LECTURE -I5 : 20 Aug.

Module D: Fourier Transform of Continuous-Time Signals

e We will now consider continuous-time signals that are not necessarily peri-
odic.

e We start with a motivating example.

e Consider an aperiodic signal z(t) that has finite duration, i.e., z(t) = 0 for
|t] > S and x(t) =1 for |t| < S.

e Clearly, z(t) is not a periodic signal.
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e It is easy to see that Z(t) := > o x(t+ kT).
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Fourier Transform: Motivation

e Since Z(t) = > ;= x(t+kT) is periodic, we may express Z(t) using Fourier

Series:
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Fourier Transform
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What happens whern T increases?




Fourier Transform

e Define :
(0]
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Fourier Transform

When the period 7' — oo (wy — 0), the periodic signal Z(t) approaches z(t).

That iS, = n
o\?pyorimh))m,
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x(t) = wl(}gO%kZ X (jkwo) ety = /OO %X(jw)ej tdw.
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Hence, this is called the Synthesis Equation because we are gathering the Fourier
domain information to reconstruct the time signal.

The Analysis Equation, because we are analyzing the time signal in the Fourier
domain, is given by

/X(jw) = /Z x(t)e 7+dLt.
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Fourier Transform of an Aperiodic CT Signal

The Fourier Transform X (jw) is given by the

e Analysis Equation:

oo

X(jw) = /_OO w(t)e I dt,

and the inverse Fourier Transform is given by the

e Synthesis Equation:

x(t) = %/ X (jw)e™ dw.

X (jw) is called the spectrum of the signal and it represents the contribution of

frequency w to the signal x(t).
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Example 1

Consider the signal z(t) = e~ ™u(t), for a > 0. Find its Fourier transform.
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To visualize X (jw), we need to plot its magnitude and phase with respect to w
on separate plots. We will revisit this later.



Example 2

Consider the unit impulse signal z(t) = §(¢). Find its Fourier transform.

—

The Fourier Transform is

X(jw) = /OO z(t)e 7 dt / X(J‘/\O\
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In other words, the spectrum of the impulse signal has equal contribution from
all frequencies.




Example 3

Find the Fourier transform of x(¢) which takes value 0 for [t| > S and z(t) =1

for [t] < S.
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Example 4
Find the signal whose Fourier transform is given by:
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Duality
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Properties of Fourier Transform: Duality

let  FT(() = X(jw)
e Duality: FT and IFT are very similar. Mathematically, for a signal z(t)

N(w)= FT(XGH) FT(FT(2(t))) = 2ma(—w).

—

e Example: We know that 6(t) <— 1. What is the IFT{(w)}?
— By duality: it is %

e Example 2: We know that e fu(t) +—

ij What is FT{I—i—jt}

— Using duality: FT{ﬁ} = 27re°"u(—w)
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Existence of Fourier Transform

A CT signal x(t) has a Fourier Transform if all three of the following condi-
tions are satisfied.

1. The signal is absolutely integrable:

oo
/ |z(t)|dt < 0.

o0

-—

2. In any finite interval of time, x(¢) has bounded variation, i.e., it only
have a finite number of maxima and minima during any finite interval
of time.

3. In any finite interval of time, there are only a finite number of discon-
tinuities and each of these discontinuities are finite.

e The above conditions are called Dirichlet conditions.
e The above conditions are only sufficient, not necessary.

e An alternative sufficient condition is that the signal has finite energy, i.e., it
is square integrable:

/OO ()Pt < oo.

oo
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Fourier Transform of a Periodic C ]

2"
o
= 5 ag 27 §(w-kw)
e Do all periodic signals have Fourier Transforms? \%N

e We start backwards, start with a frequency domain signal and find its in% TS

Fourier Transform.
ot g

e Let the Fourier Transform of a signal x(t) be given by T

X(jw) =276 (w — wy).

e Then, ; | ’)Ge 2% Jw{;ﬂl ejwo‘t‘
[ W =/ ~Wp) € W =
o @ Suo Koe A e §—(U)
Wy ;

e Thus, we have
elwnt L1 219 (w — wp)

e For a general periodic signal:

(e.¢]

x(t) = Z ape’™t

k=—00

we have

X(jw) = Z 2ma0(w — kwy).

k=—00

e Thus, for a periodic signal, the FT consists of a sequence of impulse functions
at multiples of wy with height 2may..

14



Example 5

onb _aj Ugo'b-

Find the Fourier transform of z(t) = cos(wpt). = 2 Jd
2 2

w(j©0) = 2 é ¢ denoj + Qv,ég[w—‘-wo)

Since this a sinusoidal signal, we can use the synthesis equation to obtain the
Fourier series coefficients:

eJwot + e Jwot
2 )

cos(wot) =

which implies a; = a_1 = % and a; = 0 otherwise.

The Fourier transform is:

X(jw) = Z 2magd(w — kwy) = m0(w + wp) + 76 (w — wp)
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Example 6

Find the Fourier transform of x(t) =Y >° _ 0(t — nT).
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Properties of Continuous-time Fourier Transform

e Notation: a:(t)X(jw)

e We also write

— -t
X(jw) = Fla(t)} = J%Cﬂed 4+

and

v e j
o) = FH{X(w)} = L1 f x[jw)@u@“f“

as alternative notations.

e Linearity: FT and IFT are both linear:

them ax(t) + By(t) £ aX(]w) + BY(]w)
ot gt sk, w(gmd= T goe S0 gy,
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Properties of Fourier Transform and Inverse Fourier
Transform cont.

_ ;—!T“,’ T X é\]w) e dw
e Conjugate and Conjugate Symmetry: e

2(t) e X(jw) = 2" (t) s X*(—jw).

In particular for real-valued signals:

z(t) — X(jw) = z(t) +— X (—jw).

This implies the Conjugate Symmetry Property:jX*(—jw) = X(jci)]

e In other words, for any w, X (jw) has the same magnitude as X (—jw), and
the phase of X (jw) is negative of the phase of X (—jw).

()= X (-jw)

o If () is even, show that X (—jw) = X (jw). - = X C"jw)
— 3 R
e If x(t) is real-valued and even, then X (jw) is real-valued and even?((' ‘_!__ ZC"(.-J‘ l,.)>
2 X s ve

e If 2(t) is real-valued and odd, then X (jw) is purely imaginary and odd.

—

T A s oewen, then  aly= A(-1).
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Example 7

Verify the above statements for z(t) = el where a is a positive real number.
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Properties of Fourier Transform and Inverse Fourier
Transform cont.

e Differentiation: Suppose that x(¢) is a differentiable signal. Then:

dz(t) — JwX (jw). g
{0 jw_[_ dt
fx&)sgﬁj X()e Aw -
<~ » (Ve . ) Ct
e Wt 10 Tuxlw|e 9%
t \ = \)
Ao = L [ x@)gee 9 5 [iox0]
dt 2T >
e Time and Frequency Scaling:
x(at) +— er(j%).
Implication: z(—t) <— X (—jw). Shrinking a time-domain signal expands
it in the frequency domain. .
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sin(wTh) : T,
@) e recty (¢) ¢+ 2 = 2T sinc(Zw) where
— = 2 Sta(Tw)

V)

1 |t < T, | 0
4 < 1 : sinc(0) = sin(r6)
0 otherwise 760

recty, (t) = {
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o 5(t) ¢ 1 (ob
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— We cannot use analysis equation.

— We see u(t) as lim,_,u(t)e™ ™

1

—u(t)e™™ «— - and:

I a—jw a Jw
a+jw  a?+w? a?+w? a2+ w?

. —_1 1
— limeso iz = 55
— For the first term: lim,_,q a2+w2 = oo for w = 0 and otherwise, it is zero
— On the other hand, [~ = dw = tan~ L@joo — g

— Therefore, lim, o 7% = 70 (w)
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Properties of Fourier Transform and Inverse Fourier
Transform: Example

e Example: We know that rectp, (t) «— 273 smc(T1 ). Using this, calculate
“LG(\ the FT of the following signal. =

i \ l ohrehy (4268
Y x(t) = {1 te (0,1 . = W@+i&)@(w+ﬂ-§ ___)

! 0 otherwise

Then , of (AH)
B . asine (%)
i | ’g)\ecbs)wgan T>L
-3 -2 41 1 2 3
| _ 2 %e(L
l Figure 1: Plot of a(1). ~9¢” g (Z5)
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Properties of Fourier Transform and Inverse Fourier
Transform: Example

Jc—o-S')
- > ﬂec:?o‘gt
' _ Heeh, (B10°F)
1 e 5
_2,,

Solution: Note that z(t) = recty(t) — 2rectos(t + 0.5) (why?).
X(jw) = FT{rect (t))} — 2FT{rectos(t + 0.5)}
— 9sine(Y) — 267% (22 sine (2
2SIHC(7T) 2e (22 smc(QW))

w ” w
— 95inc(=) — 2¢7% sine(—).
smc(ﬂ) e SlIlC(27T)
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(j ’XC—E)%G) dv = YT; AE) %;]’ X@w) e()(ﬂw“,;lt»]*d—b
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Properties of Fourier Transform cont.
e Parseval’s Theorem:

= L j&xm”]‘mmygdw*dw&
v

U; )Pl = 5 [ Z| (o)l |

Z XC)W) qu e d{-
'oq

fX\)UOb X J‘*’) 4w

e Convolution: . ~ b 60 92
fw(til*yu)HX(jw)Yuw) = L ux(\swl dw
b Y:x ) \dHﬂ j % () Yl-Dde
% wt
= | qug@ wdt] ¢ LT
f-()o ! -
3 T —jwltTTd
< j l S'x(z) «ACN)&Z] e d+
~to b Swf-2) 1WT
gw \ _
- T XMW Y-t e dt | e ‘dz i
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2%e e "\Swzo{ i«L ds
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Properties of Fourier Transform cont.

e Integration: Let y(t) = ffoox(T)dT. Then:

Y = ’)(H)“’M(@
= S X ukDIT

~o0

- e S ()= X(5). F [uth)
- = )C(:Jw) L—L— + N g(wj
,xuuﬂ + T ()80

u(+-2)= N
o o flowite

-—

e Multiplication:

z(t)y(t) +— %X(jw) * Y(Jw) *—%@

o ) <—> *(jw)
1 «—> 4 ¥
\ R S YN
./\)‘b’)((.‘kj X(\)w) _ J,)(H:Be d+
v d \w ’°" ot
pole) <= Y %Xb : 3 ) = 5 + (%) { fﬁ)e at
— AW £
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Properties of FT

TABLE 4.1 PROPERTIES OF THE FOURIER TRANSFORM
Section Property Aperiodic signal Fourier transform
x() X(jw)
) Y(jw)
43.1 Linearity ax(t) + by(r) aX(jw) + bY(jw)
432 Time Shifting x(t - ty) e 0 X (jw)
43.6 Frequency Shifting el x(1) X(jlw — wg))
433 Conjugation X'() X'(— jw)
435 Time Reversal x(—¢) X(—jw)
4335 Time and Frequency x(at) |lX (»J—ﬁ)
Scaling 4 a
44 Convolution x(2) * y(1) X(jw)Y(jw)
4.5 Multiplication x(D)y(r) il;X(jw) * Y(jw)
434 Differentiation in Time %x(t) JoX(jw)
434 Integration J' x(t)dt %X(jw) + 7X(0)8(w)
4.3.6 Differentiation in 1x(t) J iX (jw)
dw
Frequency
X(jo) = X'(-jw)
ReflX(jo)} = RelX (- jw)}
433 Conjugate Symmetry x(¢) real In{X(jo) = —Im{X(~ jo)}
for Real Signals X(jw)| = [X(— jw)
LX(jw) = —4X (- jo)
433 Symmetry for Real and  x(¢) real and even X(jw) real and even
Even Signals
43.3 Symmetry for Real and  x(¢) real and odd X(jw) purely imaginary and odd
Odd Signals
43.3 Even-Odd Decompo- x(t) j gv{x(t)} [x() reall ?;e{x(j{‘))}
sition for Real Sig- x,(t) = Qd{x(2)} [x(¢) real] JI{X(jw)}
nals
437 Parseval’s Relation for Aperiodic Signals

+o 1 fress
f_ IsPds = - f X (jw)dw
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Fourier Transform and LTI Systems

o We know:

where H(jw) = |7 h(t)e /*'dt is the frequency response of the system.

e Interestingly: h(t) «+— H(jw) =~ tound u’q Trand;
1mPuu e yesponse -
e Does H(jw) exist for all LTI systems? O
e Therefore: ™ 35' J‘ Ihc_l,)‘l Jt 40p) Poen
— ” H(\)\«)) ‘L)CIQJfS
ety H(jw)e™!duw RiRo
ey T e
e Hence:
o(t) = & [7 X (jw)e' dw £ [ H(jw) X (jw)e’! dw
() = 5 Jo X(jw) n) S H(jw) X (jw)

= muw 'S ‘\f I}((\sw) H[\’)wi)

e As a result: y(t) = z(t) x h(t) +— X(jw)H (jw) = Y (jw)
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CT LTI Systems Described by Differential Equations

e Differential equations provide a bridge between math (engineering) and phys-
ical world

e Almost any engineering (and even many of the economical) systems behavior
is modeled by ODE

applvi®g KL, we dbfeun R ) 1 (4)= C%&,\&(’H
o)z THR T YO N> |, i
= QK%WH“&W- x(t)< C— >y(t)

e Example 1: RLC networks:
e In this case: z(t) = RC% + y(t)

fourey Transfun do e OPE, W D biaf
% Jath)= RC |4 80) %+ 9]

RC gw YEw) T (=)
Qo’w RC) ()

MY Y

b N %G
|+ jwRC H'(:\OO>
1 = Lk
Iv[—\y‘k) RC RC ! H—)




LTI Systems Described by Differential Equations

R
o — '\ /\/\;, O
x(t) (@ — y(t)
Example 1. RLC networks: i(t)
In this case: z(t) = RC% + y(t)
Therefore: X (jw) = RC(jw)Y (jw) + Y (jw) = H(jw) = m =

11
RC £5+(jw)

Hence: h(t) = R—lce_R*lctu(t)
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LTI Systems Described by Differential Equations

e Let S be a stable LTI system described by

N

Zak dt’f Zb’“ dt’f

k=0
e Apply the CTFT to both sides

Cl 4 N k M
& () f{zdd—“} {Z i }

e From the Linearity Property and Differentiation Property
J‘OC\)IJJ) V(6w

N
Zak jw)*Y (jw) Zbk jw)* X (jw)
k=0 k=0

e By the Convolution Property, the frequency response is

Zk obk(JW)
Zkzo ar(jw)*

e Question: Can we get the system impulse response from Table? Yes,
through partial fraction!

H(jw) =Y (jw)/ X (jw) =

30



Ay 4 Ao
JW Y C Jwt o

let US XSS H{jW)=

U ot G
Partial Fraction \,,(,{)—.Q\[e + AC >\AH’)

e Suppose H(jw) is a rational function or ratio of polynomials

e Apply Partial Fraction Expansion to write H(jw) in a form that allows
us to determine h(t) from Table 4.2

e Example: Stable LTI system described by

ddytgt) + 4%;5) +3y(t) = d:;—f) + 2(1)
Then 2 '@)Q\[(gw) 4 Jw v (p) -}3\“3"0)"- X (3w) ‘Sw:{.
oy S 2 X(5)

(‘-~ —'——' ’
Jwtl JHB = e dwk2 o N(3w)
(jw)? + 4jw + 3 X(J00)
Jw+ 2

(jw+ D (jw + 3)

Rewrite H(jw) as
A B

e+l jwis
ACE T T B (jetr) = Wt

3 At®= | }A‘: Uy

H(jw)

IA+B =2 B=1l
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