LECTURE 1: 9" Jan. 2025

EE61012: Convex Optimization for Control and Signal

Processing
Instructor: Prof. Ashish R. Hota

e Class Hours: G Slot + S3(2) Slot. Wednesday: 11am - 11:55pm, Thursday:
12pm - 12:55pm, Thursday: 5pm - 5:55pm, Friday: 8am-8:55am

e Venue: NR 413

e Grading Scheme: 50 % Endsem, 30 % Midsem, 20 % Tutorial and Class
Tests

e Preferred Mode of Contact: Send email to ahota®@ee.iitkgp.ac.in with
subject containing [EE61012]. Do not forget to write your name and roll no.

e Any email with a blank subject and without name and roll no. will be ignored.


(null)://(null)ahota@ee.iitkgp.ac.in

Content

Theory:
e Formal definition of an optimization problem
e Basic topology of sets and existence of optimal solutions
e Gradient, Hessian, and optimality conditions for unconstrained problems
e Convex sets and properties
e Convex functions and properties
e Convex optimization problems and their classifications
e Separating Hyperplane Theorems, Theorems of the Alternative, LP Duality
e Lagrangian duality and KKT optimality conditions

Algorithms:
e First order gradient based algorithms under smoothness, strong convexity
e Accelerated, stochastic and distributed gradient descent

Applications:
e Regression, support vector machines, ML estimation, hypothesis testing
e Stability analysis and controller synthesis for linear dynamical systems

e Robust optimization
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Python Toolbox
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Preliminaries

Seehttps://www.stat.cmu.edu/~ryantibs/convexopt/prerequisite_topics.
pdf for refresher.

Please also see the Appendices of Boyd's Book and Chapter 2 of ACO Book.
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An optimization problem can be stated as % 4
St. | AL 2
min f(z), (1)
where -
P &N

e x decision variable, often a vector in R"
= 4
e X set of feasible solutions, often a subset of R" x {"’XG K é 'x 2

— often specified in terms of equality and inequality constraints = ‘/?—
X = {z e R"g;(x) <0,hj(z) =0,i€{1,2,...,m},j € {1,2,...,p}}.

e f:R" — R cost function

Goal:

e Find z* € X that minimizes the cost function, i.e., f(z*) < f(x) for every
r e X. —_—

e Optimal value: f*:=inf,cx f(2)

o

e Optimal solution: z* € X if f(z*) =

What is inf,cx f(z)?

———




Infimum vs. Minimum

f* = inf,ex f(x) if f* is the greatest lower bound on the value of the
function f(z) over x € X.

e For any € > 0, there exists some r € X such that f* S f(@) < f*+e

—

There are two possibilities:

e There exists z* € X for which f(z*) = f*. Then, we say that z* is the
optimal solution and f* := min,cx f(z) is the optimal value.

e f(x)# f* for any x € X. We then say that the infimum is not attained for
this problem.

e If | X| is finite, then infimum is always attained.

e The set of optimal solutions is denoted by argmin, and we say

r* € argmin, .y f(z) = {y € X|f(y) = f"}.

¢ Note that [argmin, .y f(z)] C X.



Examples !

{ 1 %

o Let f(z) = e and X = [0,00). Find f* and *. "0\7(3'")’(“ 'F(“K)) ¢

X = abg,gnal' exist
_} 4= 01);}—; e, ‘)BCI) —vf
, optima Soluhin 5 o'=1
L%
" Apes nof 2w . Bﬂ'gfn 1““0) 2{1}

Moral of the story: Properties of feasibility set X is critical in existence of optimal

e What if
e What'if

solution.

Now suppose X = [01]andf()—xfor:c>0andf ) =1 for z =0.
= inf i) = ‘F“)f‘

AeX
DPh "\4‘ go\‘bh‘“') Apemoi'

R8T -

Moral of the story: J

_‘E-Y’ ‘F(m).; ’XZ/ X '-‘K = ("'O°/°°
X=D 15 a (3\01944) oph VM WH'C e
Sek X be,&\j unbounded .



Infeasible optimization problem

e The problem is infeasible when X is an empty set.

e In this case, f* := +o0.

e Example: — L 0(1 7/0
X "{'Ké ﬂz ’ 7&-7/ \/ :(

Yty £
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Unbounded optimization problem

e The problem is unbounded when f* = —oco over the feasibility set X.

e Example: _r_(x') _ laj 2" .—e”(\ﬂ
x=]1,5) - fot unbounded.

X=lo,5): poblen = 1 e

11
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Basic Topology of Sets B(|,0~S):

[‘_0°sll's]
Let B(xo,r) := {ac € R"|||z — 3?0”2 < r} denote the ball around point =y € R"

with radius 7 > 0.7
e [nterior of the set X denoted int(X {lé l a ’( 70 ‘gﬂﬁ'

Example : (0/ O wch B(m'

e Set X is called an open set if X = int(X). X'}

0] U 1 / 5")
e Set X is called close tSScomplement is open.

e Intersection of arbitrary number of closed sets is closed.

Examples of Open and Closed Sets':

X= {xeﬂt l Y% 0,70,

int X= {xex AN70)%,20
R RECR }
Example.: ¢ both open and| C‘DS-Q4
SR :bom cloted] and oper .
Example - not anpmga since.
xamg COID - No F %’\‘l'@ll.s (9/0 ?(0 ‘J

(,DIIC= ~=)0 VC"”“) : 00'[' an O et Qe D
pm
. 12 Yo no,_ an Cntonyos Pgtd—

2 (011) is net a cloged Set-




LECTURE 2.: 27 Jon 2025

Bounded and Compact Set

e A set X is bounded if there exists B € (0, c0) such that for any z1, 29 € X,
|21 = 222 < B. Y

= x= [—50/ 31077‘7]

e A set X is compact if it is closed and bounded.

—
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Global and Local Optimum althat opfimum

Definition 1 (Global Optimum). A feasible solution x* € X is a global
optimum if f(z*) < f(x) for all x € X. In this case, f* = f(z*). The set of
global optinta 1s denoted by

argmin, ey f(z) = {z € X|f(z) = ["}.

Definition 2 (Local Optimum). A feasible solution x* € X is a local opti-
mum img f(x) for all x € B(x*,r) for some r > 0.

— Y

Existence of Optimal Solution:

Theorem 1: Weierstrass Theorem

If the cost function f is continuous and the feasible region X is compact
(closed and bounded), then (at least one global) optimal solution x* exists.

When X is ed, then the above theorem still holds when an a-sublevel
set of f, defined as

Sa(f) = {w € X[f(z) < a},

is non-empty and bounded for some a € R. x*-
—_— ——— . .
mig foy is equivelent b ) B ﬁ_'%
oeX X -
— ‘Min fx) N
we S () : T x
—_— 14 )
S ($)



Notes

Given an optimization problem, first determine
e the decision variable x and the space in which it resides
o feasibility set X
e cost function f: X — R
Before attempting to solve the problem, check whether
e f is continuous
e X is non empty, or the problem is unbounded

e X is closed, and bounded (or any sub-level set of X is bounded)

How to verify whether some x* is indeed an optimal solution?

We axe ‘g fo devive necesg & Sufhor ot
c,:t\dih’mgaa‘flg opfimality  whem he B’ —Funbhaw..ﬁ is
differanhanie . |
For a funchon jo_; sz)—PK, ¢ts Aer o
s denoted by Dff) € R serhisTies
$loag i) & o)t Df(w e .
Cradiot *f finthon £ ob % © denoted by
(b X
ﬂ:fl (%) = j){l(rx,,f = 24 g

Jestvakive ok poiat o, €D

5%
M
CL D
" [} ﬂlXj .



Gradient (V f(z))

For a function f : R" — R, its gradient is defined as:

®* 1 T a,‘\
Vi) = | B a,
|||
Compute gradient of n A2 )
e f(x)=xa"a :ZQ"X' o .
_ T 1= v %J i Oy N
—— n
° — TA —_— T FZ&. N
fmrde = = 6% f 0 X; Q:MMJ
ZA = b

o f(z) = [|Az —bIf3

?:E, ')-AKK‘)(K T Z D"b\( ¢ T Z A’KJ ) ZQ,K'X T ZQ‘J

1= —

foo= JjAx-)L
| - G‘IX)K t @x))\ = @\x—b)TfAX—lo)
EV"FLXJ': /;(TX'[‘AXJ , = %TATAX _ 29—'65)‘ .'_l:rb

IR o T T e Tax 24 b
@W FOO= =2(Fp Tx i x ~ 24

S5F [ =) 2Anx-24b.
2X9, g —
98 )

DXY) 16

™ Lxy

1)




i):'ﬁlL?i_ R I

% W MDY 97?)(; X K9

Hessian (H(z))

x) = ‘V{Cx
For a function f : R" — R, its Hessian is defined as: H(' ) :D )

92
Hlae ™ [H), = ‘Tx%s

Compute Hessian of # ;s
xY) ~ )
o) —aTa | TEER, BIR)ER, @0‘));)- =0 g%,
$DJ:(X): QT
i@ =aae | TP AxtAx, Hie) = ATAT

T AT
o fx) = llAz ~ B[} , wm::LATAx ~2fb, Bla= 2AA
' " P = a(fwx)
EMM Rule. - LR, g R - R h k) 8(’? )

Dhen= :DgCy) D»F—(x)/ whene 3243(%)

"
v ' \ a2 L0 + DLK- Ax
o b e ey

e e
&"\YY\/
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Yo
Directional Derivative and Descent Direction

Consider a function f : R” — R. Let d € R" be the direction of interest.

Definition: The directional derivative of f at point zy € R" along direction
d € R" is defined as

’ Flroted) ~fiw) _ T
gJ—?mo < :F - Vje(x,,) oL

¢§/(4;): DY (Aot+d) - %% (Tt

Define ¢(t) := f(:r:aJr td). , v~ LN ~N—
|xvL
Compute ¢'(0) : ER- GR éP\vml

d /CO] = Df) 4 = vjﬁCxojroL

If the directional derivative is negative along direction d, then d is called a descent
direction of the function at point x.

= —'\7]’—()@) is adwlkas s direchon ”Je descent b Ay -
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LECTURE 3: ZJon 2025

Necessary Condition of Optimality for Unconstrained
Problems
> X=R"

i If 2* is a local optimum for the problem min,cgn f(x), then V f(z*) = 0.

Proof by contradiction: S’u?}m-e V“FC'X“)?O, We neq‘b Show "lv)oce'
aF ¢ net a loed optimon. Ty ojwer wordS, meg LXiSt
poinis  anbitwanly clote fo o ok which ji('x,)<t{1(9t),
{»(qf;r ed) o {;(,;),r ¢ Vfcx*jrd, + Chigher wa!ﬂf*k»rmg)

K/\/\—) —

~Ve
£ f0E)  ohen £ 38 cu#\uwib emo).
Thus, for o dobe o bl opfiavm, we need o have 'V.F ()=0

19



Sufficient Condition of Optimality for Unconstrained
Problems

VRSV Y O ¥VTO

Let f be twice continuously differentiable over R",

If for z* € R™, we have V f(z*) = 0 and the Hessian of the cost function
f at z” is a positive definite matrix, then z* is a local optimum for the
problem min,crn f(x).

Using the Tayloy seueg expansion, we obtain
0 Y= Pyt Ufe i) + L bk B Bed) E (hot )
=00+ L o) $) o) 8 Chot)
>0
'\'MS, 3 a v’\&l‘ﬁhbﬂmcmd srcoum o o st
L) > f)  +xer(a,e).
= o Vs a low] optimumw.

20



Least Sgaures Problem

= ||Ax-bli%
= @\ 'bST[Ax—b)

= OCTATA X — ‘Z‘;mx-
+Bb.

Consider the following optimization problem:

HA:z:—bH%. ,
Lot o be o local optiaom .
then wWe must have VfCJ)SO
> 22070 e =24
?EA’X*: }S_\Fb]
o AA ts aposifie detinile matnx fhem  any K et
safisfis  FTholds b ds @ oo ophmim:

oop——

> & =(A AS'ATb i< e local ogiimum.
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D 0<£A 41
e Convex Sets [-A7D
Definition 1. Given a collection of points x1,x9,...,x, the combination
AMx1 + Xoxo + ... + Az is called Convex combination of \; > 0 and
oA =1.
A set X is a convex set if all conver combinations of its elements are in the
set. '
= [ -1 0 2= At A
%= [0].42[), 7 o/
£ = ﬂ{l-{- CI'AI)‘a —
: 7
Equivalently, X is a convex set if l (\,o)‘ " X
e for every z,y € X, Ax + (1 — ANy € X for any A € [0, 1].
— T p— —
e it contains all convex combinations of any two of its elemen4,

Are the following sets convex:

oXl {2z € R?|zy > 0,25 > 0}

o Xg {2 € R?|z129 > 0} Y)D{" o (onweX
7 Ced -

le,‘k /\’e X,
let Z= A%t0-07 , 4elor] 3

=4 xjf&! -9) ;’J a ‘ /
X, Y, %

= (2% t0-Ay,
[A %+ (1~4),
Zlﬁ]. /////4

9 2EX, !
Hente X, s a convex get, -




e —

Basic Examples of Convex Sets

Sets Defined by Linear Inequalities:

e Hyperplane: H = {z € R"|a"x = b} for some a € R",b € R.
LQ’C }E’,qu-_—_;? Ozr-)-(":.b/ J'\?:b
Aefo))) . Z= A%+ (-RF . Toshoo tal 24,

wWe UOM})UK (i]: - (?\X'(‘(‘I ﬂ)‘]) Aq,x-(-(" )\)0\,\/
= ﬂfo{—ﬂl Ab =
F Zet . 7H\;awnve><ﬁ@

e Halfspaces: {z € R”|awor some a € R", b € R.

T Al T L N
Wi AFAIY g ) s




Sets Defined by Norms

Consider the Ball(B,(c, R) }= {x € R"| ||z — ||, < R} where
__ — -

e

11 - {( alel)’ . 1<p<oo

MaX;efy] | T4, p = oQ.

Recall that norm satisfies triangle inequality and positive homogeneity. We define
n] :={1,2,...,n}. 7 - o
9(x%)= R glx) ¥oL20

Proposition 1. B,(c, R) is a convex set.

et %7 ¢ BLCR) . ok A€ [01]]

e b _ _
;[»ow- Z= AR+ (-4)Y € Bp(cR)

2 ——C\\ = | Ax«(1-Ag- C“
= | a%§ U ’/% - ?\c C\~$\)cllf
= 4Alx-c) + U-mF <)y
(datogle Jaeq-) & NAK-Noth-4)F-ON,

O)‘)ﬁ{»e \oombjen&"fj>§ A “')T"CDF T~ Iy -cllp
V\.{-E \/\ZT{-/

_ = ARt(1-A)R =R
> ZE€B,CR) & §COR) 5 a convex feb.
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SV: the Set °of all Symmefac mod»Tceg 57‘19(2-@ nxv

Positive Semidefinite Matrices

Proposition 2. Set of symmetric positive semidefinite matrices, denoted by

St .={X e 5" nxnt, @S a conver set. .
O, Axp & (A-8) s

S —

et X, &% €S]. P";"jﬁh fj':"
let A€ f_o/ D .
: (1-2)x, € ST
we need to ghow  Z = A%l 2= e
et Ve R".

e owlvate V2V = V(2% t(-8)%)V
— NE _ .JT'X Y,
- ﬂ.\f X"V + C( /I\)L’\,z__,\/
70 Z70

2,0 .
tus, 2 egt

ence T, s a Convex Set.
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Operations that preserve convexity of sets

]:m]: 1(:\/2, .- m)

Proposition 3 (Intersection). If X1, Xy, ..., X, are convex sets, then Njcm X;
1S a conver set. —
let 111'226_21 let A€[@)1] .

lex F = .ﬂ X
we need fo Show mat Z-AZTU-A)Z,6Z .

CEm) /
=

Zi€ZS2e () X
1€ =23 ielm)

@.-Z.léxll-zlexz_ ---r 'E'QXM
."Z'LG,X\ s 2,eX, ~ -- r 228 Xm
Sieee X s a ofwex St ZiE€X) rZ28%0 Ae [9’):)
'T’ne.mfam, Z is a 2 Ze X W fe [m) .
topver et . > = -

Example: (Polyhedron {z € R"|Axz < b} for some A € R™*" b € R™ which is
an intersection of half-spaces. B —

T
A- —_ ﬂ,l _— bl
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R
nl'n

Operations that preserve convexity of sets

Proposition 4 (Affine Image). If X is a conver set, f(x) = Ax + b with
A e R™" b e R™, then the set f(X) = {yly = Az +0b  for some € X}
e

1S a4 convex Set. )

ot 91,4, 6T, and lek ae[o1].
We need fo show Y= Ay t(I- ﬂ):j,_evecx)
e, JFxex st -Ax.-i-b.
4= A, b or some 2eX
9,5 Ao tb  for some A€ X .
(1~4)%, € X 4due to convexidy
g ali] X
7,
Atb = A(2t (ba)k) tb = Aot (L-4) A5 b
= AAwyt (1-4) At Abt(i-4)b

= A(A% %b) T -4 (Awth)
= ﬂ:‘j[i‘ (\‘ﬁ)ﬂg_ = .:\5
Comsequotly §ef(x). fence Fx) is a comvex Set -

27



Operations that preserve convexity of sets

N N
CW’ CW‘

7 P
Proposition 5 (Product). If X1, Xs, ..., X, are conver sets, then

=X xXox...xX,, = {(xl,:vg,...,xm) | r; € X;,1 € [m]}
| = (Nt 4. 0.0
1S a cfnvex set. C \K

(x-ex/ A= A

e -

['Xm,_\

_.  Proposition 6 (Weighted Sum). If X1, Xs,..., X, are convexr sets, then
Xi= Zie[m] X ={y|y= Zie[m] ax;,  x; € X;} is a convex set for a; € R.

X,=xef | %=0,%¢elv2]

Example:

. e et |e[o5,0, 0

o) =1, o~ 2

YR x .
x 4 %//% debch ¥ = of, ¥, A2
e Lt Ae X,
— i, eX
B3 = > X = 9, i 4N
1oty ! N 7/ <).;( X f)(l-!- My, "T(LQX'Z_
et
pror$: Homeworey 28 <t

|}

b=l



Operations that preserve convexity of sets

Proposition 7 (Inverse Affine Image). Let X € R" be a convexr set and
A :R™ — R" be an affine map with A(y) = Ay + b for matriz A and vector
b of suitable dimension. Then, the set A71(X):={y e R™ | Ay+be X} is
a convex set.

let Y96 £'1x), let A €[o)1]

27 Ay tbe X
A,gaj-bé'x.
we need 1o shew Y= ﬂ&,f(l-ﬁ)ﬂ,_eA“Cx)
Ly ag[u,{v, Ay+be X .
We  ¢valuate AYtb = A[43,+CI~A) .) +b

= A Ay, t(l-a) Ay, + Abt (\-94)b
= A[hyit] + (1- ) [ Ao ]

a ex GX
= X due Fo convexiiy of X.

Problem: Let X7 and X, be convex sets. Determine if X \ X5 is convex.

X, = [0/]]) S et an e o
l\x = (-60,0) L (1, 0°) .
T\e Lot us pick petats L Z€ XV
ngo}i\vz cet lek us pex A= 0.5
’ Antlighy = A2 05 ¢ XV

2-
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Ellipsoid

Proposition 8. Let A be a symmetric positive definite matriz. Then, the set
Yx —¢) < 1} is convez.

/ ={z € R"L(f_— c)TATY(
Let us 4\6 o shew 000
e=F(8c,) .

e
Find ) = Gt
sucth thak When a¢ e ‘BZCC/R:) ,Then “F(‘ZOG £ .

q=3" h=c
ne need ’rOse@ YA (x.‘_c belongs o €.

EAT SN NEATIEL)
= LT E T s

- - _ T
= ol QZI)TiTii X = XN,
—— "VI‘
T

-

lekus clooge C=0 & =],
Thew, we Viave Shotow thoet

Thus, £ 5 o convey Get .

2 € BN stce€
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Convex Combination

Given a collection of points x1, xs, ..., x}, the combination A\jx1 + Aoxo + ... +
iz is called Convex if \; > 0and Y 1, \; = 1.

Equivalent Definition:

Definition 4 (Convex Set). A set is conver if it contains all convexr combi-
nations of its points.

Definition 5 (Convex Hull). The convezx hull of a set X € R" is the set of
all convex combinations of its elements, 1i.e., N >

conv(X):=<yeR"|y= Z)‘ixi’ where); > O’Z)‘i =1l,x; € XVie k],keN
iclk] i€[k]

Proposition 9 (Convex Hull). The following are true.

e conv(X) is a conver set (even when X is not).
e If X is convez, then conv(X) = X.

e For any set X, conv(X) is the smallest convex set containing X .

Example: Determine the convex hull of X = [0,1] U [2, 3].

conw (x) = [0,2)

i

Ny



Combination of points

Given a collection of points x1, xs, ..., x}, the combination A\jx1 + Aoxo + ... +
A2 is called

e Convex if \; >0and Y ;N\ =1

e Conic if \; > 0,

e . S
o Affine if > ' |\ =1, L ] /
1 v 2
e Linear if \; € R.
X = [_\/ 21
‘IS a tonVER
Cet bt
V\'b} a Cone .

A set is convex/ (convex cone/ affine subspace/linear subspace if it contains all
convex/conic/affine/linear combinations of its elements.

o ¢t tdled A
A s whichn is comvex and & cone, e €51 e B e

Definition 6. A set X is a cone if for any x € X, a0 > 0, we have ax € X.

Note: Every cone must include the origin. Union of two cones is a cone.
¥ = {ae@]%70,%70) X
= is atone, o
¥,= {ner”| % 70}
o s a con€ ; bt not &
Convex Qe -




Lo
o
Projection

QF 9(06 X/ P'KD:)X("D\ = (xo

Definition 7 (Projection). The projection of a point xy on a set X, denoted
projy(xo) is defined as

projx(zo) := argmin,cy ||z — xo|f3-

%= (xR ot} POA0]
Xy > {}KG |y [ '112'1"7(9?‘ = l} ?WOJ'XZ(o) =X

Theorem 4: Projection Theorem

If X is closed and convex, then projy(xg) exists and is unique.
——

Main idea: %

e Existence due to Weierstrass Theorem

e Uniqueness via contradiction exploiting convexity REALS
SMPPOsg A, Xy € PR [%) , and Y EY -
1% -%e ), = 1%l ,=dnin s, N %Xl 2 Anty 9%’
lek us find dlls'?dme behoeen o & ‘)u_th. X £ PROT) -

oAy — T =3(2% - %-12) - 'L[%”"‘\*Xo"%)

leh us  evaluakt tme followtng .
| %~ ‘Xy‘r’xo‘”"ah He=% 13+ o= %% + 1£%~xo (e -%,)

oo -4 Qo WL = fogmoul + U %l - ~ 2 (%) (%)
k)Y

[ 30 ol ool = 2 1% B P iy |
> Al -~ M7 Tll’xl'aqu'l = 4 i

eX o\ueh? Srentty 2, od W (N not- be
7 W5 4 doig = precHors



a'x =0

/// Tezb
Supporting Hyperplane y}’)’f @
/

,///

Consider a hyperplane H = {x € R" | a'x = b} with a # 0. We defin€

@:{xER”\aTxgb}. /

Definition 8 (Supporting Hyperplane). A hyperplane H is"a supporting hy-
perplane for a convex set C' at a boundary point z € 6C if z € C and C C H™.

ZEe .

Sed % ajl bmmo{w*\‘j points
C -

Theorem 5: Supporting Hyperplane Theorem

If C'is a convex set and z € 0C is a boundary point, then there exists a
supporting hyperplane for C' at z.

Erample: %= %'xerizll N 2/0,% 72/0, T é@
fd  Suppsting hyperpances
H= {xet?z [athbg
i@: H= et | It O'SFX':'O}

w3)t HRxER | Ui
o (1) .
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Separating Hyperplane

Definition 9 (Separating Hyperplane). Let X7 and X5 be two nonempty sets
in R". A hyperplane H = {x € R" | a'x = b} with g # ( is s¢id to segaphtl

X1 and XQ Zf

e Xi CH = {z R [Tz <b}, "'," L=

e Xo CH :={zeR"|a'z > b}

Separation is said to be strict if X, C {x e R" | a'x <V}, Xo C {z € R

a'z > b} witht <V, 4 T
v ol Y O H & xertalx o)
Equivalently
sup(e ) f o'

—

with the inequality being strict for strict separation. 1\
Bramles X, = § xe®® [0, %0}
= §xert| %o, Lo )

v

HSQXQYR‘L' [141])x :D} — —
we Xy Awen [V 1)x 770 —

xeXz s then [1-02 SO
’ﬂn@, SQW—\‘M \‘S f)OQ,' SJF\AC,J-
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Separating Hyperplane Theorem

Theorem 6: Separating Hyperplane Theorem

@et X, and X, be convex sets with X; N Xy = ¢. Then, there exists
a separating hyperplane for X; and Xs. If X is closed and bounded,
and X5 is closed, then X7 and X5 can be strictly separated. '

o Let X be a closed convex set and ¢ X. Then,|there exists a
hyperplane that strictly separates a:o and X. \

b
We will prove the second statement. Main Idea:
a 2
l.Let H={z €R"|a'z = b} Wlt@ xTo— pro_]X ) c@(cﬂxo % )

2. Use properties of projection and convexity of X to verlfy that H is indee
the separating hyperplane.

we Qaq Shooo *l"noo?; mid potot - Gof mk("b))

we feed do show Al Xo 7 by
To fove the vc@suH and T ¢ b fora x€X
T 15 easy fo See twat, _

o 'XO 7 [D » Yo
djme X s o tomex fet, any P PRy (%0
Ax t (1-2) proin(Xo) € X L
G = [ Antli- AP0 ~ Tl
Since P‘ﬂ) (1p) mMinimizes the o\w}mu b@!waw X, & elemonds in
we gk Yave 95(?\)?/0
AONER A (K- pws ) T Pix() =% 15

= gkl IE )Pt el +27 (P S10) -
N — — N\ Congx(xb) Ap)




B g= 2l sty 20
= o dpUl0) —2dTx 20 . > Ax<L {F0)=4 s

—

Theorem of the Alternative (Farkas’ Lemma) =Q'?<O~QTOL
L b

Suppose S, $¢? 3 xerY satsfying ?1,7/0‘
\ on-empty tod GaS —
Jumse 8, ta also non-enmply . jer ges,
(GVAX= (57 b >0
S Gy AR >0
T _
I  Ag=9"A L0, a4 X0,
Thus, we \ave a CUY\“‘“\O\I‘G"\'OY\//M henwe we Mugk have szé.

—

Yo e C‘J‘)TA:’E 40

Lemma 1 (Farkas’ Lemma). Let A € R™" and b € R™. Then, exactly one
of the following sets must be empty:

1.{z eR"| Az = b,z > 0} = SI

2. {yERm’bTZ/>O}.=SQ_
—m— e m—

Insight: If unable to show a system of linear inequalities does not have a solution,
try to show that its alternative system does.

Main Idea:
1. Easy to show that if (2) is feasible, (1) is infeasible.

-
—

2. For the converse, suppose (1) is infeasible. Then, b ¢ cone(ay, as, ..., ay)
where a; is the i-th column of A. Find a hyperplane separating b from
cone(ay, ag, . .., a,) and show that (2) is feasible.

' — I ] x ':b S

Hee ¢ no A0 SdﬁS‘F‘AWj Ax___ 0\,]9(, J\—[qq,] Wy T TR | Ay,
n T - —

eone (= %efﬂ“"]vz Q% 470y

t=) -

= one g,z ~-ow )

i & g et ) o, e g

thew, thate exists  a hypesplane HZ%XGD?-W l G = t’\'zl
37 -

that shedely sepavodtes b feorm  ome Cm,azwolvv)



(AR R G R
— — /" xec et M)

——

—

Proof

T+ temaing 4 show that W =0 .

Since  OTUGin 0 & cone (O, --On) W odmas' hove. %T[O) A
=2 h7zO
Suppose W70 - _—

<%T‘0?’5, Fx 45 o ol X% & ome(A-- av,))

Suppose X e oneaay .- ) wnd gﬂz 70

Since Xigawne , (% € tone @)/ -- - 9n ) 70
we will be oble % fond A owge omovgh 1
Gl T) > which wél) Violate
chick cepmatin  (aditon of 1€ .
\nﬁp@pime, =7 We Qo) 0"&"“’“’8‘ =0

-_

> i, 40, - - Fmi0
2 9lAL0, 9'b70

> ges-
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Domain of a Function

e We consider extended real-valued functions f i R" — R U {oo} =: R.

e The (effective) domain of f, denoted dom(f), is the set {x € R" | |f(x)| <
+o0}. b, —80 £ f(a) < +10

e Example: f(v) = 1. Whatis don(f)? f.p dom ()= R\{O}
o f(z) =30 x;log(x;). What is dom(f)? Lim Aoyt = O

_—

KER™ - 0
e When dom(f) # ¢, we say that the function f is proper.

dom(f) = ?%{—: AL 7/0}

39



Convex Functions

Definition 10 (Convex Function). A function f : R" — R is convez if

1. dom(f) C R"™ is a conver set, and

2. for every z,y € dom(f), A € [0,1], we have f(Az+ (1 — Ny f(z
(L=Nfly).

The Line segment joining (z, f(x)) and (y, f(y)) lies “above” the function. -W)

Examples:
° f =22, dom ('ﬁ) = K ‘&(M
(10 =)+ foneo® ‘;
4+— t —7
a: — a:+bforx€R” oL (Axt{-Ay) I

- :?“(jaﬂl A= (At U-9)9) 2 a2 10-aN2 +2901-A)ny
¢ AR 4 (- (we wont o sho)

/)\2*\4 O{/ Cl"A)Zé Cl"&) Slate 9\@ LO/,) ‘ C*\OW\QVOOU<)

A+ abw(fj) = .
Lant-a)y) = a (mtC-Ag) tb
=A@y 1 1-) (@Ty10) = HaHALD,
> 3 is a convex fonchor -

40



Example: Norms

Definition 11 (Norms). A function 7 : R" — R is a norm if

e 7(x) >0, Vx andw(x) =0 if and only if x =0,
L m(ax) = BL?T(.%‘) foralla e R, Pos[«]ive \/\Omﬁiﬁﬂ@f‘t‘j
Az +y) <m@)+a(y). * tyamle  Tnegualidy.

Examples:
1
o [lzflp = (izy [2:f")? for p > 1.

o ||z]|g := /2 TQz where ) is a positive definite matrix.
o [[Allr =020 > 0 |A; ;|)!/% Frobenius norm on R™*".

Proposition 10. A Norm is a convex function.

Lef %,y € dom (M), Ae o))
T (A €-NY) & TR T0-9)y]
$ AT+ (1-9) ml).
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oo +v

C= );O/J:\/ -

Example: Indicator Function

Definition 12. Indicator function Io(x) of a set C' is defined as

0, x € C,
lol) ::{ 00 r¢C

—

fonchion

Proposition 11. Indicator function Io(x) is convez if the set C' is a convex

set. A . %
g a Convéx :

dom(T(0)= C whtch

Lt X, 4eC. Ae o).
T (artl-a)y) = O

) cC
2L t~4)2dy) =0
Hente T.(d) s a4 Convex ‘?U‘)C/h'o"l/'

42



Example: Support Function

 shew tnak ic Seb Is cmve%-@
Proposition 12. Support fun¢tion of a set C is defined as I.(x) := sup,cc 'y,
Support function of a set is always a convex function.
¥
Le} %y, € dom (Toew)| , A¢ LOI'J
g (At 0-4) ) = 5‘*? (1 0-p2) oy
SwP [?m:) +(-0) 28

sec
4 T ) t (=N T ¥ (g ) N\

1)

we want o shoed <
= w + (l-4) Sup 723
ANy Qm“)"TS 2 ij% ik yec
I
ap [F014) < R AEIQIEA [Bot)] (o )

@ﬂf—"' /

Nm
. S M W

/ N—>

FE)T.(5) 4 SF. [ft f))  +F,

sup $(9) 1 SZPCQG[‘Q) 2Tt %) THS
e : s 7 30(3)%51 y) ¥

=) Gup :(Y\M)(‘S‘*P £,9) 7/ bl/\éf B (‘jﬁ"f ((9)')

yea




Special Types of Convex Functions

Definition 13. A function f : R" — R is

e strictly convex if property (2) above holds with strict inequality for

Ae(0,1), = - - L
€01, > FOrt -y < AFE) +0-0F), Ae(0n)

e u-strongly convex if f(z) — u% is convez, and w7 0O

—

e concave if —f(x) is convex.

eqmﬂﬂ , QA ”ﬁ-"\wm 8” [ concave ije’ CQoma g a LONALX

¥+ A,ye domg, 4e o)), God
(”j[%ur (t~A) &) >/ /)\301) + (- 73(%y)
2 a forckion €5 oftioe, i} s botn Conv ond BNAL .
Examples
(x)= -2
b -

2,00 %

9, () = 25 %
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Jensen’s Inequality

Proposition 13. For a convex function f : R® — R, for any collection of
points {x1,xs, ..., 2}, we have f(z:iC i) < S8 Nif () when Ay > 0

and 35 N = 1.

—_— 'Ef a 1S conave, %ﬁ 3()‘1.) ¢ a'[,,%ﬁ o )

Proof is straightforward via induction. AWM = _l___ Z X
Ex:- Fos a collechow Q(“'X” ), e

\
(‘::l

—
—_—

[03 ﬁ%o\m = —};VLSC'?F?I )>
L
N

log (%) (See: ﬁc:%/‘!;: g )

i M>

l toncave
A (using  Jengem's
é ‘ 03 2" > 3 meqwal\ hj)
A N
:{> (L\TFIX\, \/7) é J;L Z 'X(' ('O\S K () is N\OV\D'\'OVHW(B,

el | lﬂM%\‘Qj)

=
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/A
Leo=at, $:R-R /4/ // b
ep' (§) E RZ ( Vi < Le)
—7 %

Epigraph Characterization

Definition 14. A epigraph of a function f : R™ = R is defined as the set

epi(f) = {(z,t) e R"|f(x) < t}. € P\nﬂ

fe, 49 L epits)

Example: Norm cone: {(z,t)|||z|| <t} is a convex set.  Sjnce || -[| ¢ o
; Covey fnehon .

Proposition 14. Function f : R® — R is conver in R" if and only if its
epigraph is a convex set in R" 1,

goof : lek  Lbe o Convex Punation .
\ C"(.l S'{I y; jQ(Q))é(F‘Z
o gy () serth- 730
we need fo ghow ?C%‘l )T [(%\)(7‘@—?) &epi () , a€efoN
12>\ Al } e epi (F)
?.)JG\'f'C[%\)'f,'z_

O §(4nt Q-n) & Fbitlpg 0 )
ﬁ ‘e ¢
@Q‘X‘TCWA)%) < /AJZC'X')JC-CIFA)#[QQ at e (1-A)F, whwh«)rgwe

wanid o show),

(&) suppose  epif fe a cowvex Seb .
(o, $)) , (%, fexa))
Afory) + (1-4) 52

5 P4 U-A)n) & Afm)el-a)4m)



