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6 Abstract

7 A theoretical model for determining the concentration of various grain sizes in suspension
8 over erodible beds of different configuration, has been developed based on advection-diffusion
9 equation for sediment concentration in a steady two-dimensional transport through an open
10 channel. The effect of hindered settling over grain-size distribution due to increased con-
11 centration in suspension is also considered into the model. In the evaluation of reference
12 concentration, the influence of non-ceasing probability, pick-up probability and incipient mo-
13 tion probability of the sediment particles has been acknowledged. The non-linear partial
14 differential equation thus obtained, has been solved numerically. The present study also
15 shows the concentration of different grain sizes along the stream-wise direction at different
16 heights and finds that the finer particles reach equilibrium at a larger distance along main
17 flow direction in comparison to that of the coarser particles. It is found that hindered set-
18 tling effect is prominent in case of medium size particles and the grain-size distribution has
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bimodal nature with a strong peak and another weaker secondary peak at higher levels in
suspension for higher velocities. Obtained numerical solution of the proposed model has been

interpreted physically and compared with the experimental data.

Key words: Nonuniform sediment; Open channel flow; Grain-size distribution; Hindered

settling; Flow velocity

1 Introduction

Problems related to transportation of sediments in an open channel have received much attention
of the researchers in the area of fluvial hydrodynamics due to its practical concern. In the study
of sediment transportation, movement of non-cohesive sediment particles like gravel, silt or sand
under hydraulic conditions is an essential field of research related to the process of grain-sorting.
Bed load and suspended load are the two broad categories of transportation of sediments over
erodible beds which influenced the particle size distribution heavily. The bed load is a thin layer
of sediments close to the bed where particles movement take place through the process of sliding,
rolling and saltation. On the other hand, suspended load refers to the relatively low amount of
sediment particles in suspension surrounded by fluid for a considerable time interval. Study of the
concentration of grain sizes in the suspension region under certain hydrodynamic state is a subject
of great interest for the solution of real life problems in the field of coastal sediment transport,
two phase flow and pollutant transport.

Numerous experimental and theoretical studies have been carried out by many investigators
under different sedimentary conditions for better understanding of grain-size distribution of sus-
pended load in an open channel ([1], [2], [3],[4], [5], [6]). Controlled experimental investigations
had shown that the distribution of grain-size in suspended load under unidirectional flow condi-
tion is related to flow velocity, nature of the bed material and height of suspension ([1], [2], [7]).

Unimodal size distribution in suspension was the key finding of these experimental studies. For
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evaluating the concentration of grain sizes in suspension, Ghosh et. al [2] proposed a mathemat-
ical model by considering the sorting process in two ways, first from bed to bed layer and then
from the bed layer to suspension. Later Ghosh et. al [8] investigated the deposition of sand from
both the theoretical and experimental view points. The study of Purkait [9] for the grain-size
distribution of point-bar in the Usri River, India, reported that the log normal distribution is the
suitable model for a certain size of bedforms. Mazumder [5] proposed a theoretical model from
the continuity equations of water and sediment for the evaluation of grain-size distribution into
suspension after including the effect of several factors. Mazumder et. al [4] did flume experiments
with five beds of heterogeneous sediment mixtures having different values of bed roughness. They
developed mathematical models for computing actual amount of material in suspension and also
the grain-size distribution of suspended materials over different sediment beds. Pal and Ghoshal
[10] investigated the influence of flow velocity, suspension height and bed roughness on the distri-
bution of grain-size in suspension over five sediment beds of Mazumder et. al [4]. Out of the five
sediment beds of Mazumder et. al [4], two beds were of sand and gravel mixture and Ghoshal and
Pal [11] made further study on those beds. They determined the inverse of Schmidt number for
different individual grain size and through regression analysis, connected the inverse of Schmidt
number to the normalized settling velocity and suspension height. A numerical model to examine
the dynamics of sand/gravel deposits in the Sandy River for grain-size distribution was developed
by Cui [12] and the study is capable of simulating the dynamics of bed materials. From statisti-
cal viewpoints, Ghoshal et. al [13] investigated the grain-size distribution of suspended load and
bed load experimentally and showed that the distribution of grain-size is leading from log-normal
to log-skew-Laplace distribution with the increasing flow velocity and there is no effect of bed
roughness in changing the pattern of size distribution from log-normality. Pal and Ghoshal [14]
studied the suspended grain size distribution for the sediment beds considered by Mazumder et.
al [4] through mixing length approach. Recently, Sun et. al [15] proposed a new model for verti-
cal concentration profile of nonuniform sediment which is suitable for any fraction of nonuniform

sediment.
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Due to increased sediment concentration in suspension, the settling velocity of the particles
get reduced. This phenomenon of hindered settling was investigated by several researchers in their
models ([16], [17], [3], [6], [18], [19]). A theoretical model has been developed by Mazumder [3]
based on diffusion equation for the evaluation of the suspended concentration of grain sizes by
incorporating the hindered settling effect because of higher concentration in suspension. Later Pal
and Ghoshal [6], studied a mathematical model on the concentration of grain sizes in suspension
over sand-gravel bed after incorporating the effect of hindered settling and stratification. All these
aforementioned studies mainly focused on the steady vertical distribution of suspended grain-size.
The change in the grain-size distribution along main flow direction in a steady two-dimensional
transport or with time in an unsteady one-dimensional transport, still remains unclear. To apply
in real life problems, it is more realistic to find concentration of different grain-sizes for these kind
of transports as any natural flow contains nonuniform sediment sizes. Several models have been
proposed for the distribution of suspended sediment concentration in vertical as well as in stream-
wise direction or unsteady vertical distribution of suspended sediments in the case of uniform
sediment([19], [20], [21], [22]). However, the transportation of sediments in case of nonuniform
sediments is different from that of uniform due to the collision of different size particles between
each other. So it is worthy to develop a new model on suspended grain-size distribution from bed
materials along vertical as well as in main flow direction together with important physical effects
of turbulence in an open channel.

Keeping all these in mind, the primary aim of this study is to provide a theoretical model for
the evaluation of concentration distribution of grain sizes from bed materials along vertical as well
as in stream-wise direction incorporating the hindered settling effect for high concentrated flows.
Also that, the transportation of nonuniform sediment is different from that of uniform sediment due
to the collision among the particles of different sizes ([23], [24]). So influence of particle-particle
interactivity has been considered in the determination of reference level. The effect of pick-up
probability, non-ceasing probability and incipient motion probability of the sediment particles in

the evaluation of reference concentration are also considered. The obtained governing equation
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based on advection-diffusion equation is a nonlinear partial differential equation with variable
coefficients. It is always a challenging task to solve a nonlinear partial differential equation. To
get the solution of the governing equation, a well defined numerical approach has been adopted and
the obtained result is compared with the experimental results performed in the Fluvial Mechanics
Laboratory (FML) of Indian Statistical Institute (ISI), Kolkata for the grain-size distribution at

far field condition.

2 Mathematical model

Sediment bed

Figure 1: Schematic diagram for the grain-size distribution over a nonuniform sediment bed.
Above the reference level a movement of sediment is termed as suspended load and below it as
bed load.

Generally, the motion of suspended sediment particles is governed by an advection-diffusion
equation. The governing equation for a steady uniform flow in a wide open channel for non-

equilibrium suspended sediment concentration can be written as [21]:

dc 0 0 80]

u(z)a—x — 5(%0) =3 [es(z)a (2.1)

where x and z represent stream-wise and vertical directions of the flow respectively; u(z) is the flow

velocity in stream-wise direction which is a function of vertical coordinate only; ¢ is the volumetric
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sediment concentration; w; is the settling velocity of sediment particle; and €4(2) is the sediment
diffusion coefficient in vertical direction. Therefore, for a random jth fragment of nonuniform
sediment, the governing equation of non-equilibrium suspended sediment concentration in a two-
dimensional steady uniform flow can be described as:

Jc; }

u(z)% — &(wsjcj) =3, [es(z)g (2.2)

where c¢; is the volumetric suspended sediment concentration and w;; is the settling velocity of
sediment particles for jth fraction of nonuniform sediment. To solve Eq. (2.2), expressions for
flow velocity, settling velocity and sediment diffusion coefficients are needed. In the present work,
more realistic log-law velocity profile is considered which is

u(z) = S (i> (2.3)

K 20

where wu, is the shear velocity, k is the von-Karman constant and zp is the start elevation of log-
law. Due to the presence of different size particles in nonuniform sediment, the settling behavior
of sediment particles will be different from that of uniform sediment particles. According to
Richardson [25], the expression for reduced settling velocity of particles in sediment-fluid mixture
can be expressed as

ws; = wo, (1 —¢;)™ (2.4)

where wy; is the settling velocity of particles in clear fluid and n; is the reduction exponent for jth
fraction of nonuniform sediment in sediment-fluid mixture. Its value mainly depends on particle
Reynolds number and varies from 2 to 5 for different size of sediment particles. There are many
expressions available for n;. But, it can be observed from the literature ([3], [5]) that the value of
reduction exponent n; does not affect much and hence an average value n; = 3 can be taken to avoid
the computational difficulty. The present study also consider the same. The sediment diffusion

coefficient €,(z) in sediment-fluid mixture is generally different from the turbulent diffusivity of
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the fluid, €(z). The relationship between them can be described as

€s(2) = Pe(2) (2.5)

where 3 is a proportionality parameter, known as inverse Schmidt number. Using Boussinesq

hypothesis, turbulent shear stress 7 in a steady turbulent flow can be expressed as

7= pe(z) = = pu.” (1 - %) (2:6)

where p is the mass density of the fluid and h is the flow depth. Using Eq. (2.3) in Eq. (2.6),

eddy viscosity €(z) can be expressed as

€(z) = KU*Z<1 - %) (2.7)

Using Egs. (2.3, 2.4, 2.5 and 2.7) into Eq. 2.2, the governing equation of non-equilibrium sus-

pended sediment concentration for jth fragment of nonuniform sediment can be written as

Q) gboarl gl 0-D%] e

K 20 Uy 0%

Introducing the non-dimensional variables X = 7, Z = 7 and Zy = %, Eq. (2.8) can be rewritten
as
1 Z N\ Oc;  wo, O , 0 oc;
21 (—)—J— J—[-1— -”J}: Iz - 2% 2.9
7 ax T az et T )t = Bz |20 = D), (29)

It is clear from Eq. (2.9) that the governing equation is a parabolic type partial differential
equation (PDE). To solve it, a set of initial and boundary conditions are required. To that purpose,

the following initial and boundary conditions are used:

(X, Z)=0 at X =0,4;,<Z<1 (2.10)
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cj(X,Z)=cq; at Z=A;, X >0 (2.11)

and

(X, Z2)=0 at Z=1, X >0 (2.12)

where A; represents the non-dimensional reference level and c,; is the reference concentration at

reference level A; for jth fraction of nonuniform sediment.

3 Result and Discussion

3.1 Input functions and parameters

In order to get the solution from Eq. (2.9), it is necessary to compute the non-dimensional
reference level A;, reference concentration c,, at the reference level A; and the settling velocity
wo,, for jth fraction of nonuniform sediment. To that purpose, formulas suggested by Sun et. al
[26] to calculate reference level A; and reference concentration c,,, for jth fraction of nonuniform
sediment are used.

The mathematical expression of reference level A; after including the influence of particle-

particle interaction of the sediments is given by

A; = - - / —de; 3.1
J (8 _ 1)gh 1.5 ( 0 Cjﬂ?“jwrj ]) ( )
\/25+1.2D,;* =5

where s(= 2.65) is the relative mass density of sediment particle, g is the gravitational acceleration,

D,; = Dj[(s — 1)g/v*'/? is the non-dimensional particle diameter for jth fraction of nonuniform
sediment in which v is the kinematic viscosity of fluid and D; is the particle diameter for jth
fraction of nonuniform sediment; c¢,, is the maximum bed concentration and E.;, p,, and w;,

are the dimensionless diffusion coefficients, relative viscosity and relative settling velocity for jth
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fraction of nonuniform sediment, respectively. According to Cheng [27], the expressions of E.;,

pr; and wy, are given by

By =ai(e; P =1)77 (3.2)
i, = e%[(l—%‘)*ﬁl—l] (3.3)
) \/25 +1.2D,2(1 = ¢))3(1+ Acy)ipy, 5 =5\
Wy, = (3.4)
J 1+ ACJ'

\/25+1.2D,;* =5

where «a; and (; are constants and A = s — 1. According to Cheng [27], the values of constants
a1, f1 and ¢, are taken as 0.02, 2.5 and 0.6, respectively.

Sun et. al [26] developed a theoretical model to calculate the reference concentration of any
fraction for a nonuniform sediment bed. In his study, he considered the effect of non-ceasing
probability, pick-up probability and incipient motion probability of a sediment particle together
with the grain-size distribution of the bed materials in suspension distribution. Following Sun et.
al [26], the expression of reference concentration c,, for jth fragment of nonuniform sediment can
be written as

B, F;
Ca; = C Pj—=7 (3.5)

"1+ B, F

where P; represents the percentage of the bed material for jth fraction of nonuniform sediment,

B; =107°0,,>D,;"* (3.6)
0,. = ﬂ (3.7)
' Ag(Dy D)0

where D,,, = (Dg4D16)%° represents the geometric diameter of bed material and o, = (Dg4/D15)"°
represents geometric standard deviation of the bed material. Diq and Dgy are the sieve sizes of
which 16% and 84% of the mixture by weight is finer. The expression of F}; for jth fragment of

nonuniform sediment can be written as

o A
T (=)A= A)A + )

9

(3.8)
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where

/008220, ) (s 59
- —/ 057 g 3.9
i V21 J21(,/0.0822/6, +1)

= e 05 3.10
=7 /w " X (3.10)

\/0:0822/0,,,-1) "
L E /2 7(\/0.0571 /0, +1) o (3.11)

The above expressions were also used by Pal and Ghoshal [6] in their steady one-dimensional
(i.e. vertical) concentration distribution of nonuniform sediment in an open channel flow. To

evaluate the settling velocity of particles for jth fraction of nonuniform sediment in clear fluid,

several expressions are available in the literature. In the present study, the expression given by

v 5 1.5
wo, = (, /25 +1.2D,;% — 5) (3.12)

J

Cheng [28] is used.

To solve Eq. (2.9) which is a parabolic type nonlinear partial differential equation together
with initial and boundary conditions Eqs. (2.10-2.12), numerical scheme based on fourth order
Runge-Kutta method has been applied. To that purpose, first, PDE Eq. (2.9) is discretized using
second order central finite difference approximation for the derivatives with respect to vertical
variable Z and then obtained system of coupled first order ODEs is solved using fourth order
Runge-Kutta method due to its prediction accuracy. A maple code has been prepared according
to the above defined procedure to get the numerical solution of the theoretical model developed

in this study.

10
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3.2 Variation of concentration of different grain sizes along stream-
wise direction

In Figure 2, grain-size distribution in suspension along stream-wise direction is plotted at different
heights for a particular velocity. The required parameters are taken as 8 = 1, u, = 7.35 cm/s and
A; = 0.01. The values of other parameters which are used, are given in Table 1. Figure 2 shows
that more amount of finer particles go in suspension comparison to that of coarser particles at all
heights and as the height increases, concentration of all size particles in suspension decreases. It
can be observed that the finer particles of diameter D; = 0.061 mm, are reaching in equilibrium
position at a larger distance along stream-wise direction in comparison to the coarser particles. It
is also clear from Figure 2, that approximately, after X = 300, all grain sizes reach equilibrium
along stream-wise direction at any flow depth i.e. there is no change in the concentration of grain

sizes with respect to X.

¢ | Dj (mm) | ¢ | wo, (mm/s) | ny
0 1.0 0.0191 111.4413 3
1 0.50 0.0932 60.6991 3
2 0.25 0.3438 26.6814 3
3 0.125 0.0642 9.0112 3
4 0.063 0.0156 2.5175 3
) 0.031 0.0057 0.6498 3

Table 1: Parameter Values

3.3 Variation of concentration of different grain sizes along vertical

direction

In this subsection, grain-size distribution along vertical direction at fixed X = 300 is plotted. The
required parameters are taken asn; = 3, f = 1, u, = 7.35 cm/s and A; = 0.01. Figure 3 shows that
for heavy particles (like particles of diameter 1 mm or more), concentration in suspension is very

low at all heights; because to uplift the heavy particles into suspension, flow with higher velocity

11
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Figure 2: Distribution of grain-size along stream-wise direction at different heights

is required. But for particles of smaller diameter, concentration along a vertical is comparatively
much more. It is happening because even the flow with less shear velocity is competent enough

to uplift the finer particles in suspension.

3.4 Effect of hindered settling over different grain sizes

Effect of hindered settling over the distribution of grain-size particles through the exponent pa-
rameter n; is shown in Figure 4 at fixed X = 300. The required parameters are given in Table 1.

Figure 4(a) and Figure 4(b) show that the effect of hindered settling is almost negligible in case

12
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of coarser pericles. It is happening because for these particles, concentration in suspension is very
low and for that reason, the settling behavior of particles is almost same as that of in clear fluid.
Also, in the case of finer particles, (Figure 4(e) and Figure 4(f)), no hindered effect is observed.
This is because the size of these particles is so small that no hindered effect take place during
their settling. On the other hand, it can be observed from Figure 4(c) and Figure 4(d) that for

medium size sediment particles, effect of hindered settling mechanism is clearly visible.

3.5 Comparison with Experimental data

In this section, the solution of present theoretical model has been validated with the experimental
data of Mazumder et. al. [4] at far field condition as grain-size data for two-dimensional transport
is not available in literature. A series of experiments were conducted in the Fluvial Mechanics
Laboratory (FML) of Indian Statistical Institute (ISI), Kolkata to observe the influence of bed
roughness on the distribution of grain-size in suspension through an experimental channel. Five
different sediment beds (10C1-10C5) of different bed roughness and the same modal grain-size of
at 2.0¢ (where ¢ = —log, D;; D, is the particle diameter in mm for jth fraction of nonuniform
sediment) were taken to perform the experiments. The beds 10C1, 10C2 and 10C3 were consisted
of 100% sand having the range from 0.032 to 2.0 mm. On the other hand, the proportion of
sand-gravel mixture (range 0.032 to 8.0 mm) for two beds 10C4 and 10C5 were 14% gravel, 86%

13
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sand and 25% gravel, 75% sand, respectively. Cumulative percentage plots, weight (kg) plots and
percentage plots of grain-size distribution for all these five beds are given in Figure 5. The plots
can also be found in [4] and [10]. For each of the experiments, flow depth h was considered at
a constant height of 35 cm. A specific mixture of grain-size was distributed uniformly on the
flume base to maintain an uniform bed for each experiments. At different heights and for different
velocities (see Table 2), samples for grain-size distribution of suspended sediments were collected
with the help of siphon tubes. The more detailed explanations of these beds and experimental

setup can be found in Mazumder et. al. [4] and Ghoshal [29].

Run No. e (cm/s)  u, (cm/s)
Run 1 68 4.94
Run 2 101 6.45
Run 3 116 7.35

Table 2: Parameters for Velocity Profile

To get the solution of Eq. (2.9) together with boundary conditions (2.10-2.12), the reference
level A;, reference concentration c,, and the settling velocity wp, for jth class of grain-size are
calculated according to formula given by Eq. (3.1), Eq. (3.5) and Eq. (3.12), respectively. In the
present study, the reference level is calculated for a representative grain-size, which is taken as Dg;s
instead of calculating the reference level for each jth grain-size. For all five beds, the evaluated
reference concentration c,; for jth grain-size of nonuniform sediment according to Eq. (3.5) is
plotted in Figure 6. Apart from these input parameters, § is another parameter present in the
governing equation Eq. (2.9) that has to be evaluated. Many researchers have taken 5 = 1 in
their study by assuming that the sediment diffusion coefficient €4(z) is identical to the turbulent
diffusivity €(z) of the fluid to avoid the computational difficulty. However, many researchers
concluded based on experimental results that the value of § depends on the size of sediment
particles ([30], [31], [32]). Mazumder et. al. [4] provided four empirical relations between g and

wo
u

the normalized settling velocity %” of jth class of grain-size for all five beds. These empirical

14
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relations are given as follows

Wo.; wo 2
Inf = —0.181 +0.08(ln J) — 0.175(111 J) (3.13)

U U

for bed 10C1-10C3 and uq, = 101 cm/s,

wWo wo; 2
Inp = —0.32+0.35(ln ) - 0.07<1n u) (3.14)

Uy

for bed 10C4-10C5 and e, = 101 cm/s,

Wo; wo . 2
Ing=0.234 + O.39(ln J) — 0.09(1n J) (3.15)

for bed 10C1-10C3 and w4, = 116 cm/s and

wWo wWo 2
In 5 = 0.096 + 0.655(1n J) — 0.012(1n J) (3.16)

U U

for bed 10C4-10C5 and 4, = 116 cm/s. In the present study, above defined empirical relations
are used to compute 3 for each grain-size to validate the experimental data.

After obtaining the numerical solution of PDE (2.9), vertical suspension concentration of each
grain-size at a larger value of X = 300 is calculated and then the relative suspension concentration

cr; of jth grain-size, which can be expressed as

¢ = —2 : (3.17)

is evaluated for each jth fraction of nonuniform sediment. In Figure 7, the computed relative
suspension concentration ¢, is validated with the observed values of experimental data [4] at
two maximum velocities ( Upee = 101 cm/s and e, = 116 cm/s) for two different heights. In
this figure, at higher velocities, a bimodal nature of grain-size distribution is clearly visible with

the occurrence of a strong peak and a weaker peak. These experiments reveals that the bed is

15



274

276

277

278

279

280

281

282

283

284

285

287

288

289
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294

295

better represented at lower levels for higher velocities and the bi-modality in suspension becomes
prominent at higher levels and at higher velocities. The strong peak of this bimodal distribution
is observed around 2.5¢ and another weak peak is found around 4.0¢. It can be observed from
Figure 7 that despite irregular behavior of individual grain-size in suspension, present model gives

good agreement with the experimental data.

4 Conclusions

In the present study, a theoretical model for the determination of concentration of different grain
sizes present in suspension from bed materials is proposed for steady two-dimensional transport
through an open channel. The log-law velocity profile is used for stream-wise velocity component
and an important turbulent feature, hindered settling effect due to high sediment concentration
in suspension, has been taken into account. The influence of particle-particle interaction in the
evaluation of reference level and the effect of pick-up probability, non-ceasing probability and
incipient motion probability of the sediment particles in the computation of reference concentration
are also considered. Finally, the obtained non-linear partial differential equation has been solved
by fourth order Runge-Kutta method using numerical techniques. The variation of concentration
of different grain-sizes along the main flow direction at different heights has been shown in this
study and found that the finer particles reach equilibrium at a larger distance than the coarser
particles. The effect of hindered settling on different grain-sizes through the reduction exponent
has been discussed and interpreted from physical point of view. It is found that the effect is
negligible for finer and coarser particles and is prominent in case of medium size particles. Due
to unavailability of similar experimental data in literature, the obtained numerical solution is
validated with the experimental data at far field condition and it shows a good agreement with

the experimental data irrespective of irregular behavior of grain-size.
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Highlights (3 to 5 bullet points (maximum 85 characters including
spaces per bullet point)

Highlights

A theoretical model for grain size distribution over erodible beds of
different configuration has been developed in a steady two-dimensional
transport through an open channel.

The effect of hindered settling on the grain-size distribution has been
incorporated in the model.

Obtained non-linear partial differential equation has been solved by a
numerical scheme.

Present study also shows the variation of concentration of different grain
sizes along stream-wise direction at different heights.
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Abstract

A theoretical model for determining the concentration of various
grain sizes in suspension over erodible beds of different
configuration, has been developed based on advection-diffusion
equation for sediment concentration in a steady two-dimensional
transport through an open channel. The effect of hindered settling
over grain-size distribution due to increased concentration in
suspension is also considered into the model. In the evaluation of
reference concentration, the influence of non-ceasing probability,
pick-up probability and incipient motion probability of the
sediment particles has been acknowledged. The non-linear partial
differential equation thus obtained, has been solved numerically.
The present study also shows the concentration of different grain
sizes along the stream-wise direction at different heights and finds
that the finer particles reach equilibrium at a larger distance along
main flow direction in comparison to that of the coarser particles. It
Is found that hindered settling effect is prominent in case of
medium size particles and the grain-size distribution has bimodal
nature with a strong peak and another weaker secondary peak at
higher levels in suspension for higher velocities. Obtained
numerical solution of the proposed model has been interpreted
physically and compared with the experimental data.
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