameter size (n) Mean Std. Devi^n 10 0.618 0.033 12 0.636 0.021 15 0.642 0.037 17 0.617 0.031 20 0.621 0.012 22 0.641 0.007 25 0.622 0.009 27 0.639 0.012 30 0.610 0.029 32 0.634 0.015 35 0.627 0.022 37 0.642 0.016 40 0.633 0.018 42 0.627 0.004 45 0.639 0.033

dynamical flow of attractor basin.

G-density defines the density of Garden of Eden states, the states without pre-image (predecessor). For example, in Fig. 8.2, state ‘a’ is the garden-of-eden state and pre-image of state ‘b’.

Maximum in-degree - The number of immediate predecessors of a state is referred to as in-degree of the state. The highest number of in-degree among all the states is termed as Maximum In-degree of the CA. In Fig. 8.2, in-degree of the state ‘d’ is 3, which is the maximum in-degree of the CA.

Very high G-density (close to 2^n) and significant frequency of high in-degree (close to 2^n) imply short and dense trees, which correspond to ordered rules. Whereas, low G-density (close to 1) implies low convergence, long sparse trees with branching points having a low in-degree (close to 1), implies chaos. The complex rules fall in between these two extremes [369].

The Columns 2 and 3 of Table 8.6 report the G-density and the Maximum in-degrees of the evolved GMACA. The results show that the proper balance between G-density and Maximum in-degree is maintained by the GMACA.

In-degree frequency histogram - The In-degree frequency distribution of an attractor basin can be plotted as a histogram with horizontal axis representing the value of in-degree and vertical axis as the frequency of in-degree. The in-degree frequency histogram gives accurate measurement of attractor basin topology and its convergence. The shapes of histogram indicate different CA dynamics. For complex rule, the histogram follows power law distribution [370].

Fig. 8.9 displays a typical In-degree frequency

Figure 8.9: In-degree frequency histogram for 15-cell CA histogram for 15-cell GMACA that recognizes 3 patterns. The histogram exhibits power law distribution. The frequency distribution of all evolved GMACA exhibit similar distribution. Transient length - The Transient length is defined as the time required to reach at the attractor cycle. In Fig. 8.2, transient length for ‘a’ is 4. For Class 3 CA - that is, CA exhibiting chaotic behavior, the transient lengths of the patterns are very long, close to 2^n where n is the number of CA cells, whereas the transient lengths are short if the CA rules are ordered [369].

The figures in Column 4 of Table 8.6 depict the transient lengths of the evolved GMACA rules. The transient lengths of spatio-temporal patterns of the GMACA are quite long but much shorter than the length of the transient length (close to 2^n) exhibited by chaotic rules.

Table 8.6: Parameters of Attractor Basin Topology

GMACA G Maximum Transient size (n) Density In-degree Length 10 70.425 16 213 12 73.687 22 728 15 78.223 39 916 17 78.873 102 1274 20 80.864 174 1559 22 81.642 263 2036 25 83.281 483 3669 27 83.011 512 4128 30 83.342 724 5138 32 84.112 898 5662 35 85.127 1012 7210 37 85.343 2136 7865 40 86.261 4152 9120 42 87.369 6211 9532 45 88.418 7122 11020

The above observations confirm beyond doubt that GMACA rules are complex in nature and lies at the edge of chaos. Since Complex CA are capable of universal computation [359], for the GMACA based associative memory model, this has resulted in : (i) better storage capacity than that of a neural network; and (ii) efficient noise recovery capacity.

8.5 Conclusion

This introductory chapter on Non-Linear CA presents a comprehensive overview of the potential of Cellular Automata (CA) to act as as an Associative Memory Model. The potential has been explored by using Genetic Algorithm to evolve the desired model of CA referred to as GMACA. Prudent selection of Initial Population provides feasibility to the design. However, the model should be refined in the future to make the model more versatile. The characterization of GMACA has identified important similarities between GMACA rules of different size. They have been found to bear the properties of Class 4 CA, that can perform complex computations. This property should be utilized in future to analytically express the memorizing capacity and noise recovery capacity of GMACA.

The main body of the thesis ends with the introductory study of Non-Linear CA reported in this chapter. The conclusion and some pointers towards future extension of the dissertation is presented next.

Chapter 9

Conclusion

In the concluding chapter, we provide a summary of the principal contributions of the work reported in different chapters of the thesis. We also provide pointers for future research in the field of Cellular Automata that has been attracting increasing attention of researchers from diverse disciplines.

9.1 Main Contributions

One of the major objectives of the current research is to efficiently characterize Linear and Additive CA. A number of fundamental results have been formulated in Chapter 3, which will help research community to get a clearer view of the state space generated by a CA. Based upon the characterization in Chapter 3, the next task addressed in Chapter 4, is synthesis of a CA from a given legal state transition behavior - that is cycle structure and depth. (A CA, as established in Chapter 4, cannot model all types of cycle structure. Consequently, ‘legal’ implies a CA exists for the given input cycle structure.)

The characterization and synthesis are next combined with Genetic Algorithm in Chapter 5 to formulate an elegant evolutionary scheme. The scheme allows the user to perform directed search for the desired CA while drastically reducing the search space.

The next important (and perhaps the most important) contribution of the thesis is indepth characterizing of MACA. As reported in Chapter 5, this has given rise to a special Hash Family which we have termed as Hamming Hash Family. The Hamming Hash Family (HHF ) has been employed in Chapter 6 to model two important applications - modeling Associative Memory and building of General Pattern Classifier.

The GA based evolution algorithm has been also extended in Chapter 7 to synthesize Group CA generating pseudo random patterns leaving aside the specified prohibited pattern set (P P S).

We have also explored the domain of Non-Linear CA. A comprehensive introductory study of non-linear rules as well as design of Associative Memory through Non-Linear CA has been undertaken in Chapter 8 of the thesis.

9.2 Future Extension

There are many important aspects of the research reported in this thesis that can be extended for the benefit of the CA research community. Future extension to such research directions are enlisted.

1. In the synthesis scheme, we have only performed synthesis of those cycle structure which are legal - that is, for which an underlying CA exists. An interesting variation of this problem will be to take a cycle structure which is not legal - that is, no CA models that cycle structure and next synthesize a CA which will ‘closely’ simulate the given cycle structure.

2. The classifier in this thesis has mainly concentrated on the design of two class classifier.

The design of efficient multi-class classifier needs immediate attention. Its application to address real life problems should also be undertaken to establish versatility of CA based modeling tool.

3. The MACA model can be extended to the domain of unsupervised learning.

4. All our works are based upon binary values and the metric used is Hamming Distance (HD). The work should be extended to accommodate other metrics specially Euclidean Distance, to address real life problems in diverse application domains.

5. It has been observed that in both Classification and Associative Memory Models, all the input pattern sets could be classified/memorized. But a theoretical foundation regarding its capability of memorizing all input Pattern Sets has to be established.

6. In the GA based Evolution of MACA, we have established that the encoding scheme takes care of all the candidate solutions. But the theoretical question whether each candidate solution is uniquely encoded in the scheme or there is duplicity; whether a single candidate is encoded multiple number of times or not has not been answered. If there is duplicity, discussions are needed to formulate the alternative encoding scheme.

7. The theoretical dominance of lower weight patterns in Hamming Hash Family (HHF ) has been enumerated through complex functions. The function, we strongly feel, can be simplified to some simple algebraic expression for elegant analysis of the MACA space.

8. The evolution scheme in Non-Linear CA of Chapter 8 should be refined so that the convergence rate becomes faster.

9. A detailed theoretical formulation regarding memorizing capacity and noise recovery capacity of Non-Linear CA based Associative Memory model should be initiated.

Bibliography

[1] http://stat.fsu.edu/~ geo/diehard.html.

[2] E. H. L. Aarts and J. Korst. Simulated Annealing and Boltzmann Machines. John Wiley & Sons, Essex, U.K., 1989.

[3] S. V. B. Aiyer, M. Niranjan, and F. Fallside. A Theoretical Investigation into the Performance of the Hopfield Model. IEEE Trans. on Neural Networks, pages 204–215, 1990.

[4] Y. Akiyama, A. Yamashita, M. Kajiura, and H. Aiso. Combinatorial Optimization with Gaussian Machines. In IEEE International Joint Conference on Neural Networks, pages 533–540, 1989.

[5] Victor Aladyev. Survey of Research in the Theory of Homogeneous Structures and Their Application. Mathematical Biosciences, 22:121–154, 1974.

[6] A. Albicki and M. Khare. Cellular Automata used for Test Pattern Generation. In Proc. ICCD, pages 56–59, 1987.

[7] A. Albicki and S. K. Yap. Covering a Set of Test Patterns by a Cellular Automata.

Research Review, Dept. of Comp. Sc. and Engg., Univ. of Rochester, 1987.

[8] A. Albicki, S. K. Yap, M. Khare, and S. Pamper. Prospects on Cellular Automata Application to Test Generation. Technical Report EL-88-05, Dept. of Electrical Engg., Univ. of Rochester, 1988.

[9] Peter S. Albin. The Analysis of Complex Socioeconomic Systems. Lexington, MA: D.

C. Heath and Company/Lexington Books, 1975.

[10] Peter S. Albin and Duncan K. Foley(ed.). Barriers and Bounds to Rationality: Essays on Economic and Dynamics in Interactive Systems. Princeton University Press, Princeton, NJ, 1998.

[11] S. Amoroso and Y. N. Patt. Decision Procedures for Surjectivity and Injectivity of Parallel Maps for Tesselation Structures. Journal of Computer and System Sciences, 6:448–464, 1972.

[12] M. Arbib. Simple Self-Reproducing Universal Automata. Information and Control, 9:177, 1966.

[13] M. Askenazi. Genetool Software, manor@santafe.edu.

[14] H. Aso and N. Honda. Dynamical Characteristics of Linear Cellular Automata. J.

Comput. Sys., 30:291–317, 1985.

[15] A. J. Atrubin. An One-dimensional Real-Time Iterative Multiplier. IEEE Trans. on Computers, EC-14:394, 1965.

[16] J. Austin, J. Kennedy, S. Buckle, A. Moulds, and R. Pack. The Cellular Neural Network Associative Processor, C-NNAP. IEEE Monograph on Associative Computers, 1997.

[17] R. Axelrod. The Evolution of Cooperation. Basic Books, New York, NY, 1984.

[18] Franco Bagnoli, Fabio Franci, and Raul Rechtman. Opinion Formation and Phase Transitions in a Probabilistic Cellular Automaton with Two Absorbing States. In Proc. of Fifth International Conference on Cellular Automata for Research and Industry, ACRI 2002, Switzerland, pages 249–258, October 2002.

[19] R. Bajscy and S. Kovacic. Multiresolution Elastic Matching. Computer Vision Graphics, Image Processing, 18(1):1–21, 1989.

[20] H. Baltzer, W. P. Braun, and W. Kohler. Cellular Automata Model for Vegetable Dynamics. Ecological Modelling, 107:113–125, 1998.

[21] Stefania Bandini. Guest Editorial - Cellular Automata. Future Generation Computer Systems, 18:v–vi, August 2002.

[22] E. R. Banks. Information Processing and Transmission in Cellular Automata. PhD thesis, M. I. T., 1971.

[23] A. M. Barbe. A Cellular Automata Ruled by an Eccentric Conservation Law. Physica D, 45:49–62, 1990.

[24] P. H. Bardell. Analysis of Cellular Automata used as Pseudo-Random Pattern Generators. In International Test Conference, pages 762–768, 1990.

[25] P. H. Bardell and W. H. McAnney. Pseudo-Random Arrays for Built-in Tests. IEEE Trans. on Computers, C-35(7):653–658, July 1986.

[26] R. Beale and T. Jackson. Neural Computing: An Introduction. IOP Publishing Ltd., Bristol, U.K., 1990.

[27] S. C. Benjamin and N. F. Johnson. A Possible Nanometer-scale Computing Device based on an Adding Cellular Automaton. Applied Physics Letters, 1997.

[28] C. Bennett and G. Grinstein. Role of Irreversibility in Stabilizing Complex and Nonergodic Behavior in Locally Interacting Discrete Systems. Phys. Rev. Lett., 55:657–660, 1985.

[29] E. R. Berlekamp, J. H. Conway, and R. K. Guy. Winning ways for your Mathematical plays, volume 2. Academic Press, 1984.

[30] S. Bhattacharjee, J. Bhattacharya, and P. Pal Chaudhuri. An Efficient Data Compression based on Cellular Automata. In Data Compression Conference (DCC95), 1995.

[31] Stephen A Billings and Yingxu Yang. Identification of Probabilistic Cellular Automata. IEEE Transaction on System, Man and Cybernetics, Part B, pages 1–12, 2002.

[32] C. M. Bishop. Neural network for Pattern Recognition. Clarendon Press, Oxford, 1995.

[33] R. J. De Boer and P. Hogeweg. Growth and Recruitment in the Immune Network. In A. F. Perelson and G. Weisbuch, editors, Theoretical and Experimental Insights into Immunology, volume 66, pages 223–247. Springer Verlag, New York, 1992.

[34] L. Breiman, J. H. Friedman, R. A. Olshen, and C. J. Stone. Classification and Regression Trees. Wadsworth, Belmont, 1984.

[35] E. Bruch. The Evolution of Cooperation in Neighbourhood Structures. Manuscript, Bonn University, 1983.

[36] Randal E. Bryant. Graph-based Algorithms for Boolean Function Manipulation. IEEE Trans. on Computers, C-35(8):677–691, Aug 1986.

[37] J. Buhmann, R. Divko, and K. Schulter. Associative Memory with High Information Content. Phys. rev. A, 39:2689–92, 1989.

[38] A. W. Burks. Essays on Cellular Automata. Technical Report, Univ. of Illinois, Urbana, 1970.

[39] C. Burks and D. Farmer. Towards Modeling DNA Sequences as Automata. Physica D, 10:157–167, 1984.

[40] Erik Cantu-Paz. A Summary on Research of Parallel Genetic Algorithm. Technical Report 95007, Illinois Genetic Algorithms Laboratory, July 1995.

[41] M. S. Capcarrere. Cellular Automata and Other Cellular System : Design and Evolution. PhD thesis, Swiss Federal Institute of Technology, Luassane, 2002.

[42] M. S. Capcarrere, A. Tettamanzi, and M. Sipper. Statistical Study of a Class of Cellular Evolutionary Algorithm. Evolutionary Computation, 7(3):255–274, 1998.

[43] G. A. Carpenter. Neural Network Models for Pattern Recognition and Associative Memory. Neural Networks, 2(4):243–257, 1989.

[44] G. Cattaneo, P. Flocchini, G. Mauri, C. Q. Vogliotti, and N. Santoro. Cellular Automata in Fuzzy Background. Physica D: Nonlinear Phenomena, 105(1-3):105–120, June 1997.

[45] K. Cattel and J. C. Muzio. Synthesis of One-dimensional Linear Hybrid Cellular Automata. IEEE Trans. on CAD, 15:325–335, 1996.

[46] K. Cattell, S. Zhang, M. Serra, and J. C. Muzio. Tables of Cellular Automata for Lowest Weight Primitive Polynomial for Degrees upto 300. Tech Rep. DCS-163-IR, Dept. of Computer Science, University of Victoria, Canada, 1991.

[47] K. Cattell, S. Zhang, M. Serra, and J. C. Muzio. 2-by-nn Hybrid Cellular Automata with Regular Configuration: Theory and Application. IEEE Trans. on Computers, pages 285–295, March 1999.

[48] F. Celada and P. E. Seiden. A Computer Model of Cellular Interactions in the Immune System. Immun-t, 13:56–62, 1992.

[49] M. Chady and R. Poli. Evolution of Cellular-Automaton-based Associative Memories.

Technical Report no. CSRP-97-15, May 1997.

[50] S. Chakraborty, D. Roy Chowdhury, and P. Pal Chaudhuri. Theory and Application of Non-Group Cellular Automata for Synthesis of Easily Testable Finite State Machines. IEEE Trans. on Computers, 45(7):769–781, July 1996.

[51] H. J. Chang, O. H. Ibarra, and A. Vergis. On the Power of One-way Communication.

Comm. of the ACM, 35(3):697–726, July 1988.

[52] S. Chattopadhyay. Some Studies on Theory and Applications of Additive Cellular Automata. PhD thesis, I.I.T. Kharagpur, India, 1996.

[53] S. Chattopadhyay, S. Adhikari, S. Sengupta, and M. Pal. Highly Regular, Modular, and Cascadable Design of Cellular Automata-based Pattern Classifier. IEEE Transaction on VLSI Systems, 8(6):724–735, December 2000.

[54] S. Chattopadhyay and P. Pal Chaudhuri. Efficient Signatures of Boolean Functions for Rapid Matching in Antifuse based FPGA Technology Mapping. In International Conference on Computer Systems and Education, Bangalore, India, June 1994.

[55] S. Chattopadhyay, S. Roy, and P. Pal Chaudhuri. Synthesis of Highly Testable Fixed- Polarity AND-XOR Canonical Networks – A Genetic Algorithm based Approach. IEEE Trans. on Computers, 45(4):487–490, 1996.

[56] P. Pal Chaudhuri, D. Roy Chowdhury, S. Nandi, and S. Chatterjee. Additive Cellular Automata – Theory and Applications, volume 1. IEEE Computer Society Press, CA, USA, ISBN 0-8186-7717-1, 1997.

[57] Pabitra P Chaudhuri and Arup R Chowdhury. Economic Return to the Previous State for any Nearest Neighborhood Reversible Autonomous Finite State Machines. Information Sciences, 126:129–136, 2000.

[58] P. Cheeseman and J. Stutz. Bayesian Classification (AutoClass): Theory and Results.

In U. M. Fayyad, G. Piatetsky-Shapiro, P. Smith and R. Uthurusamy, editors, Advances in Knowledge Discovery and Data Mining, AAAI/MIT Press, pages 153–180, 1996.

[59] B. Cheng and D. M. Titterington. Neural Networks : A Review from Statistical Perspective. Statistical Science, 9(1):2–54, 1994.

[60] Sung-Jin Cho, Un-Sook Choi, and Han-Doo Kim. Behavior of Complemented TP- MACA whose Complemented Vector is Acyclic in a Linear TPMACA. Mathematical and Computer Modelling, 36:979–986, 2002.

[61] Sung-Jin Cho, Han-Doo Kim, and Un-Sook Choi. Analysis of Trees of Complemented CA derived from a Linear TPMACA. In Joint Workshop on Combinatorics, 2002.

[62] B. Chopard and M. Droz. Cellular Automata Modelling of Physical Systems. Cambridge University Press, 1998.

[63] B. Chopard, M. Droz, and M. Kolb. Cellular Automata Approach to Non-Equilibrium Diffusion and Gradient Percolation. J. Phys. A., 22, 1609-1619.

[64] B. Chopard et al. Cellular Automata Approach to Reaction-Diffusion System : Theory and Application. Cellular Automata Prospects in Astrophysical Applications, pages 157–186, 1995.

[65] H. H. Chou and J. A. Reggia. Problem Solving during Artificial Selection of Selfreplicating Loops. Physica D, pages 293–312, 1998.

[66] P. A. Chou. Optimal Partitioning for Classification and Regression Trees. IEEE Trans. for Pattern Analysis and Machine Intelligence, 13(4):340–354, 1991.

[67] D. Roy Chowdhury. Theory and Applications of Additive Cellular Automata for Reliable and Testable VLSI Circuit Design. PhD thesis, I.I.T. Kharagpur, India, 1992.

[68] D. Roy Chowdhury, S. Basu, I. Sen Gupta, and P. Pal Chaudhuri. A Novel Scheme for Designing Error Correcting Codes using Cellular Automata. In Proc. TENCON’91. New Delhi, India, August 1991.

[69] D. Roy Chowdhury, S. Basu, I. Sen Gupta, and P. Pal Chaudhuri. Design of CAECC — Cellular Automata based Error Correcting Code. IEEE Trans. on Computers, 43(6):759–764, June 1994.

[70] D. Roy Chowdhury, S. Chakraborty, B. Vamsi, and P.Pal Chaudhuri. Cellular Automata based Synthesis of Easily and Fully Testable FSMs. In Proc. ICCAD ’93, pages 650–653, Nov 1993.

[71] D. Roy Chowdhury, I. Sen Gupta, and P. Pal Chaudhuri. A Class of Two-dimensional Cellular Automata and Applications in Random Pattern Testing. Journal of Electronic Testing : Theory & Applications, 5:65–80, 1994.

[72] D. Roy Chowdhury, I. Sen Gupta, and P. Pal Chaudhuri. Cellular Automata Based Byte Error Correcting Code. IEEE Trans. on Computers, pages 371–382, March 1995.

[73] L. O. Chua and L. Yang. Cellular Neural Networks : Application. IEEE Trans. on Circuits and Systems, 35(10):1273–1290, 1988.

[74] L. O. Chua and L. Yang. Cellular Neural Networks : Theory. IEEE Trans. on Circuits and Systems, 35(10):1257–1272, 1988.

[75] E. F. Codd. Cellular Automata. Academic Press Inc., 1968.

[76] S. N. Cole. Real Time Computation by n-Dimensional Iterative Arrays of Finite State Machines. IEEE Trans. on Computers, C-18, 1969.

[77] J. Conway. Mathematical Games. M. Gardner, Ed., Sci. Amer., 1970.

[78] F. Corno, M. S. Reorda, and G. Squillero. The Selfish Gene Algorithm: A New Evolutionary Optimization Strategy. In SAC’98: 13th Annual ACM Symposium on Applied Computing, Atlanta, Georgia (USA), pages 349–355, February 1998.

[79] F. Corno, M. S. Reorda, and G. Squillero. Evolving Effective CA/CSTP: BIST Architectures for Sequential Circuits. In Proc. of the 2001 ACM Symposium on Applied computing, pages 345–350. ACM Press, 2001.

[80] M. Creutz. Deterministic Ising Dynamics. Ann. Phys., 67:62–72, 1986.

[81] J. P. Crutchfield and M. Mitchell. The Evolution of Emergent Computation. Proc.

of the National Academy of Sciences,USA, 93(23):10742, 1995.

[82] J. P. Crutchfield and N. H. Packard. Symbolic Dynamics of Noisy Chaos. Physica D, 7(201–223), 1983.

[83] K. Culik and S. Dube. An Efficient Solution of the Firing Mob Problem. Theoretical Computer Science, 91:57–69, December 1991.

[84] K. Culik, L. P. Hard, and S. Yu. Computation Theoretic Aspects of Cellular Automata. Physica D, 45/1-3:357–378, September 1990.

[85] Y. Le Cun, J. Denker, S. Solla, R. E. Howard, and L. D. Jackel. Optimal Brain Damage - Advances in Neural Information Processing Systems II. Morgan Kauffman, San Mafeo, CA, 1990.

[86] G. Cybenko. Approximation by Superpositions of a Sigmoidal Function. Math. Contr.

Signals Syst., 2:303–314, 1989.

[87] A. K. Das. Additive Cellular Automata : Theory and Application as a Built-in Selftest Structure. PhD thesis, I.I.T. Kharagpur, India, 1990.

[88] A. K. Das and P. Pal Chaudhuri. An Efficient On-Chip Deterministic Test Pattern Generation Scheme. Euromicro Journal, Microprocessing & Microprogramming, 26:195–204, 1989.

[89] A. K. Das and P. Pal Chaudhuri. Efficient Characterization of Cellular Automata.

Proc. IEE (Part E), 137(1):81–87, January 1990.

[90] A. K. Das and P. Pal Chaudhuri. Vector Space Theoretic Analysis of Additive Cellular Automata and Its Applications for Pseudo-Exhaustive Test Pattern Generation. IEEE Trans. on Computers, 42(3):340–352, March 1993.

[91] A. K. Das, M. Pandey, A. Gupta, and P. Pal Chaudhuri. Built-in Self Test Structures Around Cellular Automata and Counters. IEE Proc. part (E), 137(1):81–87, January 1990.

[92] A. K. Das, A. Sanyal, and P. Pal Chaudhuri. On the Characterization of Cellular Automata. Information Science, 1991.

[93] R. Das, J. P. Crutchfield, M. Mitchell, and J. E. Hanson. Evolving Globally Synchronized Cellular Automata. In Proc. of Sixth International Conference on Genetic Algorithms, pages 336–343. San Fransisco, CA, 1995.

[94] R. Das, M. Mitchell, and J. P. Crutchfield. A Genetic Algorithm discovers Particle based Computation in Cellular Automata. Parallel Problem Solving from Nature, pages 244–353, 1994.

[95] P. Dasgupta, S. Chattopadhyay, and I. Sengupta. An ASIC for Cellular Automata based Message Authentication. In Proc. of 12^{th} International Conference on VLSI Design, India, January 1999.

[96] K. B . Datta. Matrix and Linear Algebra. BPB Publications, 1993.

[97] B. Derrida and D. Stauffer. Phase Transitions in Two-dimensional Kuaffman Cellular Automata Random Network Automata. Europhys. Lett. 2, 739, April 1986.

[98] L. Devroye, L. Gyorfi, and G. Lugosi. A Probabilistic Theory of Pattern Recognition.

Springer-Verlag, Berlin, 1996.

[99] E. Diday and J. C. Simon. Cluster Analysis. Digital Pattern Recognition, pages 47–94, 1976.

[100] M. P. Dubuisson and R. C. Dubes. Efficacy of Fractal Features in Segmenting Images of Natural Textures. Pattern Recognition Letter, 15:419–431, 1994.

[101] R. O. Duda, P. E. Hart, and D. G. Stork. Pattern Classification and Scene Analysis.

John Wiley & Sons, New York, 1999.

[102] M. J. B. Duff and K. Preston Jr. Modern Cellular Automata : Theory and Applications. Plenum Press NY, 1984.

[103] P. A. Dufort. The Complexity and Entropy of Turing Machine. In Proc. Workshop on Physics and Computation, pages 227–232, 1994.

[104] D. H. Dummit and R. M. Foote. Abstract Algebra. Prentice Hall, 2^{nd} Edition, 1999.

[105] A. Dupuis and B. Chopard. An Object Oriented Approach to Lattice Gas Modeling.

Future Generation Computer Systems, 16:523–532, March 2000.

[106] C. Dyer. One-way Bounded Cellular Automata. Information Control, 44:261–281, 1980.

[107] E. Moore ed. Sequential Machines. Selected Papers. Addison-Wesley Publishing Company., Inc., Redwood City, CA., 1964.

[108] J. M. Epstein and R. Axtell. Growing Artificial Societies: Social Science from the Bottom Up. MIT Press Cambridge, MA, 1996.

[109] M. Ester, H. P. Kriegel, J. Sander, and X. Xu. A Density based Algorithm for Discovering Clusters in Large Spatial Databases with Noise. In Conference on Knowledge Discovery in Large Spatial Databses with Noise, 1996.

[110] P. C. Fischer. Generation of Primes by a One-dimensional Real-time Iterative Array.

J. ACM, 12:388, 1965.

[111] P. Flocchini, F. Geurts, A. Mingarelli, and N. Santoro. Convergence and Aperiodicity in Fuzzy Cellular Automata: Revisiting Rule 90. Physica D: Nonlinear Phenomena, 142(1-2):20–28, August 2000.

[112] U. Frisch, B. Hasslacher, and Y. Pomeau. Lattice Gas Automata for the Navier-Stokes Eequation. Phys. Rev. Lett., 56(14):1505–1508, 1986.

[113] K. S. Fu. Syntactic Pattern Recognition and Application. Prentice-Hall, Englewood, Cliffs, 1982.

[114] K.S. Fu and T.L. Booth. Grammatical Inference: Introduction and Survey: Part I & II. IEEE Trans. on Pattern Analysis and Machine Intelligence, 8(3):343–376, 1986.

[115] Serge Galam. Spontaneous Coalition Forming. Why Some are Stable. In Proc. of Fifth International Conference on Cellular Automata for Research and Industry, ACRI 2002, Switzerland, pages 1–9, October 2002.

[116] N. Ganguly, A. Das, P. Maji, B. K. Sikdar, and P. Pal Chaudhuri. Evolving Cellular Automata Based Associative Memory For Pattern Recognition. In Proc. of International Conference on High Performance Computing, Hyderabad, India, 2001.

[117] N. Ganguly, S. Dhar, A. K. Roy, B. K Sikdar, and P. Pal Chaudhuri. Cellular Automata based Hash Family: Synthesis and Application. In Proc. of 9^{th} International conference of Advanced Computing and Communication, India, December 2001.

[118] N. Ganguly, P. Maji, A. Das, B. K. Sikdar, and P. Pal Chaudhuri. Characterization of Non-Linear Cellular Automata Model for Pattern Recognition. In Proc. of 2002 AFSS International Conference on Fuzzy Systems, Calcutta, India, pages 214–220, 2002.

[119] N. Ganguly, P. Maji, S. Dhar, B. K. Sikdar, and P. Pal Chaudhuri. Evolving Cellular Automata as Pattern Classifier. In Proc. of Fifth International Conference on Cellular Automata for Research and Industry, ACRI 2002, Switzerland, pages 56–68, October 2002.

[120] N. Ganguly, P. Maji, B. K. Sikdar, and P. Pal Chaudhuri. Design and Characterization of Cellular Automata Based Associative Memory for Pattern Recognition. IEEE Transaction on System, Man and Cybernetics, Part B, To appear, 2003.

[121] N. Ganguly, A. Nandi, S. Das, B. K. Sikdar, and P. Pal Chaudhuri. An Evolutionary Design of Pseudo-Random Test Pattern Generator without Prohibited Pattern Set (PPS). In Asain Test Symposium, Nov 2002.

[122] N. Ganguly, B. K. Sikdar, and P. Pal Chaudhuri. Design of an On-Chip Test Pattern Generator Without Prohibitited Pattern set (pps). In ASP-DAC/VLSI Design 2002, India, pages 689–694, 2002.

[123] N. Ganguly, B. K. Sikdar, J. Deb, D. Halder, and P. Pal Chaudhuri. Hashing through Cellular Automata. In Proc. of 8^{th} International Conference on Advanced Computing and Communication, India, December 2000.

[124] F. R. Gantamatcher. The Theory of Matrices. Chelsa Publishing Co., New York, I & II, 1959.

[125] Martin Gardner. The Fantastic Combinations of John Conway’s New Solitaire Game ‘life’. Sci. Am, 223, pages 120–123, 1970.

[126] Martin Gardner. On Cellular Automata Self-reproduction, the Garden of Eden and the Game of ‘life’. Sci. Am., 224, pages 112–117, 1971.

[127] R. J. Gaylord and L. D’andra. Simulating Society: A Mathematica Toolkit for Modelling Socioeconomic Behavior. Springer: New York, NY, 1998.

[128] R. J. Gaylord and P. R. Wellin. Computer Simulation with Mathematica : Explorations in Complex Physical and Biological Systems. Springer: New York, NY, 1995.

[129] S. B. Gelfand, C. S. Ravishankar, and E. J. Delp. An Iterative Growing and Pruning Algorithm for Classification Tree design. IEEE Trans. on Pattern Analysis and Machine Intelligence, 13(2):163 – 174, 1991.

[130] B. Gidas. A Renormalization Group Approach to Image Processing Problems. IEEE Trans. Patterns Analysis Machine Intelligence, 11(2):164–180, 1989.

[131] D. E. Goldberg. Genetic Algorithms in Search, Optimizations and Machine Learning.

Morgan Kaufmann, 1989.

[132] D. M. Gordon. The Development of Organization in An Ant Colony. American Scientist, 83:50–57, Jan-Feb 1995.

[133] K. C. Gowda and G. Krishna. Agglomerative Clustering using the Concept of Mutual Nearest Neighborhood. Pattern Recognition, 10:105–112, 1977.

[134] P. Grassberger. Towards a Quantitative Theory of Self-generating Complexity. J.

Theo. Phys., 25, 1986.

[135] U. Grenander. General Pattern Theory. Oxford University Press, 1993.

[136] David Griffeath and Cristopher Moore(ed). New Constructions in Cellular Automata.

Oxford University Press, 2002.

[137] G. Grinstein, C. Jayaprakash, and Y. He. Statistical Mechanics of Probabilistic Cellular Automata. Phys. Rev. Lett., 55:2527–2530, 1985.

[138] Information Mechanics Group. CAM8: A Parallel, Uniform, Scalable Architecture for Cellular Automata Experimentation. online reference available at http://www.im.lcs.mit.edu/cam8/, 1999.

[139] S. Guha, R. Rastogi, and K. Shim. CURE : An Efficient Clustering Algorithm for Large Database. In Proc. ACM SIGMOD Conference, 1998.

[140] S. Guha, R. Rastogi, and K. Shim. ROCK : A Robust Clustering Algorithm for Categorical Attributes. In International Conference on Data Engineering, 1998.

[141] Howard Gutowitz. A Hierarchical Classification of CA. Physica D, 45:136, 1990.

[142] S. Hedge, J. Sweet, and W. Levy. Determination of Parameters in a Hopfield/Tank Computational Network. In IEEE International Conference on Neural Networks, pages 291–298, 1988.

[143] R. Hegselmann and A. Flache. Understanding Complex Social Dynamics: A Plea for Cellular Automata Based Modelling. Journal of Artificial Societies and Social Simulation, 1(3), June 1998.

[144] I. N. Herstein. Topics in Algebra. Vikas Publishing House Pvt. Ltd., New Delhi, 1976.

[145] J. Hertz, A. Krogh, and R. G. Palmer. Introduction to the Theory of Neural Computation. Santa Fe Institute Studies in the Sciences of Complexity, Addison Wesley, 1991.

[146] Y. Higami, S. Kajihara, and K. Kinoshita. Partially Parallel Scan Chain for Test Length Reduction by using Retming Technique. In Asian Test Symposium, pages 94–99, 1996.

[147] A. Hinneburg and D. A. Keim. Optimal Grid-Clustering : Towards Breaking the Curse of Dimensionality in Higher Dimensional Clustering. In 25^{th} International Confernence on Very Large Database, 1999.

[148] Y. Honda, T. Horiguchi, and M. Miya. Restoration of Digital Images of the Alphabet by using ISING Models. Phys. Lett. A, 227:319–324, 1997.

[149] J. J. Hopfield. Neural Networks and Physical System with Emergent Collective Computational Abilities. Proc. of National Academic of Sciences, 79:2554–2558, 1982.

[150] J. J. Hopfield. Pattern Recognition computation using action potential timings for stimulus representations. Nature, 376:33–36, 1995.

[151] J. J. Hopfield and D. W. Tank. Neural Computation of Decisions in Optimization Problems. Biological Cybernetics, 52:141–152, 1985.

[152] K. Hornik. Approximation Capabilities of Multilayer Feedforward Networks. Neural Networks, 4:251–257, 1991.

[153] K. Hornik, M. Stinchcombe, and H. White. Multilayer Feedforward Networks are Universal Approximators. Neural Networks, 2:359–366, 1989.

[154] P. D. Hortencius, R. D McLeod, W. Pries, D. M. Miller, and H. C. Card. Cellular Automata based Pseudo-random Number Generators for Built-in Self-Test. IEEE Trans. on CAD, 8(8):842–859, August 1989.

[155] P. D. Hortensius, R. D. McLeod, and H. C. Card. Cellular Automata based Signature Analysis for Built-in Self-Test. IEEE Trans. on Computers, C-39(10):1273–1283, October 1990.

[156] M. Y. Hsiao. A Class of Optimal Minimum Odd-weight-column SEC-DED Codes.

IBM Journal of Research Development, pages 395–401, October 1970.

[157] I. Hussain and T. R. Reed. Bond Percolation-based Gibbs-Markov Random Fields for Image Segmentation. IEEE Signal Processing Lett., 2(8):145–147, 1995.

[158] I. Hussain and T. R. Reed. A Bond Percolation-based Model for Image Segmentation.

IEEE Trans. Pattern Analysis and Machine Intelligence, 6(12):1698–1704, 1997.

[159] D. P. Huttenlocher, G. A. Kladerman, and W. J. Rucklidge. Comparing images using the Hausdorff Distance. IEEE Trans. Pattern Analysis and Machine Intelligence, 15(9):850–863, 1993.

[160] O. H. Ibarra, M. A. Palis, and S. M. Kim. Fast Parallel Language Recognition by Cellular Automata. Theoretical Computer Science, 41:231–246, 1985.

[161] M. Ichino and H. Yaguchi. Generalized Minkowski Metrics for Mixed Feature-type Data Analysis. IEEE Trans. on System Man Cybernatics, 24:698–708, 1994.

[162] A. Jain and R. Dubes. Algorithms for Clustering Data. Prentice Hall, 1998.

[163] A. K. Jain, R. P. W. Duin, and J. Mao. Statistical Pattern Recognition : A Review.

IEEE Trans. on Pattern Analysis and Machine Intelligence, 22(1):4–37, 2000.

[164] A. K. Jain, J. Mao, and K. M. Mohiuddin. Artificial Neural Network : A Tutorial.

IEEE Trans. on Computer, pages 31–44, March 1996.

[165] A. K. Jain, M. N. Murty, and P. J. Flynn. Data Clustering : A Review. ACM Computing Surveys, 31(3):264–323, September 1999.

[166] E. Jen. Invariant Strings and Pattern Recognizing properties of 1D CA. Journal of Statistical Physics, 43, 1986.

[167] E. Jen. Aperiodicity in One-Dimensional Cellular Automata. Physica D, 45:3–18, 1990.

[168] H. Juille and J. B. Pollack. Co-evolutionary Learning and Design of Complex Systems.

Advances in Complex System, 2(4), 2000.

[169] J. Jump and J. Kirtane. On the Interconnection Structure of Cellular Automata Networks. Information Control, 24:74–91, 1974.

[170] D. Kagaris and S. Tragoudas. Von Neumann Hybrid Cellular Automata for Generating Deterministic Test Sequences. ACM Trans. on Design Automation of Electronic Systems (TODAES), 6(3):308–321, 2001.

[171] B. Kamgar-Parsi and B. Kamgar-Parsi. Dynamical Stability and Parameter Selection in Neural Optimization. In International Joint Conference on Neural Networks, pages 566–571, 1992.

[172] K. Kaneko. Complexity in Basin Structures and Information Processing by Transition Among Attractors. Dynamical Systems and Nonlinear Oscillations, World Scientific, 1986.

[173] K. Kaneko. Lyapunov Analysis and Information Flow in Coupled Map Lattices.

Physica D, 1986.

[174] J. Kari. Reversibility of 2D Cellular Automata is Undecidable. Physica D, 45:379–385, 1990.

[175] J. Kari. Reversibility and Surjectivity Problems of Cellular Automata. Journal of Comput. Syst. Sci, 48(1):149–182, February 1994.

[176] L. Kaufman and P. Roussew. Finding Groups in Data - An Introduction to Cluster Analysis. Wiley, 1990.

[177] Y. Kawahara et al. Period Lengths of Cellular Automata on Square Lattices with Rule 90. J. Math. Phy, 36(3):1435–1456, April 1995.

[178] D. C. Keenan and M. J. O’Brien. Competition, Collusion and Chaos. Journal of Economic Dynamics and Control, 17:327–353, 1993.

[179] J. M. Keller, S. S. Chen, and R. M. Crownover. On the Calculation of Fractal Features from Images. IEEE Trans. Patterns Analysis and Machine Intelligence, 15(10):1087 –1090, 1993.

[180] O. Kirchkamp. Spatial Evolution of Automata in the Prisoners’ Dilemma. Manuscript, Bonn University, 1994.

[181] G. A. Klanderman, D. P. Huttenlocher, and W.J. Rucklidge. Comparing Images using the Hausdorff Distance. IEEE Trans. Patterns Analysis and Machine Intelligence, 15(9):850–863, 1993.

[182] D. G. Kleinbaum, L. L. Kupper, and L. E. Chambless. Logistic Regression Analysis of Epidemiologic Data. Theory Practice, Commun. Statist. A, 11:485–547, 1982.

[183] D. E. Knuth. The Art of Computer Programming — Seminumerical Algorithms.

Addison-Wesley, 1981.

[184] D. E. Knuth. The Art of Computer Programming — Sorting & Searching. Addison- Wesley, 1981.

[185] T. Kohonen. Self-organized Formation of Topologically Correct Feature Maps. Biological Cybernetics, 43:59–69, 1982.

[186] S. R. Kosaraju. On Some Open Problems in the Theory of Cellular Automata. IEEE Trans. on Computers, C-23, 1974.

[187] S. R. Kosaraju. Speed of Recognition of Context-free Languages by Array Automata.

SIAM J. Comput., 4(3):331–340, September 1975.

[188] J. R. Koza. Genetic Programming : On the Programming of Computers by Means of Natural Selection. Cambridge MA, MIT Press, 1992.

[189] D. Kunz. Channel Assignment for Cellular Radio using Neural Networks. IEEE Trans. on Vehicular Technology, 40:188–193, 1991.

[190] P. Kurka. Languages, Equicontinuity and Attractors in Cellular Automata. In Ergodic Theor., Dynamic System, volume 17, pages 229–254, 1997.

[191] O. Lafe. Data Compression and Encryption using Cellular Automata Transforms.

IEEE International Joint Symposia on Intelligence and Systems (IJSIS ’96), 1996.

[192] C. Langton. Self-reproduction in Cellular Automata. Physica D, 10:135, 1984.

[193] C. Langton. Computation at the Edge of Chaos. Physica D, 42:12–37, 1990.

[194] W. Li, N. H. Packard, and C. G. Langton. Transition Phenomena in Cellular Automata Rule Space. Physica D, 45:77–94, 1990.

[195] W. B. G. Liebrand and D. Messick (eds.). Frontiers in Social Dilemmas Research.

Springer: New York, NY, 1996.

[196] F. Liu and N. Goldenfeld. Generic Features of Late-Stage Crystal Growth. Physical Review A., 42:895–903, 1990.

[197] R. Livi, G. Martinez-Mekler, and S. Ruffo. Periodic Orbits and Long Transients in Coupled Map Lattices. Physica D, 45:452–460, 1990.

[198] Barry F. Madore and Wendy L. Freedman. Computer Simulations of the Belousov- Zhabotinsky Reaction. Science, 222:615–616, 1983.

[199] M. Mahajan. Studies in Language Classes defined by different Time-Varying Cellular Automata. PhD thesis, I. I. T. Madras, 1992.

[200] P. Maji, N. Ganguly, and P. Pal Chaudhuri. Error Correcting Capability of Cellular Automata Based Associative Memory. IEEE System Man Cybernatics Part-A, (To be published), 2003.

[201] P. Maji, N. Ganguly, A. Das, B. K. Sikdar, and P. Pal Chaudhuri. Study of Non- Linear Cellular Automata for Pattern Recognition. In Proc. of Cellular Automata Conference, Japan, pages 187–192, 2001.

[202] F. B. Manning. An Approach to Highly Integrated, Computer-maintained Cellular Arrays. IEEE Trans. on Computers, C-26, 1977.

[203] J. Mao and A. K. Jain. A Self-organizing Network for Hyperellipsoidal Clustering (HEC). IEEE Trans. on Neural Network, 7:16–29, 1996.

[204] O. Martin, A. M. Odlyzko, and S. Wolfram. Algebraic Properties of Cellular Automata. Comm. Math. Phys., 93:219–258, 1984.

[205] Makoto Matsumoto. Simple Cellular Automata as Pseudorandom m-Sequence Generators for Built-in Self-test. ACM Trans. on Modeling and Computer Simulation (TOMACS), 8(1):31–42, 1998.

[206] H. V. McIntosh. Wolfram’s Class IV Automata and a Good Life. Physica D, 45:105– 121, 1990.

[207] R. D. McLeod, P. Hortensius, R. Schneider, H. C. Card, G. Bridges, and W. Pries.

CALBO - Cellular Automaton Logic Block Observation. In Canadian Conference on VLSI, November 1986.

[208] M. Mehta, R. Agrawal, and J. Rissanen. SLIQ: A Fast Scalable Classifier for Data Mining. In Proc. of International Conference on Extending Database Technology, Avignon, France, 1996.

[209] M. Mehta, J. Rissanen, and R. Agrawal. MDL-based Decision Tree Pruning. In International Conference on Knowledge Discovery in Databases and Data Mining (KDD- 95), Montreal, Canada, August 1995.

[210] D. M. Messick and W. B. G. Liebrand. Individual Heuristics and the Dynamics of Cooperation in Large Groups. Psychological Review, 102:131–145, 1995.

[211] J. E. Meyer. Random Boolean Networks - Three Recent Results. Private Communication, 1997.

[212] R. S. Michalski, J. M. Carbonnel, and T. M. Mitchell. Machine Learning: An Artificial Intelligence Approach. Morgan Kaufmann, Los Atlos, CA, 1983.

[213] S. Misra. Theory and Application of Additive Cellular Automata for Easily Testable VLSI Circuit Design. PhD thesis, I.I.T. Kharagpur, India, 1992.

[214] S. Misra, A. K. Das, D. Roy Chowdhury, and P. Pal Chaudhuri. Cellular Automata — Theory & Applications. JIETE, 36(3/4):251–259, 1990.

[215] S. Misra, B. Mitra, and P. Pal Chaudhuri. Synthesis of Self-testable Sequential Logic using Programmable Cellular Automata. In Proc. of VLSI’92, INDIA, pages 193–198, January 1992.

[216] M. Mitchell, P. T. Hraber, and J. P. Crutchfield. Revisiting the Egde of Chaos:

Evolving Cellular Automata to Perform Computations. Complex Systems, pages 7: 89–130, 1993.

[217] B. Mitra, P. R. Panda, and P. Pal Chaudhuri. A Flexible Scheme for State Assignment based on the FSM. In Proc. ICCAD, pages 226–229. CA, November 1991.

[218] S. Mitra and S. K. Pal. Fuzzy Multi-layer Perceptron, Inferencing and Rule Generation. IEEE Trans. on Neural Network, 6:51–63, 1995.

[219] S. Mitra and S. K. Pal. Fuzzy Self Organization, Inference and Rule Generation.

IEEE Trans. on System, Man and Cybernatics, Part A, 26:608–620, 1996.

[220] S. Mitra, S. K. Pal, and P. Mitra. Data Mining in Soft Computing Framework: A Survey. IEEE Trans. on Neural Networks, 13(1):3–14, 2002.

[221] C. Moore. Quasi Linear Cellular Automata. Santa Fe Institute Working Paper, 1996.

[222] C. Moore and T. Puin. Predicting Non-Linear Cellular Automata Quickly by Decomposing Them into Linear Ones. Physica D, 111:27–41, 1998.

[223] Edward F. Moore. Machine Models of Self Reproduction. In Arthur W. Burks, editor, Essays on Cellular Automata. University of Illinois Press, Urbana, 1970.

[224] J. H. Moore and L. W. Hahn. A Cellular Automata-based Pattern Recognition Approach for Identifying Gene-Gene and Gene-Environment Interactions. American Journal of Human Genetics, 67(52), 2000.

[225] J. H. Moore and L. W. Hahn. Multilocus Pattern Recognition using Cellular Automata and Parallel Genetic Algorithms. In Proc. of the Genetic and Evolutionary Computation Conference (GECCO-2001), page 1452, 7-11 July 2001.

[226] F. J. Morales, J. P. Crutchfield, and M. Mitchell. Evolving Two-dimensional Cellular Automata to Perform Density Classification : A report on work in Progress. Parallel Computing, 27:571–585, 2001.

[227] B. M. E. Moret. Decision Trees and Diagrams. Computing Surveys, 14(4):593–623, 1982.

[228] K. Morita and S. Ueno. Parallel Generation and Parsing of Array Languages using Reversible Cellular Automata. International Journal of Pattern Recognition and Artificial Intelligence, 8:543–561, 1994.

[229] G. Mrugalski, J. Rajski, and J. Tyszer. Cellular Automata-based Test Pattern Generators with Phase Shifter. IEEE Trans. on CAD, 19(8):878–893, August 2000.

[230] Heinz Muhlenbein and Robin Hons. Stochastic Analysis of Cellular Automata and the Voter Model. In Proc. of Fifth International Conference on Cellular Automata for Research and Industry, ACRI 2002, Switzerland, pages 92–103, October 2002.

[231] M. Mukherjee, N. Ganguly, and P. Pal Chaudhuri. Cellular Automata based Authentication. In Proc. of Fifth International Conference on Cellular Automata for Research and Industry, ACRI 2002, Switzerland, pages 259–269, October 2002.

[232] M. Mukherjee, N. Ganguly, and P. Pal Chaudhuri. Design of Cellular Automata Based Message Authentication. In ICCC 2002, Mumbai, 2002.

[233] J. C. Muzio et al. Analysis of One-dimensional Linear Hybrid Cellular Automata over GF(q). IEEE Trans. on Computers, 45(7):782–792, July 1996.

[234] J. Myhill. The Converse of Moore’s Garden of Eden Theorem. Am. Math. Soc., 14:685–686, 1963.

[235] S. Nandi. Additive Cellular Automata : Theory and Application for Testable Circuit Design and Data Encryption. PhD thesis, I.I.T. Kharagpur, India, 1994.

[236] S. Nandi and P. Pal Chaudhuri. Additive Cellular Automata as On-Chip Test Pattern Generator. In Second Asian Test Simposium, November 1993.

[237] S. Nandi et al. Analysis of Periodic and Intermediate Boundary 90/150 Cellular Automata. IEEE Trans. on Computers, 45(1), January 1996.

[238] S. Nandi, B. K. Kar, and P. Pal Chaudhuri. Theory and Application of Cellular Automata in Cryptography. IEEE Trans. on Computers, 43(12), December 1994.

[239] R. Neal. Bayesian Learning for Neural Network. Springer-Verlag, New York, 1996.

[240] John Von Neumann. Probabilistic Logics and the Synthesis of Reliable Organisms from Unreliable Components. J. Von Neumann’s Collected Works, A. Taub (Ed), 1963.

[241] John Von Neumann. The Theory of Self-Reproducing Automata. A. W. Burks (ed), Univ. of Illinois Press, Urbana and London, 1966.

[242] R. Ng and J. Han. Efficient and Effective Clustering Methods for Spatial Data Mining.

In International Conference on Knowledge Discovery and Data Mining, 1994.

[243] H. Nishio. Real Time sorting of Binary numbers by One-dimensional Cellular Automata. Technical Report, Kyoto University, 1981.

[244] H. Nishio and Y. Kobuchi. Fault Tolerant Cellular Space. Journal of Comput. Syst.

Sci., 11:150–170, 1975.

[245] M. A. Nowak and R. M. May. Evolutionary Games and Spatial chaos. Nature, 359:826–829, 1992.

[246] M. A. Nowak and R. M. May. The Spatial Dilemmas of Evolution. International Journal of Bifurcation and Chaos, 3:35–78, 1993.

[247] S. Omohundro. Modeling Cellular Automata with Partial Differential Equations.

Physica D, 10:128–134, 1984.

[248] B. J. Oommen and R. K. S. Loke. Probabilistic Syntactic Pattern Recognition for Traditional and Generalized Transposition Errors. In International Conference on Pattern Recognition, Vienna, Austria, pages 685–689, August 1996.

[249] Y. Oono and M. Kohmoto. A Discrete Model for Chemical Turbulance. Phys. Rev.

Lett., 55:2927–2931, 1985.

[250] C. Paar. A New Architecture for a Parallel Finite Field Multiplier with Low Complexity based on Composite Fields. IEEE Transactions on Computers, 45(7):856–861, 1996.

[251] C. Paar, P. Fleischmann, and P. Roelse. Efficient Multiplier Architectures for Galois Fields GF(2^{4n}). IEEE Transactions on Computers, 47(2):162–170, 1998.

[252] N. H. Packard. Deterministic Lattice Models for Solidification and Aggregation. In First International Symposium for Science on Form, 1985.

[253] N. H. Packard. Lattice Models for Solidification and Aggregation. In First International Symosium for Science on Form, 1986.

[254] N. H. Packard. Adaptation towards the Edge of Chaos. In J. A. S. Kelso, A. J.

Mandell, and M. F. Shlesinger, editors, Dynamic Patterns in Complex Systems, pages 293–301. World Scientific, Singapore, 1988.

[255] W. Padrycz. Conditional Fuzzy c-means. Pattern Recognition Letters, 17:625–632, 1996.

[256] L. Pagie and P. Hogeweg. Information Integration and Red Queen Dynamics in Coevolutionary Optimization. In Proc. CEC, pages 1260–1267, 2000.

[257] J. Paredis. Coevolving Cellular Automata : Beware of Red Queen. In Proc. ICGA VII, 1997.

[258] K. Paul. Theory and Application of GF(2^p) Cellular Automata. PhD thesis, B. E.

College , (Deemed University), Howrah, India, 2002.

[259] K. Paul and D Roy Chowdhury. Application of GF(2^p) CA in Burst Error Correcting Codes. In Proc. of VLSI00, INDIA, January 2000.

[260] K. Paul, D. Roy Chowdhury, and P. Pal Chaudhuri. Cellular Automata Based Transform Coding for Image Compression. In Proc. of HiPC’99 INDIA, December 1999.

[261] K. Paul, D Roy Chowdhury, and P. Pal Chaudhuri. Scalable Pipelined Micro- Architecture for Wavelet Transform. In Proc. of VLSI’00, INDIA, January 2000.

[262] K. Paul, D. Roy Chowdhury, and P Pal Chowdhury. Theory of Extended Linear Machines. IEEE Trans. on Computers, 2002.

[263] K. Paul, A. Roy, P. K. Nandi, B. N Roy, M. Deb Purkhayastha, S. Chattopadhyay, and P. Pal Chaudhuri. Theory and Application of Multiple Attractor Cellular Automata for Fault Diagnosis. In Proc. of ATS’98 Singapore, December 1998.

[264] T. Pavlidis. Structural Pattern Recognition. Springer-Verlag, New York, 1977.

[265] L. I. Perlovsky. Conundrum of Combinatorial Complexity. IEEE Trans. Pattern Analysis and Machine Intelligence, 20(6):666–670, 1998.

[266] P. Piatetsky-Shapiro and W. J. Fawley (ed). Knowledge Discovery in Database. MIT Press, 1991.

[267] Y. Pomeau. Invariant in Cellular Automata. J. Phys. A, 17, 1986.

[268] K. Preston, M. J. Duff, S. Levialdi, Ph. E. Norgren, and J. I. Toriwaki. Basics of Cellular Logic with Some Applications in Medical Image Processing. In Proc. IEEE, page 67, 1979.

[269] A. Provota and C. Nicolis. A Microscopic Aggregation Model of Droplet Dynamics in Warm Clouds. J. Statistical Physics, 74:75–89, 1994.

[270] J. R. Quinlan. Simplifying Decision Trees. Int. J. Man - Machine Studies, 27:221–234, 1987.

[271] J. R. Quinlan. C4.5: Programs for Machine Learning. Morgan Kaufmann, CA, 1993.

[272] G. A. Raboni and A. Laghi. Urban Cellular Automata : The Inverse Problem. In Proc.

of Fifth International Conference on Cellular Automata for Research and Industry, ACRI 2002, Switzerland, pages 56–68, October 2002.

[273] R. Raghavan. Cellular Automata in Pattern Recognition. Information Science, 70:145–177, 1993.

[274] S. Raudys. Evolution and Generalization of Single Neuron; Single-Layer Perceptron as Seven Statistical Classifiers. Neural Networks, 11(2):283–296, 1998.

[275] Mitchel Resnick. Turtles, Termites and Traffic Jams. MIT Press, 1994.

[276] F. C. Richards, T. P. Meyer, and N. H. Packard. Extracting Cellular Automata Rules directly from Experimental Data. Physica D, 45:189–202, 1990.

[277] B. Ripley. Pattern Recognition and Neural Network. Cambridge University Press, Cambridge, 1996.

[278] J. F. Roddick and M. Spiliopoulou. A Survey of Temporal Knowledge Discovery Paradigms and Methods. IEEE Trans. on Knowledge and Data Engineering, 14(4):750–767, 2002.

[279] M. Roncken, K. Stevens, and P. Pal Chaudhuri. CA-BIST for Asynchronous Circuits:

A Case Study on RAPPID Asynchronous Instruction Length Decoder. In Proc. 6^{th} International Symposium on Advanced Research in Asynchronous Circuits and Systems, Eilat, Israel, 2000.

[280] A. Rosenfeld. Picture Languages. Academic, New York, 1979.

[281] S. Russel and W. Lodwick. Fuzzy Clustering in Data Mining for Telco Database Marketing Campaign. NAFIPS, New York, pages 720–726, June 1999.

[282] S. Saha, P. Maji, N. Ganguly, B. K. Sikdar, and P. Pal Chaudhuri. Evolution of Cellular Automata Based Pattern Classifier and Recognizer. In IEEE Conference on System, Man & Cyberbnatics, Tunisia, 2002.

[283] James M. Sakoda. The Checkerboard Model of Social Interaction. Journal of Mathematical Sociology, 1:119–132., 1971.

[284] R. M. Z. D. Santos and S. Coutinho. Dynamics of HIV Approach : A Cellular Automata Approach. Physical Review Letters, 87(16):102–104, 2001.

[285] Palash Sarkar. A Brief History of Cellular Automata. ACM Computing Systems, 32(1):80–107, March 2000.

[286] Palash Sarkar and Rana Barua. Multi-dimensional σ-Automata, π-Polynomial and Generalized s-Matrices. Theoretical Computer Science, 197(1-2):111–138, 1998.

[287] Palash Sarkar and Rana Barua. The set of Reversible 90/150 Cellular Automata is Regular. Discrete Applied Math, 84(1-3):199–213, 1998.

[288] Thomas C. Schelling. Models of Segregation (in Strategic Theory and Its Applications). American Economic Review, 59(2):488–493, May 1969.

[289] Thomas C. Schelling. Dynamic Models of Segregation. Journal of Mathematical Sociology, 1(2):143–186, June 1971.

[290] E. Schikuta. Grid Clustering : An Efficient Hierarchical Clustering Methods for Very Large Datasets. In International Conference on Pattern Recognition, 1996.

[291] E. Schikuta and M. Erhart. The Bang-Clustering System : Grid-Based Data Analysis.

Springer-Verlag, 1997.

[292] B. Schonfisch. Propagation of Fronts in Cellular Automata. Physica D, 80:433–450, October 2002.

[293] B. Schonfisch and M. Kinder. A Fish Migration Model. In Proc. of Fifth International Conference on Cellular Automata for Research and Industry, ACRI 2002, Switzerland, pages 210–219, October 2002.

[294] B. Schonfisch and A. D. Roos. Synchronous and Asynchronous Updating in Cellular Automata. Biosystems, 51:123–143, 1999.

[295] Russell Seed. Pruning Algorithms - A Survey. IEEE Trans. on Neural Networks, 4(5):740–747, Sept 1993.

[296] J. Seiferas. Observations on Nondeterministic Multidimensional Iterative Arrays.

ACM Symposium on the Theory of Computing, ACM Press, New York, pages 276–289, 1982.

[297] S. Sen, C. Shaw, D. Roy Chowdhuri, N. Ganguly, and P. Pal Chaudhuri. Cellular Automata Based Cryptosystem. In ICICS’02, Singapore, December 2002.

[298] M. Serra. Algebraic Analysis and Algorithms for Linear Cellular Automata over GF(2) and the Applications to Digital Circuit Testing. Congressus Numerantium, 75:127–139, 1990.

[299] M. Serra and G. L. Chen. Pseudo-Random Pattern Generation and Fault Coverage of Delay Faults with Non Linear Finite State Machines with High Entropy. In Proc. IEEE On-Line Testing Workshop,Crete, Greece, pages 66–77, 1997.

[300] M. Serra and T. Slatear. A Lanczos Algorithm in a Finite Field and its Application.

Journal of Combinatorial Mathematics and Combinatorial Computing, pages 11–32, April 1990.

[301] M. Serra, T. Slater, J. C. Muzio, and D. M. Miller. Analysis of One Dimensional Cellular Automata and their Aliasing Probabilities. IEEE Trans. on CAD, 9(7):767– 778, July 1990.

[302] I. K. Sethi and G. P. R. Sarvarayudu. Hierarchical Classifier Design using Mutual Information. IEEE Transation on Pattern Recognition and Machine Intelligence, 1:194– 201, April 1979.

[303] B. Shackleford, M. Tanaka, R. J. Carter, and G. Snider. FPGA Implementation of Neighborhood-of-four Cellular Automata Random Number Generators. In Tenth ACM International Symposium on Field-Programmable Gate Arrays, pages 106–112. ACM Press, 2002.

[304] J. Shafer, R. Agrawal, and M. Mehta. SPRINT: A Scalable Parallel Classifier for Data Mining. In 22^{nd} VLDB Conference, 1996.

[305] C. Shaw, D. Chatterji, P. Maji, S. Sen, B. N. Roy, and P. Pal Chaudhuri. A Pipeline Architecture for Encompression (Encryption + Compression) Technology. In Proc. of 14^{th} International Conference on VLSI Design, India, pages 454–459, January 2001.

[306] M. Shereshevsky. Lyapunov Exponent for One-dimensional Cellular Automata. J Nonlinear Science, 2:1–8, 1992.

[307] M. F. Shlesinger. New Paths for Random Walkers. Nature, 355:396–397, 1992.

[308] B. K. Sikdar, D. K. Das, V. Boppana, C. Yang, S. Mukherjee, and P. Pal Chaudhuri.

GF(2^p) Cellular Automata as a Built in Self Test Structure. In Proc. of ASP-DAC, Japan, 2001.

[309] B. K. Sikdar, N. Ganguly, and P. Pal Chaudhuri. Design of Hierarchical Cellular Automata for On-Chip Test Pattern Generator. IEEE Trans. on CAD, Dec 2002.

[310] B. K. Sikdar, N. Ganguly, A. Karmakar, S. Chowdhury, and P. P. Chaudhuri. Multiple Attractor Cellular Automata for Hierarchical Diagnosis of VLSI Circuits. In Proc. of 10^{th} Asian Test Symposium, Japan, 2001.

[311] B. K. Sikdar, N. Ganguly, P. Majumder, and P. P. Chaudhuri. Design of Multiple Attractor GF(2^p) Cellular Automata for Diagnosis of VLSI Circuits. In Proc. of 14^{th} International Conference on VLSI Design, India, pages 454–459, January 2001.

[312] B. K. Sikdar, K. Paul, G. P. Biswas, C. Yang, V. Boppana, S. Mukherjee, and P. Pal Chaudhuri. Theory and Application of GF(2^p) Cellular Automata as On-Chip Test Pattern Generator. In P roc. of 13^{th} Int. Conf. on VLSI Design, India, pages 556–561, January 2000.

[313] Biplab K. Sikdar. Theory and Application of Hierarchical Cellular Automata for V LSI Circuit Testing. PhD thesis, B. E. College (Deemed University), Howrah, India, 2003.

[314] M. Sipper. Co-evolving Non-Uniform Cellular Automata to Perform Computations.

Physica D, 92:193–208, 1996.

[315] M. Sipper. Evolution of Parallel Cellular Machines : The Cellular Programming Approach. Springer-Verlag, Heidelberg, 1997.

[316] M. Sipper et al. A Phylogenetic, Ontogenetic, and Epigenetic view of Bio-inspired Hardware Systems. IEEE Trans. Evolutionary Computation, pages 83–97, 1997.

[317] M. Sipper et al. Special Issue on Artificial Self-replication. Artificial Life, 1998.

[318] A. Smith. Introduction to and Survey of Polyautomata Theory. Automata, Languages, Development, North Holland Publishing Co, 1976.

[319] S. Smith, R. Watt, and R. Hameroff. Cellular Automata in Cytoskeletal Lattices.

Physica D, 10:168, 1984.

[320] A. R. Smith(III). Real-time Language Recognition by One-Dimensional Cellular Automata. J. Compt. and Sys. Sciences, 6:233–253, 1972.

[321] Murray R. Spiegel. Theory and Problems of Probability and Statistics. Schaum’s Outline Series, 1980.

[322] S. R. Sternberg. Language and Architecture for Parallel Image Processing, page 35.

North Holland, Amsterdam, 1980.

[323] H. Stone. Linear Machines. Princeton Univ. Press, 1965.

[324] H. Stone. Discrete Mathematical Structures and Their Applications. Science Research Associates Inc., 1973.

[325] B. D. Stosic and I. P. Fittipaldi. Pattern Recognition via ISING Model with Long Range Interactions. Physica A, 242:323–331, 1997.

[326] K. Sutner. Additive Automata on Graphs. Complex Systems, 2:649–661, 1988.

[327] H. Szu. Fast TSP Algorithm based on Binary Neuron Output and Analog Input using Zero-diagonal Interconnect Matrix and Necessary and Sufficient Conditions of the Permutation matrix. In IEEE International Conference on Neural Networks, page 259266, 1988.

[328] Y. Takefuji and H. Szu. Design of Parallel Distributed Cauchy Machines. In IEEE International Joint Conference on Neural Networks, pages 529–532, 1989.

[329] A. Tettamanzi and M. Tomassini. Evolutionary Algorithms and their Applications.

Bio-Inspired Computing Machines : Towards Novel Computing Architectures, 1998.

[330] S. Tezuka. A Method of Designing Cellular Automata as Pseudorandom Number Generators for Built in Self Test for VLSI. Finite Fields : Theory, Applications and Algorithms, pages 363–367, 1994.

[331] J. Thatcher. Universality in Von Neumann Cellular Model. In Tech. Report 03105- 30-T, ORA, University of Michigan, 1964.

[332] Trinh Xuan Thuan. Chaos and Harmony. OXF ORD University Press, 2001.

[333] A. B. Tickle, R. Andrews, M. Golea, and J. Diederich. The Truth will come to Light:

Directions and Challanges in extracting the Knowledge Embedded within Trained Artificial Neural Network. IEEE Trans. on Neural Network, 9:1057–1068, 1998.

[334] T. Toffoli. Cellular Automata Machines. PhD thesis, Univ. of Michigan, 1977.

[335] T. Toffoli. CAM : A High-Performance Cellular Automata Machine. Physica D, 10:195, 1984.

[336] T. Toffoli. Cellular Automata as an Alternative to (rather than an approximation of) Differential Equations in Modeling Physics. Physica D, 10:117, 1984.

[337] T. Toffoli and N. Margolus. Cellular Automata Machines. The MIT Press, 1987.

[338] T. Toffoli and N. Margolus. Invertible Cellular Automata : A Review. Physica D, 45:229–253, 1990.

[339] M. Tomassini. The Parallel Genetic Cellular Automata : Application to Global Function Optimization. In Proc. of Fifth International Conference on Artificial Neural Networks and Genetic Algorithm, pages 385–391, 1993.

[340] M. Tomassini, M. Sipper, and M. Perrenoud. On the Generation of High-Quality Random Numbers by Two-dimensional Cellular Automata. IEEE Trans. on Computers, 49(10):1146–1151, 2000.

[341] M. Tomassini and M. Venzi. Artificially Evolved Asynchronous Cellular Automata for the Density Task. In Proc. of Fifth International Conference on Cellular Automata for Research and Industry, ACRI 2002, Switzerland, pages 44–55, October 2002.

[342] Ph. Tsalides. Cellular Automata based Built-In Self-Test Structures for VLSI Systems. Elect. Lett., 26(17):1350–1352, 1990.

[343] Ph. Tsalides, T. A. York, and A. Thanailakis. Pseudo-random Number Generators for VLSI Systems based on Linear Cellular Automata. IEE Proc. E. Comput. Digit. Tech., 138(4):241–249, 1991.

[344] I. B. Turksen. Fuzzy Data Mining and Expert System Development. In IEEE Conference on System, Man, Cybernatics, pages 2057–2061, October 1998.

[345] P. Tzionas, P. Tsalides, and A. Thanailakis. A New Cellular Automaton-based Nearest Neighbor Pattern Classifier and its VLSI Implementation. IEEE Trans. on VLSI Implementation, 2(3):343–353, 1994.

[346] P. Tzionas, Ph. Tsalides, and A. Thanailakis. Design and VLSI implementation of a Pattern Classifier using pseudo 2D Cellular Automata. IEE Proc. G, 139(6):661–668, December 1992.

[347] P. Tzionas, Ph. Tsalides, and A. Thanailakis. A Cellular Neural Network Predicting the Behavior of a Complex System Modelled as a Cellular Automaton. In Fifteenth Annual International Symposium on Forecasting ISF95, Toronto, CANADA, June 4-7 1995.

[348] V. N. Vapnik. Statistical Learning Theory. John Wiley and Sons, New York, 1998.

[349] G. Vichniac. Simulating Physics with Cellular Automata. Physica D, 10:96, 1984.

[350] T Vollmar. Cellular Space and Parallel Algorithms : An Introductory Survey. Parallel Computation-Parallel Mathematics, M. Feilmeier Ed. North Holland Publishing Co, pages 49–58, 1977.

[351] B. Voorhees. Nearset Neighbour Cellular Automata over z_2 with Periodic Boundary Conditions. Physica D, 45:26–35, 1990.

[352] C. C. Walker. Attractor dominance patterns in sparsely connected boolean nets.

Physica D, 45:441–451, 1990.

[353] S. Watanbe. Pattern Recognition : Human and Mechanical. Wiley, New York, 1985.

[354] D. R. Wilson. and T. R. Martinez. Improved Heterogeneous Distance Functions. J.

Artif. Intell., . 6:134, 1997.

[355] G. V. Wilson and G. S. Pawley. On the stability of the TSP Algorithm of Hopfield and Tank. Biological Cybernetics, 58:6370, 1988.

[356] A. Winfree, E. Winfree, and H. Seifert. Organizing Centers in a Cellular Excitable Medium. Physica D, 17:109–115, 1985.

[357] S. Wolfram. Statistical Mechanics of Cellular Automata. Rev. Mod. Phys., 55(3):601– 644, July 1983.

[358] S. Wolfram. Computation Theory of Cellular Automata. Commun. Math. Phys., 96:15–57, 1984.

[359] S. Wolfram. Universality and Complexity in Cellular Automata. Physica D, 10:1–35, 1984.

[360] S. Wolfram. Undecidability and Intractability in Theoretical Physics. Phys. Rev.

Lett., 54:735–738, 1985.

[361] S. Wolfram. Theory and Applications of Cellular Automata. World Scientific, Singapore, 1986. ISBN 9971-50-124-4 pbk.

[362] S. Wolfram. High Speed Computing: Scientific Application and Algorithm Design, ed.

Robert B. Wilhelmson. University of Illinois Press, 1988.

[363] S. Wolfram. Cellular Automata and Complexity. World Scientific, Singapore, 1994.

ISBN 9971-50-124-4 pbk.

[364] S. Wolfram. A New Kind of Science. Wolfram Media, Inc, 2002.

[365] W. K. Wootters and C. G. Langton. Is There a Sharp Transition for Deterministic Cellular Automata. Physica D, 45:95–104, 1990.

[366] Fulong Wu. A Linguistic Cellular Automata Simulation Approach for Sustainable Land Development in a Fast Growing Region. Computers, Environment and Urban Systems, 20(6):367–387, Nov 1996.

[367] A. Wuensche. Visible Learning : Sculpting the Basin of Attraction Fields of Random Boolean Network. Computing with Logical Neurons, 1993.

[368] A. Wuensche. Complexity in One-D Cellular Automata. Santa Fe Institute Working Paper, (94-04-025), 1994.

[369] A. Wuensche. Complexity in One-D Cellular Automata: Gliders, Basins of Attraction and the Z Parameter. Congitive Science Research Paper, Univ. of Sussex, 321, 1994.

[370] A. Wuensche. Classifying Cellular Automata Automatically. Complexity, 4(3):47–66, 1999.

[371] A. Wuensche and M. Lesser. The Global Dynamics of Cellular Automata, volume 1.

Addison-Wesley, 1992.

[372] D. Young. A Local Activator-Inhibitor Model of Verterbate Skin Patterns. Math Biosciences, 72:51–58, 1984.

[373] L. A. Zadeh. Toward a Theory of Fuzzy Information Granulation and its Centrality in Human Reasoning and Fuzzy Logic. Fuzzy Sets and Systems, 19:111–127, 1997.

[374] Q. Zeng and X. Zeng. An Analytical Dynamic Model for Grass Field Ecosystem.

Ecological Modelling, 85:187–196, 1996.

[375] T. Zhang, R. Ramakrishnan, and M. Livny. BIRCH: An Efficient Data Clustering Method for Very Large Databases. SIGMOD Rec, 25(2):103114, 1996.

[376] X. Zhang, K. Roy, and S. Bhawmik. POWERTEST: A Tool for Energy Concious Weighted Random Pattern Testing. In IEEE International Conference on VLSI Design, 1999.

[377] B. Zhou, C. W. Cheung, and B. Kao. A Fast Algorithm for Density-Based Clustering in Large Database. In Pacific Asia Knowledge Discovery and Data Mining Conference, 1999.

[378] M. Zwick and H. Shu. Set Theoretic Reconstructibility of Elementary Cellular Automata. Advances in Systems Science and Applications, Special Issue, 1:31–36, 1995.

Author’s Publications

[1]. Hashing Through Cellular Automata:- Niloy Ganguly, Debasish Halder, Janmejoy Deb, Biplab K. Sikdar and P. Pal Chaudhuri; 8th International Conference on Advanced Computing and Communications, 2000, India.

[2]. Design of Multiple Attractor GF(2^p) Cellular Automata For Diagnosis of VLSI Circuits:- Biplab K. Sikdar, Niloy Ganguly, Purnabha Majumder and P. Pal Chaudhuri; 14^{th} International Conference on VLSI Design, 2001, India.

[3]. Hierarchical Cellular Automata As An On-Chip Test Pattern Generator:- Biplab K. Sikdar, Purnabha Majumder, Monalisa Mukherjee, Niloy Ganguly, Debesh K. Das and P. Pal Chaudhuri; 14^{th} International Conference on VLSI Design, 2001, India. [4]. Multiple Attractor Cellular Automata For Hierarchical Diagnosis of VLSI Circuits:- Biplab K. Sikdar, Niloy Ganguly, Aniket Karmakar, Subha Sankar Chowdhury and P. Pal Chaudhuri; Asian Test Symposium, 2001, Japan.

[5]. Evolving Cellular Automata based Associative Memory for Pattern Recognition:- Niloy Ganguly, Arijit Das, Pradipta Maji, Biplab K. Sikdar and P. Pal Chaudhuri; 8^{th} International Conference on High Performance Computing, 2001, India.

[6]. GF(2^p) Cellular Automata as a Message Digest Generator:- Monalisa Mukherjee, Biplab K. Sikdar, Niloy Ganguly and P. Pal Chaudhuri; 9^{th} International Conference on Advanced Computing and Communications, 2001, India.

[7]. Cellular Automata based Hamming Hash Family: Synthesis and Application:- Niloy Ganguly, Biplab K. Sikdar and P. Pal Chaudhuri; 9^{th} International Conference on Advanced Computing and Communications, 2001, India.

[8]. Study of Non-linear Cellular Automata Model for Pattern Recognition:- Pradipta Maji, Niloy Ganguly, Arijit Das, Biplab K. Sikdar and P. Pal Chaudhuri; Cellular Automata Conference, 2001, Japan.

[9]. Design of On-Chip Test Pattern Generator Without Prohibited Pattern Set (P P S):- Niloy Ganguly, Biplab K. Sikdar and P. Pal Chaudhuri; 15^{th} International Conference on ASPDAC/VLSI Design, 2002, India.

[10]. Cellular Automata Model For Cryptosystem:- Niloy Ganguly, Arijit Das, Biplab K. Sikdar and P. Pal Chaudhuri; Cellular Automata Conference, 2001, Japan. [11]. Hierarchical Cellular Automata Model For VLSI Testing:- Biplab K. Sikdar, Niloy Ganguly, Debesh K. Das and P. Pal Chaudhuri; Cellular Automata Conference, 2001, Japan. [12]. Characterization of Non-linear Cellular Automata Model for Pattern Recognition:- Niloy Ganguly, Pradipta Maji, Arijit Das, Biplab K. Sikdar and P. Pal Chaudhuri; AFSS International Conference on Fuzzy Systems, 2002, India.

[13]. Design of Cellular Automata based Authentication:- Monalisa Mukherjee, Niloy Ganguly, Atal Chaudhuri and P. Pal Chaudhuri; 15^{th} International Conference on Computer Communication, Mumbai, India, 2002.

[14]. Evolving Cellular Automata as Pattern Classifier:- Niloy Ganguly, Pradipta Maji, Sandip Dhar, Biplab K. Sikdar and P. Pal Chaudhuri; Fifth International Conference on Cellular Automata for Research and Industry, ACRI 2002, Switzerland. [15]. Cellular Automata based Authentication:- Monalisa Mukherjee, Niloy Ganguly and P. Pal Chaudhuri; Fifth International Conference on Cellular Automata for Research and Industry, ACRI 2002, Switzerland.

[16]. Cellular Automata based Pattern Recognizer:- Pradipta Maji, Niloy Ganguly, Sourav Saha and P. Pal Chaudhuri; Fifth International Conference on Cellular Automata for Research and Industry, ACRI 2002, Switzerland.

[17]. Evolving Cellular Automata Model For Pattern Classification and Recognition:- Sourav Saha, Pradipta Maji, Niloy Ganguly, Biplab K. Sikdar and P. Pal Chaudhuri; IEEE International Conference on Systems, Man and Cybernetics, 2002, Tunisia. [18]. An Evolutionary Design of Pseudo-Random Test Pattern Generator Without Prohibited Pattern Set (P P S):- Niloy Ganguly, Anindyasundar Nandi, Sukanta Das, Biplab K. Sikdar and P. Pal Chaudhuri; Asain Test Symposium, 2002, Japan.

[19]. Cellular Automata based Cryptosystem (CAC):- Subhayan Sen, Chandrama Shaw, Dipanwita Roy Chowdhuri, Niloy Ganguly and P. Pal Chaudhuri; Information and Communications Security, 4^{th} International Conference, ICICS 2002, Singapore, Dec, 2002. [20]. Design of a Universal Bist Structure:- Sukanta Das, Niloy Ganguly, Biplab K. Sikdar and P. Pal Chaudhuri; 16^{th} International Conference on VLSI Design, 2003, India. [21]. Generalized Multiple Attractor Cellular Automata (GMACA) Model For Associative Memory:- Niloy Ganguly, Pradipta Maji, Biplab K. Sikdar and P. Pal Chaudhuri; International Journal of Pattern Recognition and Artificial Intelligence (IJPRAI). Nov, 2002. [22]. Design of Hierarchical Cellular Automata For On-Chip Test Pattern Generator:- Biplab K. Sikdar, Niloy Ganguly and P. Pal Chaudhuri; IEEE Trans. on CAD, Dec. 2002. [23]. Design and Characterization of Cellular Automata based Associative Memory for Pattern Recogntion:- Niloy Ganguly, Pradipta Maji, Biplab K. Sikdar and P. Pal Chaudhuri; IEEE Trans. on System, Man and Cybernetics, Part B. (To be Published) [24]. Error Correcting Capability of Cellular Automata based Associative Memory:- Pradipta Maji, Niloy Ganguly and P. Pal Chaudhuri; IEEE Trans. on System, Man and Cybernetics, Part A. (To be Published)