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First Order Dlscrete—Tlme System

e A discrete-time first order LTI system is given by:

y[n] —ay[n — 1] = z[n] with |a| < 1.

e Determine its frequence response H(e/*) and impulse response h[n].
e Determine its step response s[n|.

e The parameter a plays the role of time constant. If |a| is close to 1, the
response is slow, and if |a| is close to 0, the response is fast.

e If a < 0, we see oscillations and overshoot.

To defesmine fvaguency, Tespoage, appy ITHT o0 bow gides & Obiun
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LECTURE 22! |5t OCkobes

%)

Log-Magnitude and Phase of Frequency Response

a¢(0/)) qumj

Whena>0: — ———
20 logyo |H(e) lowo ToHAUINL TEROYY |
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Log-Magnitude and Phase of Frequency Response

When a < 0: apm)'ﬂ)m:}eg a
wr /7 high prg Filiny

20 logyg

- 20dB

T 16

w
7 < H(e!)
a=- L
N ™|
a=—Z 2
1 oL
a=*z 4
— T ™
— 21 2m (]
_T ]
4
_m |
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Second Order Discrete-Time System

cown0
o A discrete—timelgt order LTI system is given by:

y[n] — 2rcos(0)y[n — 1] + r*y[n — 2] = z[n],

—

where r € (0,1) and 0 < 0 < 27.
e Determine its frequence response H (e/*) and impulse response h[n].
apBuing DTFT on Yo ajdee, we oblam: .
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o~
\ N L = —s¢ Beyond the scope
Y b aleI J‘Z g oursde
¢, analeg Sigad wnvarc\m Samplﬁgd‘aww *igned

e Question: Can we convert a continuous-time signal x(t) to a discrete-time
signal?

e One way to do this is to sample at regular intervals of time T" and define the
sampled signal z4[k] := x(kT).
e Question: Can we recover a continuous-time signal z(t) from regular sam-
pling x,[k] = 2(kT)? the ¥-axie - dne rsurefe—tme
Cgigma] g Pyl mot e
;c@%) come @l Tre N-ame - The
1| Lohoous - tire. - SiqmAaL .

- :1 A % )
.—’1..
.0‘
—— >
o123y

e For example, consider x(t) = sin(27t).
—————————

e Question: Is the recovered signal unique?

e Answer: No in general!

e But if we know the signal x(t) is band-limited, then with sufficient samples,
we can!

ld T=0:5, 2]z 0 , ¥KeZ
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Sampling by Impulse Train

Let us dedowmine

A p(t) = S8t — KT) ’%U@
%‘\M@ £(t) é “r!) XPG(D):EI‘FT X (j©)®) P()
)

-

\P\' /< Figure 1: Diagram of impulse train sampling system.
\0 ) b
i <0

‘ef‘“ e The above diagram (system) described impulse train sampling.

7\ e The time-domain representation of various signals:

A o x(t)
N NN T ’l\ s x,(t) .
; —7 (WM

= 1. we
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Impulse Train Sampling: Frequency Domai:AnaIysis

B

wg'—ZJL

7

p(t) = Dok oo 0(t = KT)

| )
0 %‘ 0

e In frequency domain, we have:

Xy(je) = - Plje) * X (je) ()

e Note that p(t) is periodic with period T

e Therefore, p(t) = > 1o ape?™t where

-/ e gy = |
ap = — p(T)e 7" T dr = —.
T ) 7 T

o As aresult P(jw) = F 37 d(w — kwy).

e Replacing this in (1), we get:

oo

Xy(j) = 3 X~ k)

k=—00



Bandlimited Signals

e Define the bandwidth of a signal z(t) to be the smallest wy; > 0 such that:

X(jw) =0 for |w| > wyy.

ﬁ(‘@

—_— ]
‘L1 A ‘ﬁ]‘,
—Wnp _’ f)’*’ﬁ
2=

o If wys < oo we call this signal a bandlimited signal.

e So |waS > 2wM}for X,(jw) = 7> pe o X (j(w — kwy)) we get:
A

MJ‘WM "WS'\'wM ws..
e What happens when wy < 2w;;?

For exoct Ttecométsuchon o-jQ L) o)

AE) oo Aplt), e s B —

1”0\]0\/0\08 need o be b | o

aofsfied - ()= M?(Gw) B(jo) = R

(A) 1&) is badlimited & ¢
bandwoidfh Wy s Knowh -

B) T s chogen suchfwak W= 27T> Uy T<MM

() hwniabllidy of idea) |ow JM@%% with (ko dg-
(?(Qgivﬁ/nuﬁ J:_‘UM/ (JJS Wm:)




Aliasing

e Overlapping copies of X (j(w — kwy)) is called aliasing.

1
T

—Wg Ws

e In this case, what would be X,(jw) = >~ X(j(w — kwy))?

e Therefore, in order not to have aliasing we need to have: w; > 2w),.



Optimal Recovery

e If z(t) is a band-limited signal and wy > 2wy, then x(¢) can be recovered
by (ideal) low-pass filtering of sampled signal x,(t).

e For perfect recovery, we need to have H,(jw) = T rect,, jo(w).

p(t) = D42 o 0(t = KT)

(1) @ “ll) H,(jw) = Trecty_o(w) | o (t)

—

e 2w,y is called the Nyquist-rate (of signal x(t)).

—_



Sampling Theorem (Shannon-Nyquist)

Suppose that z(t) is a band-limited signal with bandwidth wj;. Then x(t)
can be recovered from the samples x(kT) for k = 0,4+1,+2,... if 2% =

ws > 2wyr. This can be achived by impulse train sampling and recovery
system with H,.(jw) = T'rect,, jo(w).

b
T2 oy

() H,(jw) = T rect,, jo(w) —— z,.(t)




Questions

1. Let z(t) be a signal band-limited to the interval [-20kHz, 20kHz]. What
condition should the sampling period 1" satisfy to avoid aliasing and allow

reconstruction of the signal? wM = 2T X 9AXI60D
) ~
a.T<?><1025ec T(L:PL/—XIO‘_B
\b/T< 75 X 1072 sec OLJM 4’0

¢ T <& x 1073 sec
d. T < Z x 1073 sec

)
"0 w|> W
‘ﬁﬂ\‘ .WX(M‘O ot 1‘(2_—
.-—U“Wg Wy WM*DJ

2. Let x(t) be a signal with Nyquist rate given by w*. Determine Nyquist rate

of the following signals. ” = QWm o
a. 2(t) + 2(t — 1) <—> K(jw) JreJ X(Hw) = Q‘reJ )Xb@)
b. a(t) & = e X[W) o L Nyqui e W

CElE) cos(anh)

A — Jwgt ) \
_ Wet | ) - W) )L )c()(wi-‘da)
-—if_x@c) e -t-'—ia e %\é%(é[ ? ) 53 )

]
\ ¥
Nyawi 5t omle 1 whpowp ARt W,
3. Suppose signal x;(t) has bandwidth w; and z5(t) has bandwidth w,. Deter-
mine the Nyquist rate of x1(t) X xo(t). 1o
. oN 1= =N dw
) %) 4— L X(W®E X, (00) = éLfr f xS0 X, [ 3w WD
W ~0
= f i j(w-wl)dw
o X;(JW) XQ,(J( )
-W
/
dojoming e i) o we | ~W.w hen,
mno)@ ”'Tp w &1 XZ(J(_MFBD_'OS W")é’//) ): 1 :]/ g/,

T amb %, (j) 20 for A€ [~1m)



WYy wptw, and wL — (wittn) |
Nyquis) ~ade = MW tw,).

Reconstruction after Impulse Train Sampling

e A naive approach would be to do linear interpolation.

p(t) =352 0t — kT)

/l\ p(1)
:(;(t) X Hr(]w) = TI'eths/Q(CU> — xr(t)

N
. b t3P)
Ap“\mw T ™
Jve /\
r o —_—
o In TD: h,(t) = 1220 v ) e ©
— S > 2~

e Therefore,

— Z z(nT)h(t —nT) = Z x(nT)TSi;lEt%(_t;Tq;T))

n=—oo n=—oo




Time Domain View of Reconstruction Process

p(t) = D ps oo 0(t = KT)

(1) é M) [ () = Trectu, (@) L 2 (1)

o 2,(t) = F _ g(nT)inzl

n=-—00 m(t—n

e

e This is a linear combination of time-shifted sinc functions!
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)t
ath)= 068 (gt) =L & L i

e What is the bandwidth w); of eas&d?
o Determine X, (jw), X;(jw), and z,(t) for ws = 2wnr, Wg > 2Wy , wgé 2y -

e oy ke,
XP(J"O) = —LZ ¥ ((y(w- KIU;)) H(ﬂﬂ:{ @/
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el

Y () , S )
-
IR I O O
W —wp o Wp ”‘w"ws W, +1,,

Cate 2~ W L2y & -1, < Wy |
Wv(bm H(J(D>

T 2
{ °L A
-"‘*93 s ’“’5 «-bo.o ""c';" Wy @ Wy “w
. . N
Suppose , we  PUOCRSS ’KPH) wifn & low paSs ¢ v H(Jw)@.(ﬁc+tté )

ginte W< 2Wp (ﬁ’zé £ Wp
Wk dsec Xe(F)  look Zike X §60) :Ulgfw«wg‘rwo)%[w*“%@

2= F[nlio)) = o (ioswoalt)

4 \




Under-Sampling and Aliasing

o Let z(t) = cos(wgt). We vary w, by choosing ws = 6wy, 3wy, 1.5wp, 1.2wy.

X{}w})
“ﬂ’ o
":‘o wto (0
{a)
X ol w)
memmepanaa, wp™
NERIIBER
g w, @
{b,% 7 ww.-wol
X liw)
P S
S 1E§\ f
—w, wy ®
{c) uo'%l[w. o)
Xoliw)
Aliaging R |,____,| ag= s
8 S A1 N 1 I
— 0y fagmg 0y ®
f"’a_“’o)z
(d}
Xplie)
Aliasing PR S wy= 2>
R IEEE RN
N BT
(wg-wg) 2
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Under-Sampling and Aliasing Continued

e When w; = 6wy, 3wy, the reconstructed signal z,(t) = x(t).

_— E—

Ongnal signal
/ G 19

Reconstructed signal
e v

. e
. . B o
. . , N
\\ I’ \\ l' \\
3
. . ;Samples ’ \
.
. < ’ .
p 4 P N
h 4 N z ™
~
. ] \\ v
Ay
X X
A
.

(a)

{6}
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Under-Sampling and Aliasing Continued

w8 (-B) =t

e When w; = 1.5wy, 1.2wy, the reconstructed signal z,.(t) = cos((ws —wp)t) #
x(t). —

e As wy increases relative to ws, the frequence of output decreases. Look up
Wagon-Wheel Effect.

e When ws = wy, the output is constant.

e Phase reversal: If z(t) = cos(wot + @), then x,.(t) = cos((ws — wp)t — @).

!\v/\ M\ \A/f\u |

&
o= gt
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Zero-Order-Hold (ZOH) Sampling

e Since creating an ideal impulse train and implementing an ideal low-pass filter
is not possible, in practice, we often do Zero-Order-Hold (ZOH) sampling.

e In ZOH sampling, the sampled signal z4(t) holds the value of z(t) at kth
sampling time for T" seconds, i.e.,

zs(t) = x(kT) fort € [kT,(k+1)T)

plecewise tondfant, 2 4

T

with  istoatuitied mt_r = — x(t)
23
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ZOH Sampling and Perfect Recovery

e ZOH sampling can be viewed as series interconnection of impulse train sam-
pling and an LTI system with the impulse response hq(t) = recty/o(t — %)

p(t) = 252 oo 0(t = KT)

Ax\xp(t) h(w W) e

e The main question is that if wy > 2wy, then can we find a recovery system
H, so that x,(t) = x(t)?

e For perfect recovery, the system in blue box should be the ideal low-pass
filter H,(jw) = Trect,, /2(w).

13



ZOH Sampling and Perfect Recovery

e ZOH sampling can be viewed as series interconnection of impulse train sam-
pling and an LTI system with the impulse response ho(t) = recty/s(t — %)

p(t) = 2R= o0 O(t — KT)

:Bpt Tg
o(t) ——(x) i h“) O o =)

e For perfect recovery, the system in blue box should be the ideal low-pass
filter H,(jw) = Trect,, /2(w).

e Therefore, for perfect recovery, we need to have:

, T
H,(jw) = T2 _rect,, n(w).
= ey )
o Note that the first zero of W(Z—w/z) occurs at w; = 2 = w,. Since,

sin(Tw/2)

- are not going to be problematic

rect,, ;2(ws) = 0, the zeros of
in the above fraction.

| H; {jo0) |

|

% H, (jw)
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First Order Hold Sampling

e Corresponds to linear interpolation of the impulse train samples.

x(t)

t
> "xL I R IR

=/ 71 H{w}

15



DT Processing of CT Signals

z.(t) ——| C\D Conversion

zg[n] = x(nT)

e How to process a CT signal using discrete-time processors?

DT System Hy(e’%)

Ya[n]

y(nT)

D\C Conversion

g yc(t)

1. Convert z(t) to x4[n] by C/D conversion (with sampling period T')

2. (design and implement) Filter x4[n], X;(e’) in discrete-time with hg[n),
Hy(e’%) to get desired y4[n], Ya(e/®).

3. Convert y4[n] to y(t) by D/C conversion (with sampling period T').

ale) = Z A8 -2)

L) -

Z o FUk-2) =

19
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e What is the relationship between X.(jw) and X, eJQ. Z %CKT)Q
= ‘-bo
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DT Processing of CT Signals

e CT Sampling - Perspective 1: x,(t) = z.(t)p(t) = > - x(nT)é(t —nT)
and

= > Xl k)

k=—00

e CT Sampling - Perspective 2: On the other hand 6(t — nT) <— e /"I and

hence:
o

X,(jw) = Z x(nT)e 7*nT

n=—oo

e DT Sampling: z4[n| = z(nT) for n and hence

Xy’ = Z x(nT)e 7
e Conclusion:
Xq(e’h) = X,(jQ/T) = Z X.(j(QT — kw,))
kffoo

e Converting x,(t) to x4[n] scales the time-axis by 1/T". Consequently, in the
frequency domain, X,(e/?) is obtained by scaling X,.(jw) by factor T, i.e.,
Q=Tw.
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DT Processing of CT Signals

xgln] = x(nT

v

xC(t) %icmverm/

7] valn] £ y(nT)

QSystem Hy(

e))z D\C Conw

D/C conversion

Conversion of
discrete-time
sequence to

|
: impulse train
[
|
|
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DT Processing of CT Signals

xp ) [Conversion off x,in) Ya [n] [Conversion of{ y, ) ll
X (1) =i impulse train » H, (e >4 sequence to . Yo O
< d w
' to sequence impuise tran — %‘ ==
£
'
]
]
e m e e |
X (jw) Hq ('), X4 (61Y)
1 L K "
Hy (')
. |
—ay 0 Wy » —oyT —Q Qe w0, T 2r
(a) (d)
Xp (j) Hy (j0), X, ()
1
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Xq ) He (jo), X; (jo)
1 1 X (jw)
T /
Ho (jo)
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Figure 7.25 Frequency-domain ilfustration of the system of Figure 7.24: (a) continuous-
time spectrum X,(jw); (b) spectrum after impulse-train sampling; (c) spectrum of
discrete-time sequence x,[n]; (d) Hy(e’*) and X,(&/®) that are multiplied to form

Ya(e/?); (e) spectra that are multiplied to form Yo(joo); (f) spectra that are multiplied

to form Yi(jw).
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