Lect 25 : |0Th September.

Laplace Transform

h(t)

H(s) = /_oo h(t)e *dt.

For any CT signal z(¢), it's Bilateral Laplace-transform is the function:

00 » S\= OQ,[*F’JOJ(
X(s) = /_Oo z(t)e *dt = L{x(t)}. S, = o+ \)UOZ.
The Region of Convergence of X(s) is defined to be jJe Sie ReC,
x then S e ROC
ROC = {s \/ £)[|e" St\dt_/ x(t)]e =gt < oo},

e Letting @ = Re(s) and w = Im(s), we have:

X(s) = /_ ) a(t)e *dt = /_ N o(t)e eIty Pml9)
= /_ ) (z(t)e *)e /¥dt = FT(x(t)e ™).

S= ()0, ié%l - ‘e—d‘t)

e Therefore, if s =@+ wj € ROC, X (s) = FT(z(t)e™ ).

o If a=0, X(s) =FT(x(t)). O&SSUmI\!@ W S/SIRQ(S'):?} CReC. f

e Even when z(t) is not absolutely integrable, it may be possible for x(t
to be absolutely integrable if « is sufficiently large.
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Laplace Transform 4 / e(5)
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e Example 1: What is the Laplace Transform and ROC of x(t) =

whereaER'?
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e Example 2: What is the Laplace Transform and ROC for z(t) = —e “u(—t)?
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e Moral: Laplace-Transform without ROC is meaningless!
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e Moral: ROC consists of vertical lines.



Poles and Zeros

e We almost exclusively work with rational Laplace transforms:

_ag(s—21) - (5 — zm)
X =) )

where z1,..., 2z, € C are the zeros and py,...,p, € C are the poles.

e Location of the poles are important for ROC and stability
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o Example: What are the poles and zeros of X (s) = 225"

Zewl: S= 05
poleS:  g= —Jy3 & S=—) -2 ane e
dvo poles (<) .

e Determine the Laplace Transform of z(t) = e ?!u(t) + e ™! cos(3t)u(t) with

its ROC.
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Properties of ROC for Laplace Transform 1

v ()=0 for £29
an& t> Db

e Property 1: ROC does not contain any poles.

e Property 2: If z(t) is of finite durationand z(t) is absolutely integrable, i.e.,
f; |z(t)|dt < oo, then ROC is the entire C.

— To show this, let s € C with Re(s) = a. Then:

00 b
/ |x(t)\eo‘tdt:/ |z(t)]e " dt

b
< max(e * :t € [a, b])/ |z (t)|dt < 0.

e Property 3: If x(t) is right—%nd sp € ROC, then the whole half-plane
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LECTURE 26: |\ Seplember

Properties of ROC for Laplace Transform

37T % aW)=0 y1>T
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e Property 4: If x(t) is left-sided and s; € ROC, then the half-plane s :
Re(s) < Re(sy) is in ROC. H)

/
g

—  Re(sp) < b such that the strip s : @ < Re(s) < b is in ROC.

So

e Property 6: If X (s) is rational, then ROC is either bounded between two
poles or extends to infinity. NG s

e Property 7: If X(s) is rational and right-sided, then the ROC is right-half
plane to the right-most pole.
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e Property 8: If X(s) is rational and left-sided, then the ROC is left-half plane
to the left-most pole. A
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Laplace Transform

Determine the Laplace transform of z(t) = e*/l for both b > 0 and b < 0. )
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Inverse Laplace Transform

e Suppose that the line {s|Re(s) = 01} € ROC

imag
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e We know that along this line X (0 + jw) = FT(e 7"z(t)).

e Therefore,

x(t) = "' IFT(X (0 + jw)) = e"t% /_OO X((o + jw))e’ dw
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Inverse Laplace Transform

e For rational transfer functions X(s) = (s We proceed as in the case of
inverse Fourier transform:

a. We perform partial fraction on

_q(s) A B
X(s) = N OREET e 3
If pole.p; is to the left side of R‘OC, we use e Plu(t) «— Sjpi
@If pole.p; is to the right side of ROC, we use —e Pilu(—t) +— Sipi )
o Example: What is the Laplace Transform inverse of X(s) = —=— given
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LECTURE 2% and 28: [2h Sep}-

deroc & S Ah)e T RLE G ¢
Causality and Stability

W) =0 for <0

e For causality, we know that the impulse response h(t) is right-sided, there-
fore, ROC is to the right-side of the right-most pol?

e For stability of such a system, we need [~ _|h(t)|dt < oo
e This means that the jw axis, i.e., {s | Re(s ) = 0}, be in the ROC of H(s).

e A causal system with rational H(s) is stable if and only if all the poles are
to the left of the jw axis.

e Determine causality and stability of :]-)N)(S)
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Properties of Laplace Transform

e Linearity: axi(t) + bao(t) «+— aXi(s) + bX3(s), ROC contains the inter-
section.

e Time-Shift: z(t — ty) +— e X (s). ROC is not affected.

bt - e = XG5
-0

let T eC vt belengs Jfo Roc f AN &> XE)
e Frequency Shift: eSOtx( ) <— X (s — 50). ROC now includes Re(sg) A4~ ROC # 'X.C'D
we need o ghow T S4RelS) bel ongg o RoC o SR
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e Convolution: x1(t) *xo(t) +— X1(s)X2(s). ROC contains the intersection.
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et R be e ROC % ~xGH).

Properties of Laplace Transform

e Differentiation: () +— sX(s RDC containg R

< —

) DifFerentiatlon —tx(t) «— d)é—s. s ROC = K

X(s)= IO(C'HCS d¥ > ix(g) !Q—L—g((‘;})) \S-}

e Integration: f_t’oox@)dtH@ ROC w’ﬂ"l’“_‘élf(g R[) %RC(S)>03
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e Initial Value Theorem: For a causal signal z(¢) which does not contain an
impulse at the origin, we have

z(0%) = lim sX(s).

§—00
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e Final value theorem: For a causal signal z(t) for which lim;_,, () is finite,
we have
lim z(t) = lim s X (s).
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Finding Impulse Response of Differential Equations
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Diffesontiafion Pvpercty
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